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1 Introduction

In recent years, fractional calculus has attracted increasing attention due to its applications in
various fields. The history of this theory dates back to the 17th century, when in 1695 Leibniz
[16] described the derivative of order θ = 1

2 in his letter to L’Hospital. Since then, the new
theory has become very attractive to mathematicians as well as physicists, biologists, engineers,
and economists. Fractional calculus has various applications in biophysics, quantum mechanics,
wave theory, polymers, continuum mechanics, Lie theory, field theory, spectroscopy, group theory,
and other applications in science and engineering [7, 18, 21, 22].

There are many concepts of fractional derivatives defined and developed in the literature,
which are not compatible with each other, among them is, Riemann–Liouville fractional deriva-
tive [23], Caputo fractional derivative [15], conformable fractional derivative [1], Hadamard frac-
tional derivative [14], Atangana–Baleanu fractional derivative [2], and local fractional derivative
[25].

Today, fractional differential equations involving the local fractional derivative constitute an
important area of modeling natural phenomena, and researchers are paying considerable attention
to them due to their numerous applications in science and engineering. New developments in
this field have emerged in disciplines such as mathematics, physics, chemistry, biology, medicine,
economics, and engineering, highlighting the growing importance of this type of equation in the
analysis of real-world problems. For this reason, researchers in mathematics and physics have
focused on proposing various methods for solving local fractional differential equations [3, 4, 5, 9].

There are many computational methods for dealing with local fractional differential equa-
tions, such as the local fractional decomposition method [10], the local fractional variational
iteration method [8], the local fractional differential transform method [6], the local fractional
reduced differential transform method [17], the local fractional homotopy perturbation method
[27], the local fractional homotopy analysis method [20], and others.

Recently, the author [12, 13] proposed a new integral transform called Khalouta transform,
which is a generalization of many well known integral transforms such as Laplace–Carson trans-
form, Sumudu transform, ZZ transform, ZMA transform, Elzaki transform, Aboodh transform,
Natural transform, and Shehu transform. Thus, the main objective of the present paper is to
propose a new hybrid method based on the coupling of the Khalouta transform with the local
fractional derivative for solving local fractional differential equations.

The proposed method offers great advantages of straightforward applicability, computational
efficiency and high accuracy. Its strength lies in its ability to combine two powerful concepts
for obtaining exact solutions of linear local fractional differential equations. Unlike other meth-
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541 Local fractional Khalouta transform: Properties and applications

ods, the proposed method requires neither linearization nor discretization, nor small or large
parameters in the problem.

The structure of this paper is as follows. In Section 2, we give the basic definitions and
properties of the local fractional calculus. In Section 3, we present important results regarding
the local fractional Khalouta transform. In Section 4, we illustrate the relation between the local
fractional Khalouta transform and other known local fractional integral transforms. In Section
5, we extend this new integral transform and apply it to solve linear differential equations using
the local fractional derivative. Finally, in Section 6, we present our conclusions.

2 Local fractional calculus

This section gives the basic concepts of local fractional calculus, and in particular the local
fractional derivative and the local fractional integral, which have been utilized in this work. For
more details, see [25, 26].

Definition 1. If we have the relation

|u(t)− u(t0)| < εθ, 0 < θ ≤ 1,

where there is |t− t0| < δ for δ, ε ∈ R∗
+, then the function u(t) is called local fractional continuous

at t = t0.

We say that the function u(t) is local fractional continuous on the interval (a, b) if it is local
fractional continuous at any point t0 of (a, b), and we denote it by u(t) ∈ Cθ(a, b), 0 < θ ≤ 1.

Definition 2. Consider the function u(t) ∈ Cθ(a, b). The local fractional integral of u(t) of order
θ in the interval [a, b] is defined by

aI
(θ)
b u(t) =

1

Γ(1 + θ)

∫ b

a

u(τ)(dτ)θ

=
1

Γ(1 + θ)
lim

∆τ→0

N−1∑
i=0

u(τi)(∆τi)
θ,

where ∆τi = τi+1 − τi with ∆τ = max {∆τ0,∆τ1,∆τ2,∆τ3, . . .} and [τi+1, τi] , i = 0, . . . , N −
1, τ0 = a, τN = b is a partition of the interval [a, b] .

Definition 3. Consider the function u(t) ∈ Cθ(a, b). The local fractional derivative of u(t) of
order θ with 0 < θ ≤ 1 in the interval [a, b] is defined by
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D(θ)u(t) =
dθu(t0)

dtθ
= u(θ)(t) = lim

t→t0

∆θ (u(t)− u(t0))

(t− t0)
θ

,

where
∆θ (u(t)− u(t0)) ≃ Γ(1 + θ) [u(t)− u(t0)] .

Moreover, the local fractional derivative of higher order is defined as

D(nθ)u(t) =
dnθu(t0)

dtnθ
= u(nθ)(t) = D(θ)D(θ) . . . D(θ)u(t)︸ ︷︷ ︸

n−times

.

Definition 4. The local fractional partial differential operator of order θ with 0 < θ ≤ 1 is given
by

D
(θ)
t u(x, t) =

∂θu(x, t0)

∂tθ
= u(θ)(x, t0) = lim

t→t0

∆θ (u(x, t)− u(x, t0))

(t− t0)
θ

,

where
∆θ (u(x, t)− u(x, t0)) ≃ Γ(1 + θ) [u(x, t)− u(x, t0)] .

Moreover, the local fractional partial derivative of higher order is defined as

D
(nθ)
t u(x, t) =

∂nθu(x, t0)

∂tnθ
= u(nθ)(x, t) = D

(θ)
t D

(θ)
t . . . D

(θ)
t u(x, t)︸ ︷︷ ︸

n−times

.

Definition 5. The local fractional Mc-Laurin’s series of the Mittag-Leffler function is given by

Eθ(z
θ) =

∞∑
n=0

znθ

Γ(1 + nθ)
, z ∈ R, 0 < θ ≤ 1.

3 Main results

This section presents our main results concerning the definition of local fractional Khalouta
transform denoted in this paper by LFKHθ [·] and discusses some interesting properties of this
transform.

Definition 6. Let
1

Γ(1 + θ)

∫ +∞

0

|u(t)| (dt)θ < A < ∞.

The local fractional Khalouta transform of the function u(t) of order θ is defined as by the
following integral:
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LFKHθ [u(t)] = Kθ(s, γ, η) =
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
u(t)(dt)θ

= lim
σ→∞

1

Γ(1 + θ)

sθ

γθηθ

∫ σ

0

Eθ

(
− sθtθ

γθηθ

)
u(t)(dt)θ, (1)

where sθ, γθ, and ηθ with 0 < θ ≤ 1, are the Khalouta transform variables, σ is a real number,
and the integral is taken along the line t = σ.

Definition 7. The inverse local fractional Khalouta transform of the function u(t) of order θ is
defined by

LFKH−1
θ [Kθ(s, η, γ)] = u(t).

Now, we give some interesting properties of the local fractional Khalouta transform.

Theorem 1. Let LFKHθ [u(t)] = Kθ(s, γ, η) and LFKHθ [v(t)] = Hθ(s, γ, η). Then, we have

LFKHθ [λu(t)± θv(t)] = λKθ(s, γ, η)± θHθ(s, γ, η),

where λ and θ are constants.

Proof. Using the definition of the local fractional Khalouta transform, we have

KH [λu(t)± θv(t)] =
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
[λu(t)± θv(t)] (dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

 λEθ

(
− sθtθ

γθηθ

)
u(t)

±θEθ

(
− sθtθ

γθηθ

)
v(t)

 (dt)θ

= λ
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
u(t)(dt)θ

±θ
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
v(t)(dt)θ

= λKθ(s, γ, η)± θHθ(s, γ, η).

Theorem 2. Let LFKHθ [u(t)] = Kθ(s, γ, η) where 0 < θ ≤ 1. Then, the local fractional
Khalouta transforms of the local fractional derivatives are given by

LFKHθ

[
D(θ)u(t)

]
=

(
s

γη

)θ

Kθ(s, γ, η)−
(

s

γη

)θ

u(0), (2)

and
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LFKHθ

[
D(nθ)u(t)

]
=

(
s

γη

)nθ

Kθ(s, γ, η)−
n−1∑
k=0

(
s

γη

)(n−k)θ

u(kθ)(0). (3)

Proof. We proof the formula (2). From the definition of local fractional Khalouta transform, we
have

LFKHθ

[
D(θ)u(t)

]
=

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
D(θ)u(t)(dt)θ.

Using the fractional integration by parts formula [11], we get the following equality:

LFKHθ

[
D(θ)u(t)

]
=

1

Γ(1 + θ)

sθ

γθηθ

(
lim
σ→∞

Γ(1 + θ)

[
Eθ

(
− sθtθ

γθηθ

)
u(t)

]σ
0

+
sθ

γθηθ
lim
σ→∞

∫ σ

0

Eθ

(
− sθtθ

γθηθ

)
u(t)(dt)θ

)
=

1

Γ(1 + θ)

sθ

γθηθ

×

 −Γ(1 + θ)u(0)

+
sθ

γθηθ
lim
σ→∞

∫ σ

0
Eθ

(
− sθtθ

γθηθ

)
u(t)(dt)θ


= − sθ

γθηθ
u(0)

+
sθ

γθηθ

(
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
u(t)(dt)θ

)
= − sθ

γθηθ
u(0) +

sθ

γθηθ
Kθ(s, γ, η)

=

(
s

γη

)θ

Kθ(s, γ, η)−
(

s

γη

)θ

u(0).

To prove the validity of the formula (3), we use mathematical induction.
For n = 1 and from the formula (3), we have

LFKHθ

[
D(θ)u(t)

]
=

(
s

γη

)θ

Kθ(s, γ, η)−
(

s

γη

)θ

u(0).

So, from (2), we note that the formula is true when n = 1.

Assume that the formula (3) is true for n. We get

LFKHθ

[
D(nθ)u(t)

]
=

(
s

γη

)nθ

Kθ(s, γ, η)−
n−1∑
k=0

(
s

γη

)(n−k)θ

u(kθ)(0). (4)

We show that (3) is true for n+ 1. Let D(nθ)u(t) = U(t), where LFKHθ [U(t)] = Uθ(s, γ, η)

and from (2) and (4), we have
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LFKHθ

[
D((n+1)θ)u(t)

]
= LFKHθ

[
D(θ)U(t)

]
=

(
s

γη

)θ

Uθ(s, γ, η)−
(

s

γη

)θ

U(0)

=

(
s

γη

)(n+1)θ

Kθ(s, γ, η)

−
n−1∑
k=0

(
s

γη

)(n+1−k)θ

u(kθ)(0)

−
(

s

γη

)θ

D(nθ)u(0),

=

(
s

γη

)(n+1)θ

Kθ(s, γ, η)

−
n∑

k=0

(
s

γη

)(n+1−k)θ

u(kθ)(0).

So, the formula (3) is true for n+ 1.

Thus, by the principle of mathematical induction for all n > 1, the formula (3) is true.

Theorem 3. Let LFKHθ [u(t)] = Kθ(s, γ, η). Then, the local fractional Khalouta transform of
the local fractional integral is given by

LFKHθ

[
0I

(θ)
t u(t)

]
=
(γη

s

)θ
Kθ(s, γ, η), 0 < θ ≤ 1.

Proof. Let
K(t) =0 I

(θ)
t u(t). (5)

Operating the local fractional derivative on (5), we attain

D(θ)K(t) = D(θ)
0I

(θ)
t u(t) = u(t), (6)

and
K(0) = 0.

Operating the local fractional Khalouta transform on (6), we attain

LFKHθ

[
D(θ)K(t)

]
=LF KHθ [u(t)] ,

which implies (
s

γη

)θ (
LFKHθ [K(t)]

)
= Kθ(s, γ, η).
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Thus, we get
LFKHθ

[
0I

(θ)
t u(t)

]
=
(γη

s

)θ
Kθ(s, γ, η).

Theorem 4. Let LFKHθ [u(t)] = Kθ(s, γ, η) and LFKHθ [v(t)] = Hθ(s, γ, η). Then, the local
fractional Khalouta transform of their convolution is given by

LFKHθ [(u(t) ∗ v(t))θ] =
(γη

s

)θ
Kθ(s, γ, η)Hθ(s, γ, η),

where
(u(t) ∗ v(t))θ =

1

Γ(1 + θ)

∫ ∞

0

u(τ)v(t− τ) (dτ)
θ
.

Proof. Using the definition of the local fractional Khalouta transform in (1), we arrive at

LFKHθ [(u(t) ∗ v(t))θ]

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
(u(t) ∗ v(t))θ (dt)

θ

=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

 Eθ

(
− sθtθ

γθηθ

)
×
(

1

Γ(1 + θ)

∫∞
0

u(τ)v(t− τ) (dτ)
θ

)
 (dt)θ

=
1

Γ(1 + θ)

1

Γ(1 + θ)

sθ

γθηθ
(7)

×
∫ ∞

0

∫ ∞

0

(
Eθ

(
− sθtθ

γθηθ

)
u(τ)v(t− τ) (dτ)

θ

)
(dt)θ.

Substituting x = t− τ and dx = dt in (7), we attain

LFKHθ [(u(t) ∗ v(t))θ]

=
1

Γ(1 + θ)

1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

∫ ∞

0

Eθ

(
−sθ (x+ τ)

θ

γθηθ

)
u(τ)v(x) (dτ)

θ
(dx)θ

=
1

Γ(1 + θ)

1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

∫ ∞

0

Eθ

(
− sθxθ

γθηθ

)
Eθ

(
− sθτθ

γθηθ

)
×u(τ)v(x)

 (dτ)
θ
(dx)θ
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=
γθηθ

sθ

(
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθτθ

γθηθ

)
u(τ) (dτ)

θ

)
×
(

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθxθ

γθηθ

)
v(x)(dx)θ

)
=
(γη

s

)θ
Kθ(s, γ, η)Hθ(s, γ, η).

Now, we present the results related to the local fractional Khalouta transform of some special
functions.

Theorem 5. Let u(t) = 1. Then, its local fractional Khalouta transform is given by

LFKHθ [1] = 1.

Proof. By using (1), we attain

LFKHθ [1] =
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
(dt)θ

=
sθ

γθηθ
lim
σ→∞

[
−γθηθ

sθ
Eθ

(
− sθtθ

γθηθ

)]σ
0

= 1.

Theorem 6. Let u(t) =
tθ

Γ(1 + θ)
, 0 < θ ≤ 1. Then, its local fractional Khalouta transform is

given by
LFKHθ

[
tθ

Γ(1 + θ)

]
=

γθηθ

sθ
.

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFKHθ

[
tθ

Γ(1 + θ)

]
=

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
tθ

Γ(1 + θ)
(dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0


(
−γθηθ

sθ
Eθ

(
− sθtθ

γθηθ

))(θ)

× tθ

Γ(1 + θ)

 (dt)θ

=
sθ

γθηθ

(
lim
σ→∞

[
−γθηθ

sθ
Eθ

(
− sθtθ

γθηθ

)
tθ

Γ(1 + θ)

]σ
0
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+
1

Γ(1 + θ)

γθηθ

sθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
(dt)θ

)
=

sθ

γθηθ

(
γ2θη2θ

s2θ
lim
σ→∞

[
−Eθ

(
− sθtθ

γθηθ

)]σ
0

)
=

γθηθ

sθ
.

Theorem 7. Let u(t) = Eθ

(
atθ
)
, 0 < θ ≤ 1. Then, its local fractional Khalouta transform is

given by
LFKHθ

[
Eθ

(
atθ
)]

=
sθ

sθ − aγθηθ
.

Proof. By using (1), we attain

LFKHθ

[
Eθ

(
atθ
)]

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
Eθ

(
atθ
)
(dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)
(dt)θ

=
sθ

γθηθ

(
lim
σ→∞

[
− γθηθ

sθ − aγθηθ
Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)]σ

0

)
=

sθ

sθ − aγθηθ
.

Theorem 8. Let u(t) =
tθ

Γ(1 + θ)
Eθ

(
atθ
)
, 0 < θ ≤ 1. Then, its local fractional Khalouta

transform is given by

LFKHθ

[
tθ

Γ(1 + θ)
Eθ

(
atθ
)]

=
sθγθηθ

(sθ − aγθηθ)
2 .

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFKHθ

[
tθ

Γ(1 + θ)
Eθ

(
atθ
)]

=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
tθ

Γ(1 + θ)
Eθ

(
atθ
)
(dt)θ
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=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)

tθ

Γ(1 + θ)
(dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0



 − γθηθ

sθ − aγθηθ

×Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)


(θ)

× tθ

Γ(1 + θ)

 (dt)θ

=
sθ

γθηθ

 lim
σ→∞


− γθηθ

sθ − aγθηθ

×Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)

tθ

Γ(1 + θ)



σ

0

+
1

Γ(1 + θ)

γθηθ

sθ − aγθηθ

×
∫∞
0

Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)
(dt)θ



=
sθ

γθηθ


γ2θη2θ

(sθ − aγθηθ)
2

× lim
σ→∞

[
−Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)]σ

0


=

sθγθηθ

(sθ − aγθηθ)
2 .

Theorem 9. Let u(t) = sinθ(atθ), 0 < θ ≤ 1. Then, its local fractional Khalouta transform is
given by

LFKHθ

[
sinθ(atθ)

]
=

asθγθηθ

s2θ + a2γ2θη2θ
.

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFKHθ

[
sinθ(atθ)

]
=

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
sinθ(atθ)(dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ
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×
∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)(
Eθ

(
aiθtθ

)
− Eθ

(
−aiθtθ

)
2iθ

)
(dt)θ

=
1

2iθ
1

Γ(1 + θ)

sθ

γθηθ

×
(∫ ∞

0

Eθ

(
−
(
sθ − aiθγθηθ

γθηθ

)
tθ
)
(dt)θ

−
∫ ∞

0

Eθ

(
−
(
sθ + aiθγθηθ

γθηθ

)
tθ
)
(dt)θ

)
=

1

2iθ
sθ

γθηθ(
− γθηθ

sθ − aiθγθηθ
lim
σ→∞

[
Eθ

(
−
(
sθ − aiθγθηθ

γθηθ

)
tθ
)]σ

0

+
γθηθ

sθ + aiθγθηθ
lim
σ→∞

[
Eθ

(
−
(
sθ + aiθγθηθ

γθηθ

)
tθ
)]σ

0

)
=

1

2iθ
sθ

γθηθ

(
γθηθ

sθ − aiθγθηθ
− γθηθ

sθ + aiθγθηθ

)
=

asθγθηθ

s2θ + a2γ2θη2θ
.

Theorem 10. Let u(t) = sinhθ(atθ), 0 < θ ≤ 1. Then, its local fractional Khalouta transform is
given by

LFKHθ

[
sinhθ(atθ)

]
=

asθγθηθ

s2θ − a2γ2θη2θ
.

Proof. To prove this theorem, we follow the same previous steps, knowing that

sinhθ(atθ) =
Eθ

(
atθ
)
− Eθ

(
−atθ

)
2

.

Theorem 11. Let u(t) = cosθ(atθ), 0 < θ ≤ 1. Then, its local fractional Khalouta transform is
given by

LFKHθ

[
cosθ(atθ)

]
=

s2θ

s2θ + a2γ2θη2θ
.

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFKHθ

[
cosθ(atθ)

]
=

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)
cosθ(atθ)(dt)θ
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=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

Eθ

(
− sθtθ

γθηθ

)(
Eθ

(
aiθtθ

)
+ Eθ

(
−aiθtθ

)
2

)
(dt)θ

=
1

2

1

Γ(1 + θ)

sθ

γθηθ

×
(∫ ∞

0

Eθ

(
−
(
sθ − aiθγθηθ

γθηθ

)
tθ
)
(dt)θ

+

∫ ∞

0

Eθ

(
−
(
sθ + aiθγθηθ

γθηθ

)
tθ
)
(dt)θ

)
=

1

2

sθ

γθηθ

×
(
− γθηθ

sθ − aiθγθηθ
lim
σ→∞

[
Eθ

(
−
(
sθ − aiθγθηθ

γθηθ

)
tθ
)]σ

0

− γθηθ

sθ + aiθγθηθ
lim
σ→∞

[
Eθ

(
−
(
sθ + aiθγθηθ

γθηθ

)
tθ
)]σ

0

)
=

1

2

sθ

γθηθ

(
γθηθ

sθ − aiθγθηθ
+

γθηθ

sθ + aiθγθηθ

)
=

s2θ

s2θ + aγ2θη2θ
.

Theorem 12. Let u(t) = coshθ(atθ), 0 < θ ≤ 1. Then, its local fractional Khalouta transform
is given by

LFKHθ

[
coshθ(atθ)

]
=

s2θ

s2θ − a2γ2θη2θ
.

Proof. To prove this theorem, we follow the same previous steps, knowing that

coshθ(atθ) =
Eθ

(
atθ
)
+ Eθ

(
−atθ

)
2

.

4 Relation with other known local fractional integral
transforms

This section illustrates the relation between the local fractional Khalouta transform and other
known local fractional integral transforms.
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• Local fractional Khalouta–Laplace relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If γ = η = 1,

then

Kθ(s, 1, 1) = sθ
(

1

Γ(1 + θ)

∫ ∞

0

Eθ

(
−sθtθ

)
u(t)(dt)θ

)
= sθLθ(s),

where Lθ(s) denotes the local fractional Laplace transform of the function u(t) [28].

• Local fractional Khalouta–Sumudu relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If s = γ = 1,

then

Kθ(1, 1, η) =
1

Γ(1 + θ)

1

ηθ

∫ ∞

0

Eθ

(
− tθ

ηθ

)
u(t)(dt)θ

= Sθ(η),

where Sθ(η) denotes the local fractional Sumudu transform of the function u(t) [24].

• Local fractional Khalouta–Elzaki relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If s = η = 1,

then

Kθ(1, γ, 1) =
1

γ2θ

(
1

Γ(1 + θ)
γθ

∫ ∞

0

Eθ

(
− tθ

γθ

)
u(t)(dt)θ

)
=

1

γ2θ
Tθ(η),

where Tθ(η) denotes the local fractional Elzaki transform of the function u(t) [30].

• Local fractional Khalouta–Aboodh relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If γ = η = 1,

then

Kθ(s, 1, 1) = s2θ
(

1

Γ(1 + θ)

1

sθ

∫ ∞

0

Eθ

(
−sθtθ

)
u(t)(dt)θ

)
= s2θAθ(s),

where Aθ(η) denotes the local fractional Aboodh transform of the function u(t) [29].
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• Local fractional Khalouta–Natural relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If γ = 1,

then

Kθ(s, 1, η) = sθ
(

1

Γ(1 + θ)

1

ηθ

∫ ∞

0

Eθ

(
−sθtθ

ηθ

)
u(t)(dt)θ

)
= sθNθ(s, η),

where Nθ(s, η) denotes the local fractional natural transform of the function u(t) [19].

5 Applications

This section demonstrates the applicability, efficiency, and high accuracy of the local fractional
Khalouta transform method to some linear local fractional differential equations.

Example 1. Let us examine the local fractional differential equation

D(θ)u(t) + u(t) =
tθ

Γ(1 + θ)
, 0 < θ ≤ 1, (8)

within the initial condition
u(0) = −1. (9)

Operating the local fractional Khalouta transform on (8) and utilizing Theorem 1, we attain

LFKHθ

[
D(θ)u(t)

]
+LF KHθ [u(t)] =

LF KHθ

[
tθ

Γ(1 + θ)

]
. (10)

Implementing Theorems 2 and 6, (10) becomes

(
s

γη

)θ

Kθ(s, γ, η)−
(

s

γη

)θ

u(0) +Kθ(s, γ, η) =
γθηθ

sθ
. (11)

Making use of the initial condition (9), (11) can be written as

(
s

γη

)θ

Kθ(s, γ, η) +

(
s

γη

)θ

+Kθ(s, γ, η) =
γθηθ

sθ
.

Then, we have

Kθ(s, γ, η) =
γ2θη2θ − s2θ

sθ(sθ + γθηθ)
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=
γθηθ

sθ
− 1. (12)

Performing the inverse local fractional Khalouta transform on (12), we achieve

u(t) =
tθ

Γ(1 + θ)
− 1. (13)

The result (13) indicates the exact solution to (8).

Example 2. Let us examine the local fractional differential equation

D(2θ)u(t)− u(t) = − sinθ(tθ), 0 < θ ≤ 1, (14)

within the initial conditions
u(0) = 0, D(θ)u(0) = −1. (15)

Operating the local fractional Khalouta transform on (14) and utilizing Theorem 1, we attain

LFKHθ

[
D(2θ)u(t)

]
−LF KHθ [u(t)] =

LF KHθ

[
− sinθ(tθ)

]
. (16)

Implementing Theorems 2 and 9, (16) becomes

(
s

γη

)2θ

Kθ(s, γ, η)−
(

s

γη

)2θ

u(0)−
(

s

γη

)θ

u(θ)(0)−Kθ(s, γ, η)

= − sθγθηθ

s2θ + γ2θη2θ
. (17)

Making use of the initial conditions (15), (17) can be written as

(
s

γη

)2θ

Kθ(s, γ, η) +

(
s

γη

)θ

−Kθ(s, γ, η) = − sθγθηθ

s2θ + γ2θη2θ
.

Then, we have

Kθ(s, γ, η) =
−s3θγθηθ − 2sθγ3θη3θ

(s2θ + γ2θη2θ) (s2θ − γ2θη2θ)

=
3

4

sθ

sθ + γθηθ
− 3

4

sθ

sθ − γθηθ
+

1

2

sθγθηθ

s2θ + γ2θη2θ
. (18)

Performing the inverse local fractional Khalouta transform on (18), we achieve

u(t) =
3

4
Eθ(−tθ)− 3

4
Eθ(t

θ) +
1

2
sinθ(tθ). (19)
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The result (19) indicates the exact solution to (14).

Example 3. Let us examine the local fractional differential equation

D(2θ)u(t) +D(θ)u(t)− u(t) = Eθ(−2tθ), 0 < θ ≤ 1, (20)

within the initial conditions
u(0) = 1, D(θ)u(0) = −2. (21)

Operating the local fractional Khalouta transform on (20) and utilizing Theorem 1, we attain

LFKHθ

[
D(2θ)u(t)

]
+LF KHθ

[
D(θ)u(t)

]
−LF KHθ [u(t)] =

LF KHθ

[
Eθ(−2tθ)

]
. (22)

Implementing Theorems 2 and 7, (22) becomes

sθ

sθ + 2γθηθ
=

(
s

γη

)2θ

Kθ(s, γ, η)−
(

s

γη

)2θ

u(0)−
(

s

γη

)θ

u(θ)(0)

+

(
s

γη

)θ

Kθ(s, γ, η)−
(

s

γη

)θ

u(0)−Kθ(s, γ, η). (23)

Making use of the initial conditions (21), (23) can be written as

(
s

γη

)2θ

Kθ(s, γ, η)−
(

s

γη

)2θ

+

(
s

γη

)θ

+

(
s

γη

)θ

Kθ(s, γ, η)−Kθ(s, γ, η)

=
sθ

sθ + 2γθηθ
.

Then, we have

Kθ(s, γ, η) =
γ2θη2θ

s2θ + sθγθηθ − γ2θη2θ

(
sθ

sθ + 2γθηθ
+

s2θ − sθγθηθ

γ2θη2θ

)
=

γ2θη2θ

s2θ + sθγθηθ − γ2θη2θ

(
sθ
(
s2θ + sθγθηθ − γ2θη2θ

)
(sθ + 2γθηθ) γ2θη2θ

)

=
sθ

sθ + 2γθηθ
. (24)

Performing the inverse local fractional Khalouta transform on (24), we achieve

u(t) = Eθ(−2tθ). (25)

The result (25) indicates the exact solution to (20).
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Example 4. Let us examine the local fractional differential equation

D(4θ)u(t)− u(t) = 0, 0 < θ ≤ 1, (26)

within the initial conditions

u(0) = 0, D(θ)u(0) = −1, D(2θ)u(0) = 0, D(3θ)u(0) = 0. (27)

Operating the local fractional Khalouta transform on (26) and utilizing Theorem 1, we attain

LFKHθ

[
D(4θ)u(t)

]
−LF KHθ [u(t)] = 0. (28)

Implementing Theorem 2, (28) becomes

0 =

(
s

γη

)4θ

Kθ(s, γ, η)−
(

s

γη

)4θ

u(0)−
(

s

γη

)3θ

uθ(0)

−
(

s

γη

)2θ

u(2θ)(0)−
(

s

γη

)θ

u(3θ)(0)−Kθ(s, γ, η). (29)

Making use of the initial conditions (27), (29) can be written as

(
s

γη

)4θ

Kθ(s, γ, η) +

(
s

γη

)3θ

−Kθ(s, γ, η) = 0.

Then, we have

Kθ(s, γ, η) = − s3θγθηθ

s4θ − γ4θη4θ

=
1

4

sθ

sθ + γθηθ
− 1

4

sθ

sθ − γθηθ
− 1

2

sθγθηθ

s2θ + γ2θη2θ
. (30)

Performing the inverse local fractional Khalouta transform on (30), we achieve

u(t) =
1

4
Eθ(−tθ)− 1

4
Eθ(t

θ)− 1

2
sinθ(tθ). (31)

The result (31) indicates the exact solution to (26).

Example 5. Let us examine the local fractional Volterra integro-differential equation

D(θ)u(t) = 1 +
1

Γ(1 + θ)

∫ t

0

u(τ) (dτ)
θ
, 0 < θ ≤ 1, (32)
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within the initial condition
u(0) = 0. (33)

Operating the local fractional Khalouta transform on (32) and utilizing Theorem 1, we attain

LFKHθ

[
D(θ)u(t)

]
=LF KHθ [1] +

LF KHθ

[
1

Γ(1 + θ)

∫ t

0

u(τ) (dτ)
θ

]
. (34)

Then
LFKHθ

[
D(θ)u(t)

]
=LF KHθ [1] +

LF KHθ [(u(t) ∗ 1)θ] . (35)

Implementing Theorems 2, 4, and 5, we arrive at

(
s

γη

)θ

Kθ(s, γ, η)−
(

s

γη

)θ

u(0) = 1 +
(γη

s

)θ
Kθ(s, γ, η). (36)

Making use of the initial condition (33), (36) can be written as

(
s

γη

)θ

Kθ(s, γ, η) = 1 +
(γη

s

)θ
Kθ(s, γ, η).

Then, we have

Kθ(s, γ, η) =
sθγθηθ

s2θ − γ2θη2θ
. (37)

Performing the inverse local fractional Khalouta transform on (37), we achieve

u(t) = sinhθ(tθ). (38)

The result (38) indicates the exact solution to (32).

Example 6. Let us examine the local fractional Volterra integro-differential equation

D(2θ)u(t) = 1 +
1

Γ(1 + θ)

∫ t

0

(t− τ)
θ

Γ(1 + θ)
u(τ) (dτ)

θ
, 0 < θ ≤ 1, (39)

within the initial conditions
u(0) = 1, D(θ)u(0) = 0. (40)

Operating the local fractional Khalouta transform on (39) and utilizing Theorem 1, we attain

LFKHθ

[
D(2θ)u(t)

]
=LF KHθ [1] +

LF KHθ

[
1

Γ(1 + θ)

∫ t

0

(t− τ)
θ

Γ(1 + θ)
u(τ) (dτ)

θ

]
.
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Then
LFKHθ

[
D(2θ)u(t)

]
=LF KHθ [1] +

LF KHθ

[(
tθ

Γ(1 + θ)
∗ u(t)

)
θ

]
. (41)

Using Theorems 2, 4, 5 and 6, (41) becomes

(
s

γη

)2θ

Kθ(s, γ, η)−
(

s

γη

)2θ

u(0)−
(

s

γη

)θ

u(θ)(0)

= 1 +
(γη

s

)θ (γη
s

)θ
Kθ(s, γ, η). (42)

Making use of the initial conditions (40), (42) can be written as

(
s

γη

)2θ

Kθ(s, γ, η)−
(

s

γη

)2θ

= 1 +
(γη

s

)2θ
Kθ(s, γ, η).

Then, we have

Kθ(s, γ, η) =

(
s2θγ2θη2θ

s4θ − γ4θη4θ

)(
γ2θη2θ + s2θ

γ2θη2θ

)
=

s2θ

s2θ − γ2θη2θ
. (43)

Performing the inverse local fractional Khalouta transform on (43), we achieve

u(t) = coshθ(tθ). (44)

The result (44) indicates the exact solution to (39).

6 Conclusions

In this paper, we proposed the local fractional Khalouta transform method, based on the coupling
of two powerful concepts: The Khalouta transform and the local fractional derivative. Several
illustrative examples of local linear fractional differential equations have been provided in order
to demonstrate the advantages of the proposed method. The results obtained in the examples
presented have shown that this method is capable of solving any linear local integral equation.

These results open up avenues for further research and applications in related fields of science
and mathematics. Future research directions could include:

- Proposing novel numerical methods that combine the local fractional Khalouta transform
method with semi-analytical methods, such as the Adomian decomposition method, the ho-
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motopy perturbation method, and the variational iteration method, to solve nonlinear local
fractional differential equations.

- Investigating the stability and convergence analysis of proposed methods.
- Extending the applicability of these methods to more complex problems, such as nonlinear

local fractional partial differential equations and nonlinear local fractional integro-differential
equations.
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