Iranian Journal of Numerical Analysis and Optimization
Vol. 16, No. 2, 2026, pp 563589

https://doi.org/10.22067/ijnao.2025.94685.1691 .

https://ijnao.um.ac.ir/

Research Article a
BY NC

A nonmonotone line search method for solving

constrained multiobjective optimization problems
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Abstract

In this paper, we propose a globally convergent sequential quadratic programming method
for solving constrained multiobjective optimization problems with inequality constraints. At
each iteration, a feasible descent direction is computed by solving an auxiliary quadratic pro-
gramming subproblem constructed from linear approximations of the objective and constraint
functions. Constraint violations are addressed using a nonsmooth exact penalty function.
Moreover, the algorithm incorporates a nonmonotone max-type line-search strategy, which
improves practical performance by allowing temporary increases in the penalty function value
and thereby promoting more effective exploration of the search space. Under mild regularity
assumptions, we prove that the sequence generated by the method converges to a weakly or
strongly critical point. Numerical experiments on standard benchmark problems demonstrate
the effectiveness and robustness of the proposed approach, both in terms of computational

performance criteria and the quality of the approximated Pareto front.
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1 Introduction

Multiobjective optimization is essential for addressing complex problems in areas such as game
theory, economics, and engineering, where several conflicting objectives must be considered si-
multaneously [28]. The goal is to identify solutions that provide the best possible compromises
among multiple criteria over a given decision space. Because optimizing all objectives simulta-
neously is generally impossible due to inherent trade-offs, the classical notion of optimality is
replaced by efficiency. A point is said to be efficient (Pareto optimal) if no objective can be
improved without deteriorating at least one other objective, and the collection of such points
forms the nondominated (Pareto) set. Accurate approximation of this set, as well as its image in
the objective space known as the Pareto front, is crucial for understanding the trade-off structure
and has motivated extensive research on algorithms for approximating nondominated fronts in

multiobjective optimization problems (MOPs) [16, 35].

Scalarization is a classical approach for solving MOPs, where a vector objective is reduced
to a single-objective formulation, typically through weighted sums, e-constraint schemes, or
related constructions [19, 20, 32]. Although conceptually appealing, scalarization often requires
the choice of user-defined parameters that reflect preferences or trade-off weights, which may
be difficult to specify reliably and can significantly affect the obtained solutions. Moreover,
depending on the scalarization model and the problem structure, the resulting subproblems may

exhibit undesirable behavior such as ill-conditioning or even unboundedness [21].

These limitations have motivated the development of preference-free, direction-based itera-
tive methods that work directly in the multiobjective setting. Starting from a random or feasible
point, such methods typically compute a common descent direction by solving an auxiliary sub-
problem, and then employ a line-search procedure to select a suitable step size, aiming to improve
all objectives in the Pareto sense [17, 18, 22]. Within this framework, a variety of algorithmic
ideas have been explored, including Newton and quasi-Newton type strategies [21, 30, 40], se-
quential quadratic programming (SQP)-type methods for constrained MOPs [2, 23, 24, 37], and
projection-based schemes on convex feasible sets [6, 43]. In parallel, nonmonotone globaliza-
tion mechanisms have been increasingly used to enhance robustness in single objective settings,
building on nonmonotone line-search principles [11, 27, 41] and extending them to nonconvex

and unconstrained multiobjective algorithms [25, 34].
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565 A nonmonotone line search method for solving constrained multiobjective optimization problems

Recent developments in nonmonotone optimization, particularly within trust-region and line-
search frameworks, have led to substantial improvements for both constrained and unconstrained
problems. In contrast to classical monotone schemes that enforce a decrease in the merit func-
tion at every iteration, nonmonotone strategies permit occasional increases, which can improve
robustness and promote more effective exploration of the optimization landscape, especially in
nonconvex settings [27, 41]. In the context of nonmonotone methods for unconstrained MOPs,
several recent contributions have advanced both theory and algorithmic design. Mahdavi-Amiri
and Salehi Sadaghiani [30] proposed a nonmonotone quasi-Newton scheme with superlinear con-
vergence, while Ghalavand, Khorram, and Morovati [25] developed adaptive nonmonotone trust-
region algorithms to enhance robustness. More recently, Upadhayay et al. [39] introduced a
nonmonotone conditional gradient framework for MOPs, and Upadhayay, Ghosh, and Kumar
[40] investigated nonmonotone Wolfe-type quasi-Newton methods, providing effective globaliza-
tion strategies in the unconstrained setting. Despite these advances, constrained MOPs remain
particularly challenging, and comparatively few studies have focused on algorithms with strong
theoretical guarantees and reliable practical performance in this setting. Notable recent contribu-
tions include conditional gradient type methods [8], accelerated proximal gradient schemes [38],
away-step Frank-Wolfe strategies for constrained MOPs [26], SQP-type approaches combined
with gradient sampling for nonsmooth constrained MOPs [37], and proximal gradient methods
designed for convex MOPs [42].

For nonmonotone methods in constrained MOPs, recent contributions include Zhao and Yao
[43], who proposed a nonmonotone projected gradient framework; Carrizo, Fazzio, and Schu-
verdt [6], who developed a nonmonotone projected gradient method on convex sets; Pinheiro
and Grapiglia [34], who introduced a universal nonmonotone line-search scheme for nonconvex
MOPs with convex constraints; and Chen et al. [7], who presented a nonmonotone proximal
gradient algorithm for nonsmooth MOPs, with extensions to robust multiobjective optimization.
While nonmonotone line search strategies for unconstrained optimization are well established,
their extension to constrained MOPs remains comparatively limited. The main difficulty is the
presence of constraints, which typically requires merit or penalty functions, and designing a
nonmonotone acceptance criterion that preserves both feasibility progress and convergence guar-
antees is technically delicate. In particular, nonmonotone line search applied directly to an exact
penalty function is still rare. To the best of our knowledge, the most recent work explicitly
pursuing this direction is Rashidi, Khorram, and Soleimani-Damaneh [36]. This approach inte-
grates an exact penalty formulation with an SQP-type framework, a nonmonotone line-search
mechanism, and rapid infeasibility detection. Moreover, an average-type nonmonotone criterion

is employed, and up to two inequality-constrained subproblems may be solved at each itera-
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tion. Penalty updates are controlled through trust-region ideas, yielding a hybrid strategy that
combines features of both trust-region and line-search globalization.

Ansary and Panda [2] proposed an SQP method for inequality-constrained MOPs. Their
scheme computes a descent direction from an auxiliary quadratic subproblem based on linear
approximations of the objective and constraint functions, and it handles constraint violations
through a nonsmooth exact penalty function.

Motivated by the SQP framework of Ansary and Panda [2] and by the use of nonmonotone
globalization mechanisms for penalty-based constrained MOPs in [36], we develop a new globally
convergent SQP method for inequality-constrained MOPs. The proposed algorithm preserves the
main SQP structure of [2] but introduces a different penalty-function formulation together with a
distinct strategy for selecting and updating the penalty parameter. These modifications require a
technically justification, both to establish global convergence and to justify the observed numeri-
cal behavior. In addition, we incorporate a nonmonotone max-type line search rule, which allows
controlled temporary increases of the penalty function and can improve robustness by prevent-
ing overly conservative steps. Under mild regularity assumptions, we prove that the sequence
generated by the method converges to a weakly or strongly critical point. Numerical results on
standard benchmarks confirm the effectiveness and robustness of the proposed approach.

The remainder of the paper is organized as follows. Section 2 introduces the basic definitions
and preliminaries. Section 3 presents the proposed method. The convergence analysis is devel-
oped in Section 4. Section 5 reports the numerical implementation details and computational

results. Finally, Section 6 concludes the paper.

2 Preliminaries

We consider the following constrained MOP:

min f(x)
st. g(x) <0,

(1)

where f(z) = (fi(2), f2(z), ..., fm(x))T and g(z) = (91(2), g2(z), ..., g-(x))T. Here, each f; :
R™ = R for i =1,...,m, and each g; : R® = R for j =1,...,7. The functions f(-) and g(-) are

continuously differentiable over the feasible set X C R"™, which is defined as:
X={zeR"|gj(x)<0,forj=1,2,...,r}.

Thus, the optimization problem can be expressed equivalently as
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567 A nonmonotone line search method for solving constrained multiobjective optimization problems

min f(x)

subject to x € X.

In MOP, the objective space is a partial order set, while in single-objective optimization, it is a
total order set. Let RY and RY' be defined as

T={xeR": 2, >0, forall k}, RT ={xeR™:x; >0, forall k}.

These sets describe relationships between vector-valued functions f(x) and f(y) based on

component-wise comparisons:

fx) < fly) = fly) - f@) eRE, f(z) < f(y) & fy) — flz) e RT.

A point x € X is called a weakly efficient point of problem (1) if there is no y € X such that
f(y) < f(z), in which case f(z) is referred to as a weakly nondominated point [19]. A point
x € X is called an efficient point of problem (1) if there is no y € X such that f(y) < f(z) and
f(y) # f(z), and f(x) is then referred to as a nondominated point [19]. Furthermore, Z is a
local weakly efficient solution of (1) if there exists e > 0 such that there is no z € X N B(Z, ¢)
satisfying f(z) < f(z). In this case, f(z) is called a local weakly nondominated point.

Penalty methods convert the constrained MOP (1) into an unconstrained optimization prob-
lem by incorporating constraint violations into a merit (penalty) function. In this paper, we adopt
a penalization framework and minimize a shifted exact penalty function [5, 36]. The proposed
penalty function employs a violation measure of the constraint that is structurally similar to that

used by Ansary and Panda [2]. Moreover,

wf)(x) =p (fz(x) —L) +o(z), i=1,...,m, (2)

in which p > 0 is the penalty parameter, and

v(z) = max{0, g;(z) |j=1,...,7},

is the violation measure of the constraint. Here, v(x) = 0 characterizes feasibility. Moreover, for
each i, let f, :=inf{fi(z) : # € X}, which is finite under the boundedness assumption stated in
subsection 4.1. Equivalently, L may be viewed as the infimum of f; over the smallest convex set
containing the iterates {zj} generated by the algorithm. The bound L is introduced only for

theoretical purposes, namely to ensure that the line search procedure is well defined. Its existence
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follows from assumptions (A1)-(A2). In practice, we do not require f (or any approximation

of it), and the proposed method is not sensitive to its value [36].
Define the active set
A(z) = {j:g9i(@) =v(2)},
collect all constraints attaining the worst violation. Then the true directional derivative of v in
any d € R" is

v'(x;d) = max Vg,(z)Td,
() = max Vos(a)

which is generally discontinuous as A(z) changes.

That is, although each g; is continuously differentiable, the directional derivative v'(z;d) is,
in general, discontinuous with respect to the base point x. This discontinuity is caused by changes

in the active set A(x) when the maximizer in
U(CC) = max{(), g](il') | J= 1;"'7m}

switches from one constraint to another. For fixed x, however, v'(x;d) is continuous (indeed,
piecewise linear) as a function of the direction d. For more clarification, we show this behavior

in the following example:

Example 1. Let

gx) =z, g2)=—-z,  v(x)=max{0,g(z),g2(x)} = |x].

Then
{1}, x>0,
Alx) = § {2}, =<0,
{1,2}, z=0,

which changes at x = 0. Take the direction d = 1. For > 0 we have v/(z;1) = Vg;(z)T1 = 1;
for z < 0, v'(x;1) = Vgo(2)T1 = —1; and at = = 0,

v’ (0;1) = max{Vg1(0)71,Vg2(0)71} = max{1, -1} = 1.

Thus,

, 1, x>0,
v'(x;1) =
-1, <0,
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569 A nonmonotone line search method for solving constrained multiobjective optimization problems

which is clearly discontinuous at = 0. The discontinuity is caused by a switch of the maximizer
from go to g1, that is, by a change in the active set A(x). Thus, we employ the continuous

approximation proposed in [2, 4]:
v*(z;d) = maX{ g;(x) + Vg;(z)"d, 0 ‘ je A(m)} —v(x).
Therefore, we approximate the directional derivative of 1 ; by the following continuous term:
Xpi(x;d):pri(x)Td—i—v*(x;d), i=1,...,m. (3)
The following theorem provides necessary optimality conditions for a (weakly) efficient point

of problem (1).

Theorem 1 ( [32]). Suppose that f;, ¢ = 1,...,m, and g;, j = 1,...,r, are continuously
differentiable at © € X. If z is a weakly efficient point of problem (1), then there exist multipliers
A € RZ, and 0 € RY, such that (A, 0) # (0,0) and

Z NV fi(z) + Z9jV9j(17) =0, (4)

ngj(a:):O, j:l,...,r.

The Fritz—John conditions in Theorem 1 are necessary for weak efficiency. In contrast, the
Karush—-Kuhn—Tucker conditions are necessary under an appropriate constraint qualification [32].
Therefore, in our convergence analysis, we assume that the Mangasarian—Fromovitz constraint

qualification (MFCQ) holds at the limit points under consideration.

Definition 1 (Mangasarian-Fromovitz constraint qualification (MFCQ)). [31] The MFCQ is

said to hold at a point & € R™ if there exists a vector z € R™ such that
Vg;(x)T2 <0, forallje Az).

Definition 2. [2] A feasible point € X of the problem (1) is said to be

1. a strongly critical point if there exist multipliers A € R \ {0} and 0 € R, satisfying the

conditions (4).
2. a weakly critical point if there exists an infeasible sequence {xy} with z; — = such that

, Vgi(xi)Td, 0
e jglgfr{gj(ka gj(zr)"d, 0}
lim =1,
k— o0 U(Jﬁk)
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where D(zy) = {d € R": Vfi(zx)Td<0,i=1,...,m}.

Remark 1. The above definition of a weakly critical point is proposed because the penalty—
SQP scheme may generate infeasible iterates, so we need a stationarity concept that remains
meaningful outside the feasible set. Geometrically, the condition says that there is no direction
d that improves (or at least does not worsen) all objectives while simultaneously decreasing
violation measure of the constraint v(z) according to the linearized constraints. Hence, at a
weakly critical point the algorithm cannot make simultaneous progress toward feasibility and

objective decrease, and such points naturally describe possible limit behavior of infeasible iterates.

More precisely, at an iterate x, the set D(x;) = {d € R" : Vfi(x1)Td <0, i =1,...,m}
is a cone of nonascending directions for all objectives. For a given direction d, the quantity
max; max{g;(xx) + Vg;(zr)Td,0} is the worst predicted violation under the linearized con-
straints. Therefore, the numerator max e p(s,) max; max{g;(z) + Vg;(zx)* d, 0} represents the
best achievable (i.e., smallest possible) worst-case linearized infeasibility among directions that
do not worsen the objectives, while the denominator v(xy) is the current infeasibility. The limit
being equal to 1 means that, asymptotically, even the best direction in D(zj) cannot yield a
meaningful relative decrease in infeasibility: The predicted violation remains essentially the same

as the current one.

3 Description of the algorithm

This section presents our nonmonotone multiobjective method in the SQP framework (NMOSQP).
Our method is developed within the SQP framework of [2]; however, we introduce two essen-
tial modifications : (i) a new formulation of the (shifted) exact penalty function together with
a different strategy for selecting and updating the penalty parameter, and (ii) a nonmonotone
max-type line search rule applied to the penalty function. These changes require very additional
technical justification, both in the global convergence analysis and in the numerical investigation.

More specifically, as in [2], NMOSQP computes a common improving direction by solving an
auxiliary quadratic subproblem based on linear models of the objective and constraint functions,
and then determines the step length by a line search procedure. The first main distinction from
[2] lies in the treatment of the penalty parameter, while [2] employs a particular penalty-function
structure and update rule, we adopt a different penalty-parameter update mechanism tailored
to our nonmonotone line search. The second main distinction concerns globalization. Unlike [2],
which uses a monotone line search, NMOSQP employs a nonmonotone max-type line search on

the penalty function.
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571 A nonmonotone line search method for solving constrained multiobjective optimization problems

In [36], a descent direction is computed by minimizing a quadratic model of an exact penalty
function. In each iteration, the method may require solving up to two inequality-constrained
subproblems, while updates of the penalty parameter are governed by steering rules. In [37],
an SQP-type method for constrained MOPs with nonconvex, nonsmooth, and locally Lipschitz
objectives and constraints is proposed. The approach uses gradient sampling to handle non-
smoothness and employs an exact penalty merit function; its subproblem can be viewed as a

nonsmooth counterpart of the one in [36].

We keep all linearized inequality constraints in subproblem (5), rather than restricting to
the currently active set as in [33]. In nonconvex constrained MOPs the active set may change
abruptly from one iterate to the next, and constraints that are inactive at x; can become active
after a step. Including all constraints improves robustness of the computed direction and helps
prevent steps that move toward nearly active constraints and trigger excessive backtracking in

the line search. Hence

min =+ ofd|?
subject to:  (Vfi(z)Td <z, foralli=1,...,m, 5)
gi(®) + (Vg;(z))'d <z, forallj=1,...,r
(d,2) € R" x R.

In this subproblem, z is as an upper bound for all linearized terms, and both z and d are variables.

The improving direction is defined as the d-component of a minimizer of subproblem (5). The
smooth quadratic subproblem (5) plays an crucial role in the analysis and implementation of the
NMOSQP method. The satisfaction of MFCQ for the problem (1) ensures that the subproblem
(5) also meets the MFCQ condition [2].

Inspired by the approach proposed in [2], the penalty parameter py is dynamically updated
at each iteration to ensure that the direction dj remains a descent direction for all penalized

functions zpf)k (1), i=1,...,m. If d}, is already a descent direction for all ¢ , more precisely, if

X3
Pk’
X;k (zg;di) < 0,2 =1,...,m, then the penalty parameter remains unchanged, that is, px+1 = p.

Otherwise, it is updated as

. vt (xgdy) + 2dEd
PEk+1 :mln{eppkn i min ( . k) 2k k}a (6)

=1,....,m —Vfi(l'k)Tdk

where v*(xg; d) is the smooth approximation of the directional derivative of the violation func-
tion v(z), and the ratio ensures that dj, becomes a descent direction for each penalized objective

i
Pr”
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3.1 Nonmonotone line search

After obtaining the descent direction d(z), the NMOSQP algorithm employs a backtracking line
search to compute a suitable step length § > 0 along this direction. The monotone line search
is guided by the Armijo rule, which ensures that the step length satisfies the sufficient decrease

condition:

Ppor (T + Ordi) <o), (@) + OkyX, (@5 di), (7)

fori=1,...,m, where x; € X is not a critical point of problem (1), and y € (0, 1) is a constant.
This condition guarantees sufficient improvement in the objective functions, thereby promoting

progress in the optimization process.

Nonmonotone line search strategies improve optimization performance by allowing tempo-
rary increases in the objective function. This adaptability proves especially effective in escaping
narrow or curved valleys and in navigating complex, nonconvex regions of the search space [1, 11].
Such methods typically offer faster convergence and enhanced robustness, making them partic-
ularly suitable for solving large-scale and challenging optimization problems. In this paper, we
propose a novel nonmonotone line search method for solving constrained MOPs. Our approach
extends the classical nonmonotone rule of Grippo, Lampariello, and Lucidi [27], which generalizes
the traditional Armijo rule by permitting occasional increases in the function value. This flex-
ibility helps the algorithm escape narrow valleys or avoid excessively small steps in challenging

nonlinear problems. Therefore,

ﬁ,kH (2 + Ordy) < w;k,t(if/k) + 9k7Xﬁ,k+1 (k; di), (8)
fori=1,...,m, where
l/};kyt(xk) = OS?%%(!C) {kaﬂ (xk_j)} , for all k € NU{0}, (9)

m(0) =0, 0 < m(k) <min{m(k—1)+1, N}, and N > 0 is an integer. Let v(k) be integer such
t

m
that k —m(k) < v(k) < k and 4, (1) = ¢,ior(k)($t(k))- In Lemma 3, we prove that for any
n € (0,1), inequality (8) is satisfied for sufficiently small § > 0. Now, we can propose NMOSQP

algorithm.
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3.2 NMOSQP: A Nonmonotone SQP-based algorithm for
MOP
1. Choose xg € R™, some scalars r € (0,1), v € (0,1), the initial penalty parameter p > 0,
and an error tolerance €. Set k := 0.

2. Solve the quadratic program (5) to find the descent direction (zj,dy) with Lagrange

multipliers Ay, 0.
3. If ||dk|| < €, then stop; otherwise, go to Step 4.

4. If v(zg) = 0 or Xi,p, (Tr; di) < 0,for all 4, then let pgy1 = pg. Otherwise, update pgy1

using the rule in (6).

5. Compute the step length ) as the first number in the sequence {1,7,72,...}, such that
for all i = 1,...,m, satisfying (8).

6. Update zpyr1 = z + Oxdy. Set k:=k + 1 and go to Step 2.

The stopping criteria and line search process in Steps 3 and 5 in the NMOSQP algorithm rely

on Lemmas 1 and 3.

4 Convergence analysis

4.1 Assumptions

The following assumptions are steadily held during our convergence analysis.

o (A1): The functions f;, ¢ = 1,2,...,p, and g;, j = 1,2,...,m, are twice continuously
differentiable over the feasible set X C R™ and V f;(x) and Vg;(z) are Lipschitz continuous

fori=1,...,mand j=1,...,r with Lipschitz constant L.

o (A2): The sequences {z)} and {(zx,dy)}, which correspond to the sequence of solutions

for the subproblem (5), are bounded.

Lemma 1 establishes a connection between the algorithm’s stopping criteria and the critical
points of problem (1). It shows that d(x) # 0 implies x is not a critical point and it provides a

descent direction of the penalty.
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Lemma 1. [2] Let (2, dy) be the solution of the subproblem (5). Then the following statements
hold:

(i) The value of zj, satisfies
1

(ii) If dy = 0 and MFCQ holds at zy, then xy, is a strongly critical point of the problem (1).

iii) If dy 0, then for sufficiently small pg, then the vector dj is a descent direction of the
penalty function wzk (ack) at xg.

Proof. Since the subproblem (5) is identical to that considered in [2], the proof follows similarly

from [2, Lemma 1] and is therefore omitted here. O

Remark 2. The proof strategy in lemma 3 follows a standard line of argument used in related
single-objective analyses (see, e.g., [41]); nevertheless, we present it here in a form tailored to

our exact penalty function and the constrained MOP setting.
Lemma 2. During iteration k& of the NMOSQP algorithm, we have

Gy (@) <P (@rg1) <), (T0), (11)
for all k =0,1,2,.... Moreover, the sequence z/)f,k’r(mk) is convergent.

Proof. Let xj, be not a critical point of (1). The first inequality is obvious from (9). From (9)
and m(k + 1) < m(k) + 1 we have

i
) L+1) = max { l'k 1— } 12
wpk_Fl,t( + ) 0§j§m(k+l) wpk+1 j +1—j ( )
< max { (Tra1— }
0<j<m(k)+1 Ph+1—j +l-y
= max max (xg— } (k41
{O<j<m(k){ Ph—j i) prs (Tt }

= max {wpk (), ¥ Pk+1 (Tht1 }
= U (h): (13)
From Step 4 of the NMOSQP algorithm, we have Xﬁ,kﬂ(l‘k; dr) <0 for all i =1,...,m. There-

fore, the last equality is concluded from (8). This means the sequence 9, (x1) is nonincreasing

for all i = 1,...,m. Consequently, we obtain
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575 A nonmonotone line search method for solving constrained multiobjective optimization problems
0 < Yy (@han) < U o(@hgn) < o0 <y (). (14)

Thus, the sequence {1/1;,k7r(:17k)} is monotonically non-increasing and bounded below by zero,

which implies that it must converge. O

Lemma 3. Suppose that (zx,dy) is an optimal solution for subproblem (5) at iteration k of the
NMOSQP algorithm. If xj is not a weakly or strongly critical point of problem (1), then there

exists 6 that satisfies the nonmonotone line search (8).

Proof. Since zj, is not a weakly or strongly critical point of problem (1), from Lemma 1 we
have d(zy) # 0. Under Assumption (A1), it follows from [4, Lemma 2.1(3)] that there exists a

constant L > 0 such that for i = 1,...,m,
i i i 1
Pk+1 (xk + edk‘) = wﬂk-ﬂ (xk) + eka_H (xk; dk) + 5(Pk¢+1 + l)Lt2Hdk”2v (15)

for 6 € [0,1] ,and let v € (0,1) be a constant as specified in Step 1 of NMOSQP algorithm.
Since pr+1 < pg, and (fz(xk) —i) > 0, from (2), we have

prt1 (filzr) — f) +olzr) < pr (filer) = f) +o(@e), i=1,...,m, (16)
which means
s (TR) <UL (k). (17)

Then, by applying inequality (15), we have

o (@ + 0dy) — ), (x1) =70 X, ,, (x5 dr)
< (1 =7)0xp, ., (Tr;dr) + 5 (pry1 +1) LO? ||, (18)

for i =1,...,m. Step 4 of the NMOSQP algorithm implies
X (@ridi) <0,i=1,...,m.

Since dj, # 0, from (18), it follows that the right-hand side becomes negative for sufficiently small
values of 6 > 0, ensuring that the monotone Armijo’s rule (7) is satisfied.

Given that ¢/ (z1) < 9/, (&), condition (7) implies the validity of (8). Consequently,
there exists a scalar 0 > 0 for which inequality (8) holds. O

Lemma 4. Let (zg,dy) be the solution to the subproblem (5). If 2 — a* as k — oo, then

the sequence {(zx,dy)} converges to (z*,d*), where (z*,d*) solves subproblem (5) at z*. In
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particular, if dp — 0 and the MFCQ holds at every xj, then x* is a strong critical point of the
problem (1).

Proof. Since the subproblem (5) is identical to that considered in [2], the proof follows directly

from [2, Lemma 3] and is therefore omitted. O

Lemma 5. Suppose that pr = p > 0 for all sufficiently large k. Assume that {zy}rex is a

convergent subsequence. Then di, — 0 as k — oo and k € K.
Proof. Without loss of generality, assume that p, = p > 0 for all £ € K. If possible suppose
that there exist an infinite subset K’ C K and a positive constant n such that

ldell > n, keK'. (19)

First, we will show that there exists § > 0 such that 8, > ¢ holds for every k, where 6, is the
step length obtained in Step 5 of NMOSQP algorithm. From this step either 6, = 1 or 6, = ™
holds for some k; € N. If 6, = r*1 holds then there exists i € {1,...,m} satisfying,

G (wk + k) — @) (k) > M Ty (s di).

Then from (18),
. 1
r’“_l(l — ’y)xi,(ack; di) + 5(1 + p)LrQ(kl_l)Hdk||2 > 0.
Thus,
1 _ - i
S+ p)Lr*F =D [ dy|? > =B (1 = )X (ki i) (20)

If 35 € {1,...,r} such that g;(zx) + Vg;(zx)"d; > 0, then from Lemma 1 and subproblem (5),

we have

1 1
j:]aXr{gj(xk) + ng(xk)Tdk, 0} —v(xg) <v(zg) — idfdk —ov(zg) = —idfdk. (21)

If g;(zx) + Vgj(axr)Tdp <0, forall j =1,...,r, then

jmax {g(wx) + Vgj(ar) " dy, 0} — v(zx) = —v(zy). (22)

Thus, by the definition of v* and A(x) C {1,...,r}, we have

vt (ar;dy) < max {gj(zx) + Vgj(ar) dy, 0} — (k) < maX{—%dfdk, —v(zk)}- (23)

J=1,...r

The last inequality follows from (5), (21), and (22).
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Since (z,dx) = (0,0) is feasible for subproblem (5), we have zj + %ddek < 0. Then, (3)
and (5) imply
X (s di) < pzi + v (k3 di)
< p(-3dfd) + max{—3% d{dy, —v(zy)}
< —Ldidy.
From (20) we have
L0 )L a2

M\b

(L =)l

(1+p)L * ? (1+p)L
from (7) and (20), we have

This implies 7% > "U=2¢ Choose § = min {1 T(lfv)p}. Then 0, > § holds for every k. Now,

M=

k
Gl (@rpr) = Ph(zo) = Y [Wh (1) — ¢h(z)] < =% Olldy||?
=0

~

o L

—LEk+1)6~vpn? forallke K’

This implies wz(xk + Opdy) — —o0 as k — oo and k € K’ (since 8pypn? > 0). This contradicts
the assumption that {x}, {(zx,dx)} are bounded as ¢, is a continuous function. So there exists
no any K’ C K and 7 > 0 such that (19) holds. O

Lemma 6. If p; — 0, then limy_, o v(x) = 0.

Proof. Suppose that limg_,o, v(zg) exists if pr — 0. By the definition of v(xy), we have
limg 0o v(zk) > 0. Suppose limg_,o v(2g) > 0. Then there exists a constant ¢; > 0 such
that for k large enough v(zy) > ¢;. We consider two cases separately.

Case 1: There exists a positive constant co > 0 such that, for k large enough, ||dg|| > co.
Thus, from (23) and under assumptions (A1) and (A2), the following inequality holds for k large
enough:

v (xg;dy) < max{f%dfdk, —v(zk)} < —es,

where c3 = min{%cg, c1} > 0. Then, from (3), (5), and Lemma 1, we have

sz (s dy) < pr 2 + 0" (213 di)

1
< pr(v(zg) — %dfdk) + max{—ﬁdgdk, —v(zg)}-

Thus, if pr, — 0, then xf)k (xg;dr) < —c3. From Step 4 of the NMOSQP algorithm, this would
imply that pry1 = pg for all sufficiently large k, which contradicts the assumption that pp — 0.
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Case 2: Case 1 does not hold. Thus there exists an infinite index set K such that {dy}rex
converges to zero. Since K is an infinite index set, by Assumption (A2), {zk}rex has at least
one accumulation point. Let K’ C K such that {zj}rek’ converges to Z. By Lemma 4, T is a
strong stationary point of (1). Hence, v(Z) = 0, which implies that v(zy) < ¢; holds for k € K’
large enough. This contradicts v(zy) > ¢;. O

Theorem 2. Let {x}} be a sequence generated by NMOSQP algorithm, and let the MFCQ be
satisfied at every z;. Then any accumulation point of {z;} is a critical point (either strongly or

weakly critical point) of problem (1).

Proof. (i) Convergence to a strongly critical point:

Let K be an infinite index set such that z, — z* as k — oo and k € K. Let {(zk,dx)} be the
solution of subproblem (5). If dy — 0 as k — oo, then by Lemma 4, z* is a strongly critical
point of P.

(ii) Convergence to a weakly critical point:

If there exists a constant c¢g > 0 such that ||dg]| > c¢o for large k € K, then from Lemma
5, pr — 0 as k — oo. Since the sequences {zy}, {(#x,dr)} are bounded, so from Lemma 6,

limg 00 v(zx) = 0. Hence from (10) and subproblem (5),
ij(mk)Tdk <z, <0, foralli=1,...,m.

This implies, dp € D(xy) for large k. We follow the proof by contradiction. Suppose that
is not a weakly critical point. From Definition 2, there exists a constant 7y > 0 such that for

sufficiently large k,

. v . Td.o < _ .
x| max {g;(we) + Vgj(@x)d; 0} < vlay) — o

Suppose that dj, maximizes max;—1__.{g;(xx) + Vg;(xr)7d;0}. From (23) we have

vz dy) < max{—1df di, —v(zp)} < dHllj?(lX )maX{—% d"d, —v(zi)} < —na.
€ T

Then, from (3), (5), and Lemma 1, we have

sz (s dy) < pr 2 + 0" (213 di)

1
< pr(v(zg) — %dfdk) + max{—ﬁdgdk, —v(zg)}-

This means that if p — 0, then xf)k (xg;dr) < —n9. From Step 4 of the NMOSQP algorithm,
it follows that pr+1 = pi for all sufficiently large k, which contradicts that pr — 0. As a result,
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the sequence {xj} converges to a weakly critical point. Hence, any accumulation point of {x}

is either a strongly critical point or a weakly critical point. O

5 Numerical results

In this section, we describe the MATLAB R2021a implementation of NMOSQP and assess its
performance on a diverse collection of standard test problems from the MOPs literature. The
test set covers a broad range of features, including convex and nonconvex instances, biobjective
and three-objective models, and both box-constrained and generally constrained MOPs. Ta-
ble 1 summarizes the test problems: The first column reports the problem name; n denotes the
decision-space dimension (set from 2 to 200); and ny and n, represent the numbers of objective
functions and constraints, respectively. A dash in the n, column of Table 1 indicates that the
problem has no explicit constraints. The bound vectors z; and xy are also reported, and the

last column provides the corresponding references.

Table 1: Details of box-constrained and general constrained test problems.

Name n nf ng L Ty Reference
ABC-comp 2 2 3 [0,0] [10,10] 28
BNH 2 2 2 [0,0] 5, 3] 12
DTLZ0 3 3 2 [0,0,0] [2,1,1] 14
Eichfelder2 2 2 1 [0,0] [100, 100] 20
Eichfeldert6 3 3 1 [0,0,0] [100, 100, 100] 20
Eichfelder7 3 3 1 [0,0,1.2] [, 100, 100] 20
FDSa 5 3 - —[2,...,2] [2,...,2] 14
FDSb 0 3 -  —[2,..,2 2,...,2] 14
FDSc 50 3 - —[2,...,2] 2,...,2] 14
FDSd 100 3 —  —[2,...,9] [2,...,2] 14
Hanne?2 2 2 1 [0,0] [10, 10] 9]
Hanne4 2 2 1 [0,0] (10, 10] [9]
HLL1 2 2 1 [0,0] [100, 100] 28
JOS1a 50 2 - -[2,...,2] [2,...,2] 12
JOSle 200 2 —  —[2,...,2] 2,...,2] 20
JOS1h 200 2 — —100[1,...,1] 100[1,...,1] 14
Pil 10 3 3  —[2...9 2,...,2] 36
P12 50 3 3 —[2,...,2] [2,...,2 36
P13 2000 3 3 —[2,...,2] [2,...,2] 36
TNK 2 2 2 [0,0] [, 7 13

To ensure that the sequence generated by NMOSQP remains inside the box constraints
2y, < x < xy, these constraints are added to subproblem (5), which leads to the following

subproblem:

1
min q (U,Z) =z+ 5”7*}”2’
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(Vi(z)Tv < 2, for,i=1,2,...,m,

b g; (x) + (ng(x))Tv <z forj=1,...,r (24)

rzp —rx<v<zxy-—=x,

(v,2) e R* x R.

In our implementation, we utilize subproblem (24) instead of (5) to ensure practical applicability.
The stopping criterion is defined as ||di|| < &, where ¢ = 10~%. The Armijo rule parameter is set
to v = 0.1. To handle potential nonconvergence in nonconvex problems, we limit the maximum
number of iterations to 500. We employ N = 10 in the nonmonotone term (9). At each iteration,

we solve subproblem (24) using MATLAB’s quadprog function.
Both MOSQP and NMOSQP start from arbitrary initial points, which we generate using

MATLAB’s randn function. To ensure a comprehensive evaluation, we generate 100 initial points
for each method. Employing a multi-start strategy [21], we apply each algorithm from all initial

points to approximate the nondominated frontier.

To comprehensively compare NMOSQP and MOSQP, we conduct two experiments, each
focusing on a different performance aspect. In the first experiment, we examine the capability
of NMOSQP to approximate the Pareto front and compare its results with those obtained by
MOSQP as well as with the reference (true) Pareto front. Figure 1 shows the nondominated
fronts generated by NMOSQP and MOSQP together with the reference front. For the Hanne2
problem, NMOSQP does not cover the entire front; however, it produces a dense and well-
distributed approximation in the middle region, which is noticeably superior to MOSQP. In
contrast, MOSQP performs poorly on Hanne2 and even generates dominated points. For the
ABC-comp and BNH problems, both methods exhibit similar and satisfactory behavior relative to
the reference front. In the TNK problem, NMOSQP generates a larger nondominated portion of
the front than MOSQP; nevertheless, the two approximations are complementary, and their union

covers a broader part of the true front, yielding a more well-distributed overall approximation.

In the second experiment, we use the Dolan and Moré performance profiles [15] to compare
NMOSQP and MOSQP across the specified performance criteria.

The performance profile is a more reliable visualization tool for comparing the results ob-
tained by different solvers, especially when the number of problems and solvers increases. Follow-
ing is a simplified description of the performance profile of a specific criterion for a solver associ-
ated with a problem [15]. Consider ¢, ; as the performance of the solver s € S in solving the prob-
lem p € P. Accordingly, the performance ratio 7, is defined as 7, := t, s/min{t, s : s € S}.
Based on this definition, the probability of the performance ratio of the solver s € S to be within

the interval [1,7) is denoted by ps(7) and defined as follows:
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Figure 1: Nondominated fronts generated by NMOSQP and MOSQP on some test problems.

1
ps(T) = ﬁ|pEP:7‘p7S <7,

where p; is the cumulative distribution function for the performance ratio [15]. The performance
profiles depict the function p,(7) for each solver s € S. According to the above explanation
about ps(7), the value of ps(1) is the probability that the solver s will overcome the remaining

ones. Thus, ps(1) shows the win percentage of solver s compared to the other solvers.

Our evaluation is based on two complementary aspects: (i) computational effort and (ii)
quality of the produced Pareto front approximation. The criteria related to computational effort
(and hence the speed of convergence) include the number of iterations, the numbers of objective

and constraint function evaluations, the numbers of gradient evaluations for both objectives
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and constraints, and the wall-clock time. For multiobjective methods, however, it is equally
important to assess the quality of the approximated Pareto front. Therefore, in addition to the
above measures, we report the number of generated nondominated points and three widely used
multiobjective indicators: The epsilon indicator [29], the spread [3, 10], and the hyper-volume
(HV) [44]. The epsilon indicator provides a measure of how far the computed front is from
the reference Pareto front, the spread evaluates how evenly the points are distributed along the
front, and HV quantifies the portion of the objective space dominated (covered) by the obtained
nondominated set (larger HV indicates a better approximation).

In this study, the HV indicator is computed using a common reference point selected sep-
arately for each test problem. For a given problem, we first form the union of all solutions
generated by all algorithms over all runs. Then, for each objective, we determine the best ob-
served value (the smallest one, since all problems are minimization) and the worst observed value
(the largest one); the difference between these values defines the observed objective range. The
HV reference point is chosen slightly worse than the worst observed value by adding 5% of this
range to each objective component. This choice ensures that the reference point is dominated
by all observed solutions and, consequently, makes the HV values fair and comparable across
algorithms. With this setting, larger HV values indicate better performance. Finally, because
Dolan and Moré performance profiles are typically constructed for measures where smaller val-
ues are better, we transform HV and the number of nondominated points (both larger-is-better
criteria) into smaller-is-better quantities before plotting, so that algorithms achieving larger HV
or producing more nondominated points are correctly identified as superior in the performance
profiles.

Figure 2 compares the two methods with respect to the computational criteria. It contains
four subplots reporting the number of iterations, wall-clock time, the number of objective function
evaluations, and the number of constraint function evaluations.

Figure 3 summarizes the quality of the obtained Pareto front approximations by reporting
the number of generated nondominated points for both methods, epsilon indicator, spread, and
the HV metrics.

We provide a detailed comparison of NMOSQP and MOSQP using the Dolan and Moré
performance profiles across the selected computational and quality criteria. For the number
of iterations and gradient evaluations, NMOSQP clearly dominates and is the best performer
across all test instances. Regarding function evaluations, the two methods are competitive on
roughly 80% of the test instances; nevertheless, NMOSQP attains the best performance more
frequently and shows an overall advantage. A similar behavior is observed for wall-clock time:
Although the methods compete in about 80% of the instances, NMOSQP achieves the best

performance on approximately 95% of the test problems, indicating a clear improvement in
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Figure 2: Iterations, Function evaluations, Gradient evaluations, and Wall-clock time performance profiles.

practical efficiency. Turning to the quality-related performance profiles, NMOSQP and MOSQP
are largely competitive in terms of front generation and the epsilon indicator. For the spread
metric, the methods still compete in about 85% of the instances, but NMOSQP more often
ranks first and thus provides a better overall distribution of points along the front. Finally, the
HYV profile shows a significant superiority of NMOSQP over MOSQP, indicating that NMOSQP
produces nondominated sets that dominate a larger portion of the objective space and hence

yield higher-quality Pareto-front approximations.
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Figure 3: Number of nondominated points, Hypervolume(HV), Spread, and Epsilon indicator performance
profiles.

6 Conclusion

This paper proposed a nonmonotone penalty method in the SQP framework for solving general
inequality-constrained MOPs. In contrast to standard monotone penalty-based schemes, which
enforce a sufficient decrease of the penalty function at every iteration, the proposed approach
employs a nonmonotone max-type line search that allows controlled temporary increases of the
penalty function. This additional flexibility can prevent overly conservative steps and improve

practical efficiency on difficult constrained instances. We compare the proposed nonmonotone
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method (NMOSQP) with the monotone baseline (MOSQP). Dolan and Moré performance profiles
indicate that NMOSQP is consistently faster and more efficient across the considered test set.
Moreover, under mild regularity assumptions, we establish global convergence results showing
that, for any starting point, the sequence generated by NMOSQP converges to a weakly or
strongly critical point. Finally, as a direction for future research, it is of interest to investigate
alternative nonmonotone line search rules within the proposed penalty-SQP framework to further

enhance performance.
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