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Abstract

In the current paper, we propose a new hybrid method for solving local fractional differential
equations. The proposed method is based on the coupling of the Khalouta transform with the
local fractional derivative, and we call the local fractional Khalouta transform method. Also,
we provide important results and properties of this method. For justification and verification
of the present method, some applications of linear local fractional differential equations are
presented. The results of the solved examples show the effectiveness of this method. Moreover,
the present method can be applied to handle the solutions of various problems with local

fractional derivatives.
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1 Introduction

In recent years, fractional calculus has attracted increasing attention due to its applications in
various fields. The history of this theory dates back to the 17th century, when in 1695 Leibniz
[16] described the derivative of order # = 1 in his letter to L’Hospital. Since then, the new
theory has become very attractive to mathematicians as well as physicists, biologists, engineers,
and economists. Fractional calculus has various applications in biophysics, quantum mechanics,
wave theory, polymers, continuum mechanics, Lie theory, field theory, spectroscopy, group theory,

and other applications in science and engineering [7, 18, 21, 22].

There are many concepts of fractional derivatives defined and developed in the literature,
which are not compatible with each other, among them is, Riemann-Liouville fractional deriva-
tive [23], Caputo fractional derivative [15], conformable fractional derivative [1], Hadamard frac-
tional derivative [14], Atangana—Baleanu fractional derivative [2], and local fractional derivative
[25].

Today, fractional differential equations involving the local fractional derivative constitute an
important area of modeling natural phenomena, and researchers are paying considerable attention
to them due to their numerous applications in science and engineering. New developments in
this field have emerged in disciplines such as mathematics, physics, chemistry, biology, medicine,
economics, and engineering, highlighting the growing importance of this type of equation in the
analysis of real-world problems. For this reason, researchers in mathematics and physics have

focused on proposing various methods for solving local fractional differential equations [3, 4, 5, 9].

There are many computational methods for dealing with local fractional differential equa-
tions, such as the local fractional decomposition method [10], the local fractional variational
iteration method [8], the local fractional differential transform method [6], the local fractional
reduced differential transform method [17], the local fractional homotopy perturbation method

[27], the local fractional homotopy analysis method [20], and others.

Recently, the author [12, 13] proposed a new integral transform called Khalouta transform,
which is a generalization of many well known integral transforms such as Laplace—Carson trans-
form, Sumudu transform, ZZ transform, ZMA transform, Elzaki transform, Aboodh transform,
Natural transform, and Shehu transform. Thus, the main objective of the present paper is to
propose a new hybrid method based on the coupling of the Khalouta transform with the local

fractional derivative for solving local fractional differential equations.
The proposed method offers great advantages of straightforward applicability, computational
efficiency and high accuracy. Its strength lies in its ability to combine two powerful concepts

for obtaining exact solutions of linear local fractional differential equations. Unlike other meth-
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541 Local fractional Khalouta transform: Properties and applications

ods, the proposed method requires neither linearization nor discretization, nor small or large
parameters in the problem.

The structure of this paper is as follows. In Section 2, we give the basic definitions and
properties of the local fractional calculus. In Section 3, we present important results regarding
the local fractional Khalouta transform. In Section 4, we illustrate the relation between the local
fractional Khalouta transform and other known local fractional integral transforms. In Section
5, we extend this new integral transform and apply it to solve linear differential equations using

the local fractional derivative. Finally, in Section 6, we present our conclusions.

2 Local fractional calculus

This section gives the basic concepts of local fractional calculus, and in particular the local
fractional derivative and the local fractional integral, which have been utilized in this work. For

more details, see [25, 26].
Definition 1. If we have the relation
lu(t) —u(ty) <€,  0<6<1,

where there is |t — to| < ¢ for 0,e € R, then the function u(t) is called local fractional continuous
at t = to.
We say that the function u(t) is local fractional continuous on the interval (a, b) if it is local

fractional continuous at any point ¢ of (a,b), and we denote it by u(t) € Cp(a,b),0 < 6 < 1.

Definition 2. Consider the function u(t) € Cp(a,b). The local fractional integral of u(t) of order
6 in the interval [a, ] is defined by

1 b
I u(t) = 7/ dr)’
1 N—1
— ; ) 0
= T +9) a0 ; u(mi)(Ai)",
where A71; = 7,41 — 7 with A7 = max{A7y, Ary, Ar, A7s,...} and [1341, 7], = 0,...,N —

1,79 = a, 7y = b is a partition of the interval [a,b] .

Definition 3. Consider the function u(t) € Cy(a,b). The local fractional derivative of u(t) of
order 6 with 0 < 6 <1 in the interval [a, b] is defined by
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where
A (u(t) = ulto)) =~ T(1 +6) [u(t) — u(to)] -

Moreover, the local fractional derivative of higher order is defined as

d"uf(t
DTy(t) = %(90) =u")(t) = DODO  DOy(t).

n—times

Definition 4. The local fractional partial differential operator of order 6 with 0 < 6 < 1 is given
by

_ O%u(z, to) — u® (2. to) = lim AY (u(z,t) — u(x, to))

(0)
Diuta, 1) 10 1=+t (t — o)’

i

where
A (u(z,t) — u(z, to)) ~ T(1 +0) [u(z, t) — u(z, to)] .

Moreover, the local fractional partial derivative of higher order is defined as

B o™, toy

50 w0 (1) = Dt(e)Dt(a) e Dt(g)u(z, t).

n—times

Dt(ng)u(z, t)

Definition 5. The local fractional Mc-Laurin’s series of the Mittag-Leffler function is given by

> no
N z
n=0

3 Main results

This section presents our main results concerning the definition of local fractional Khalouta
transform denoted in this paper by ¥ KHp [-] and discusses some interesting properties of this

transform.

Definition 6. Let
1

+o00 ,
wig [ @ <A<

The local fractional Khalouta transform of the function wu(t) of order 6 is defined as by the

following integral:
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80 o8] 50 0
URHY u(0)] = Ko(s11) = gy g |, B0 (g ) w000

el M ) RIS )
= lim ———— ——— | u

oo T(1+0) 407 Jo — "\ A% ’

where s?,7, and 7’ with 0 < 6 < 1, are the Khalouta transform variables, ¢ is a real number,
and the integral is taken along the line ¢t = o.

Definition 7. The inverse local fractional Khalouta transform of the function u(t) of order 6 is
defined by
HKHg " [Ko(s,m,7)] = u(t).

Now, we give some interesting properties of the local fractional Khalouta transform.

Theorem 1. Let LF'KHy [u(t)] = Ko(s,7,n) and X' KHg [v(t)] = Ha(s,7, 7). Then, we have
FEKHg [Mu(t) + 0u(t)] = Mo (s,7,m) £ 0Ha(s,7,7),

where X\ and 6 are constants.

Proof. Using the definition of the local fractional Khalouta transform, we have

SG [es] 89 6
KH [\u(t) + v (t)] ﬁW /0 Ey <—79f70> Du(t) £ 0u(t)] (dt)?
sf¢?
A () )

1 59 /°°
= T g 00 646
7n

1 s? ° s0?
S N B — 6
AF(1 +0) b /0 ’ ( W9770> ul)(dh)

1 sf [ st? 0
jEef(l +0) +n? /0 Fo (_79779) Vi)
= A/CQ(S, Y, 77) + 97{9(83 v, 77)

O

Theorem 2. Let LFKHy [u(t)] = Ko(s,v,m) where 0 < 6 < 1. Then, the local fractional

Khalouta transforms of the local fractional derivatives are given by

v [0 = () Kats. o — () w0, ©)

n 1

and
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né n—1 (n—k)0
LF (nd) _ (5 S (k6)
KHy | D" u(t)| = () Ko(s,v,n) — () U 0). 3
D)) = () K N (0) (3)
Proof. We proof the formula (2). From the definition of local fractional Khalouta transform, we
have
LFRH [D(” (t)} s / T (~20 po (t)(dt)°®
e R R A R )"

Using the fractional integration by parts formula [11], we get the following equality:

LFKEI[Lﬂﬁu@ﬂ N lim I(1+6) | E, s u@)a
’ T T(1460) 4% \o—oo o\ "0 .

+i li UE s (t)(dt)?
S ANy A
1 s?
(1 + 0) ~n
—T(1 + 0)u(0)

S
= 779 gu(o) + '79770 ’CO(SK}/J])

To prove the validity of the formula (3), we use mathematical induction.

For n =1 and from the formula (3), we have

9 0
s s
LERH, [D(g)u(t)} = () Ko(s,v,m) — () u(0).
n m
So, from (2), we note that the formula is true when n = 1.

Assume that the formula (3) is true for n. We get

LFRH, {D(m‘))u(t)} = (;Jn@ Ko(s,v,m) — Tf (;n) e u®9)(0). (4)
k=0

We show that (3) is true for n + 1. Let D" u(t) = U(t), where “F'KHy [U(t)] = Up(s,7,n)
and from (2) and (4), we have
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EFKH, [ D u(t)| = “KH, [DOU()]

- (5w (55) wo

s (n+1)6
= (> ICH(Sa’-Y’T’)
m

n—1 s (n+1-k)6
_ Z () u®)(0)
o \ M

0
S
|2 D(nQ)u 0 ,
('777) ( )

s (n+1)60
- () K:O(Sa’}/an)
mn

n s (n+1—k)0
() u9(0).
=\

So, the formula (3) is true for n + 1.
Thus, by the principle of mathematical induction for all n > 1, the formula (3) is true. O

Theorem 3. Let ZFKHy [u(t)] = Ko(s,7,7). Then, the local fractional Khalouta transform of

the local fractional integral is given by
0
EPRH [off”u(t)] = (Z1) Ko(s,v.m), 0<0<1.

Proof. Let
K(t) =0 I u(t). (5)

Operating the local fractional derivative on (5), we attain
DOK®t) = DO o1 u(t) = u(t), (6)

and
K(0) =0.

Operating the local fractional Khalouta transform on (6), we attain
LFRy, [D@K(t)} =LF KH, [u(t)],
which implies

0
(;7) (" KHp [K(1)]) = Ko(s,7,m)-
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Thus, we get .
LFKH, [OIt(e)u(t)] = (%) Ko(s,7v,m).

O

Theorem 4. Let “FKHy [u(t)] = Kq(s,v,n) and FFKHy [v(t)] = He(s,7,n). Then, the local

fractional Khalouta transform of their convolution is given by

LR () 0 (1)) = (1) Koo, ) (s, 7 7),

where
(u(t) * v(t)), = r(11+9)/0 u(r)o(t — 1) (dr)”.

Proof. Using the definition of the local fractional Khalouta transform in (1), we arrive at

1 s o 5940
g | (e ) o, (@
1 s?
T I+ 0) 407

1 1 0
IF'(1+0)T(1+0)~%°

// ( ( Zi) ()U(t—T)(dr)6>(dt)9.

Substituting = ¢ — 7 and dz = dt in (7), we attain

LERHy [(u(t) * v(t)),)]
1 I
L(1+0)~°

/ / ( j ;T) )umv(x) (dr)’ (d)’

$f

(1 +9) (1+9)7n

0x9 8979
oo oo [ By (- By (-
/ / 9< W) 9( W) (dr)’ (dz)’
0 0

xu(T)v(x)
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-5 (e |, (o) v o)
89 e Sel‘e
(e f, (i) e

0
= (%) K@(Sv Y n)HG(Sa Vs 77)

O

Now, we present the results related to the local fractional Khalouta transform of some special

functions.

Theorem 5. Let u(t) = 1. Then, its local fractional Khalouta transform is given by
LERH, [1] = 1.

Proof. By using (1), we attain

LFRH,[1] = — al / T E <— 39t0>(dt)9
’ T(T+0) 777 Jy 7\ AP
89 S

O
10
Theorem 6. Let u(t) = T+ 0)’0 < @ < 1. Then, its local fractional Khalouta transform is
given by
0 0,0
LFKH@ t _ vn )
r'(1+0) s9

Proof. By using (1) and the fractional integration by parts formula [11], we attain
LFgH L
“lra+6)
1 6 o] 9t9 t9
e [ ()
L1 +0) 7" Jo 7'n® ) T(1+6)

0
1 ) N (_79779 £, (_ s0¢9 ))( )
S 0 6,.,0
sy A N A L)

I'(1+6)~%n°

“T(1+0)
0 0,0 6t0 t& o
o [ (20)
v \o=oo | s vn? ) T(1+0)],
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1 70770 /oo SGtG p
—— T g (-2 ) (at
Tave) s Jy T\ (di)

_ s [ y20p20 i [ _Sete o
0,0 20 oyeo o 0 )1,

O

Theorem 7. Let u(t) = Ey (at’),0 < 6 < 1. Then, its local fractional Khalouta transform is

given by 0
I [y (ot)] = =
Proof. By using (1), we attain
LFKH, [Ee (ate)]
- F(11+ ) ’yjjye /OOO Eo (—jgf;) Ej (at”) (dt)"
“ i ), B < <W> ")
s? 0

0 0 0.0 o
=7 (i [ (- (55 2], )
YT o7 §7 —ay'n YN 0
0

s0 — arfnf
O
t@
Theorem 8. Let u(t) = mEQ (at?),0 < 6 < 1. Then, its local fractional Khalouta
transform is given by
10 00,0
LFRH, {E @te)} S s
I'(1+90) (s? — avyPn?)

Proof. By using (1) and the fractional integration by parts formula [11], we attain

t0

LF 0

KH@ |:F(1 +9)E9 (at ):|
1 s?

- T(1+06)~%n°
oo 89t9 t9
></o ’ ( 7977“’> r+6)"" (af) ()
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s
S D(1460) %0
0o s — ann? 10
Ey (- t? dt)?
< ( < o ) )r<1+e>”
S

0

__ 1
I'(1+6)~%
[
7(9779 (0)
N 50 - 1179779
T m () |
0 Y'n
tG
(1 +0)
~+n? 7
s9 — annP
S ' s? — anOy? ,
= 0.0 lim XEQ i U S t
N 000 YN
t@
F(l + 9) 0
1 77’

207726
= 209 (st‘),afy:ne) 0,0 o
7\ s i {—Eg( ( — o )teﬂ
700 vn 0
L syt
(s? —avn?)

O

Theorem 9. Let u(t) = sing(at?),0 < § < 1. Then, its local fractional Khalouta transform is

given by
as®~0n?

LF . 6\ _
KHyg [smg(at )] = 1 a2

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFK]HIg [smg ate)]
L : 0 0
1+0 S Eq ( )smg(at )(dt)
59
(-+9)v%ﬁ
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e 00 Ep (ai?t?) — Ep (—ait?
[T () (R

([ m () e
[ (2w

1 s

20 ~0pP

0,0 0 _ ;00,0 o
(a2 (- (57) )
sY —aitt4'n? o—co Yn 0

6,0 6 -0.,0,.0 g
a2 [ (- (S50 ) )],
50 + @il o—oo 7o 0

1 ~AOn? ~AOn?
T 20000 \ 50 — i~ $0 1 aifo0rP
asb~0n?

520 + 0,2’}/297720 :

O

Theorem 10. Let u(t) = sinhg(at?),0 < 6 < 1. Then, its local fractional Khalouta transform is

given by
as®~0n?

LF . 6\ _
KHy [smhg(at )] = a2

Proof. To prove this theorem, we follow the same previous steps, knowing that

By (at) — Ey (~at’)

sinhg (at’) = 5

O

Theorem 11. Let u(t) = cosg(at?),0 < § < 1. Then, its local fractional Khalouta transform is

given by

826

LF NI
KHe [COS@(at )] T S0 1 220,20

Proof. By using (1) and the fractional integration by parts formula [11], we attain

EFKHy [cosg (ate)]
1 50 o Setg 0 0
=—— [ Ey(-2=)cosg(at?)(dt
I'(1+0) 'ygne/o 9( veng)cow(a ()
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2

s (_ W) <E9 (ai®t?) + Ey (—ai9t9)> @y’

([ ()
[ o)) o)

0,.,60 _ a
X | — 7?7 lim |Ey s° aZ’yn t?
se—azefyn o—00 0
0,6 00,0 g
sy B (<““”>t)])
s—i—azfyr] o—00 0

1 sf 7on° 771
9 0.0 T 0
~v0n? \ s¢ — aif~n? = s? + aif~fnf

820

$20 + qy20p20°
O

Theorem 12. Let u(t) = coshg(at?),0 < § < 1. Then, its local fractional Khalouta transform

is given by

829

LF 0N —
KHy [coshg(at”)] = PSP

520 _

Proof. To prove this theorem, we follow the same previous steps, knowing that

Ey (at?) + Ey (—at?)
5 :

coshy(at’) =

4 Relation with other known local fractional integral

transforms

This section illustrates the relation between the local fractional Khalouta transform and other

known local fractional integral transforms.
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¢ Local fractional Khalouta—Laplace relation:
Let Kg(s,,n) be the local fractional Khalouta transform of the function u(t). If y = n = 1,
then

Ko(s,1,1) = s° a0 /0DQ Eg (—s") u(t)(dt)9>

where Lg(s) denotes the local fractional Laplace transform of the function u(t) [28].

e Local fractional Khalouta—Sumudu relation:
Let Ko (s,7,n) be the local fractional Khalouta transform of the function u(t). If s = vy = 1,
then

Ko(1,1,n) = b /Ooo Ey (—ZZ) u(t)(dt)?

where Sp(n) denotes the local fractional Sumudu transform of the function w(t) [24].

¢ Local fractional Khalouta—Elzaki relation:

Let Ky(s,7,n) be the local fractional Khalouta transform of the function w(t). If s =5 = 1,

then
Ko(1,7,1) = % (F(11+0)79 /000 Ey (j:) u(t)(dt)e)

1

where Tp(n) denotes the local fractional Elzaki transform of the function u(t) [30].

¢ Local fractional Khalouta—Aboodh relation:
Let Ky(s,7,n) be the local fractional Khalouta transform of the function u(¢). If y = n = 1,
then

Ko(s,1,1) = s* (F(ll—|—9)319 /000 Ey (fsete) u(t)(dt)9>

= 829./49(8),

where Ap(n) denotes the local fractional Aboodh transform of the function wu(¢) [29].
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¢ Local fractional Khalouta—Natural relation:

Let Kgy(s,7,n) be the local fractional Khalouta transform of the function u(¢). If v = 1,

then

= SQNQ(S,U),

where Ny (s,n) denotes the local fractional natural transform of the function w(t) [19].

5 Applications

This section demonstrates the applicability, efficiency, and high accuracy of the local fractional

Khalouta transform method to some linear local fractional differential equations.

Example 1. Let us examine the local fractional differential equation

0
DOu(t) +ult) = t 0<6<1, (8)

(1+6)’

within the initial condition
u(0) = —1. (9)

Operating the local fractional Khalouta transform on (8) and utilizing Theorem 1, we attain

LFKRH, [D“”u(t)} +LF KHy [u(t)] =LF KH, [F(ltj—ﬁ)] . (10)

Implementing Theorems 2 and 6, (10) becomes

0 0 0.0
s s '
—_ Ko 8,7, M) — <> u(0) + Ko 57,1 = . 11
(2) Katsrm = () )+ Kasrom) = 2 )
Making use of the initial condition (9), (11) can be written as
s\’ s\’ 7o
() KO(Sa’Yan)—i_ () +K:9(Sa7777) = 0
M m s

Then, we have

26 ,,20 26
v = s

,C 87 ) = 97 0 . 0.0\
9( Y 77) 89(394—’)/9779)
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= ~ 1. (12)

Performing the inverse local fractional Khalouta transform on (12), we achieve

t@

ul) = g b (13)

The result (13) indicates the exact solution to (8).

Example 2. Let us examine the local fractional differential equation
DEDoy(t) — u(t) = —sing(t¥), 0<6 <1, (14)
within the initial conditions
u(0) =0,  DWy(0)=-1. (15)

Operating the local fractional Khalouta transform on (14) and utilizing Theorem 1, we attain
LFRH, [D(%)u(t)} —LF KHy [u(t)] =5F KHp [ sing(t7)] . (16)

Implementing Theorems 2 and 9, (16) becomes

(2) Kotorm— (2) - (2) w0 ot

_ s (17)
520 +,>/207729

Making use of the initial conditions (15), (17) can be written as

00,0

(S)ZQICo(s,%n) - (5)0 — Ko(5,7,1) = NS

v 7 820 2020
Then, we have

530000 2503030

- (329 i 72%29) (829 _ 7297720)
3 s? 3 s? n 1 s%49°
T 449 + 79779 459 — 79770 2520 1 7297720.

]Ca(sa v, 77) =

(18)
Performing the inverse local fractional Khalouta transform on (18), we achieve

u(t) = SEa(~) — 2 Bo(t”) + 5 sing 1) (19)

4
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The result (19) indicates the exact solution to (14).
Example 3. Let us examine the local fractional differential equation
DDy (t) + DDu(t) — u(t) = Eg(—2t%), 0<6<1, (20)

within the initial conditions
u(0) =1, D@y (0) = —2. (21)

Operating the local fractional Khalouta transform on (20) and utilizing Theorem 1, we attain
LFKH, {D(Qe)u(t)} LT KH, [D“’)u(t)} —LF RH, [u(t)] =5F KHy [Ep(—2t%)] . (22)
Implementing Theorems 2 and 7, (22) becomes
<0 s\ 2 PN s \?
—_—— = — Ko(s,v,m <) u(0 () u'? (0
s? + 27%n° <’Y77> ( ) m © m ©
0 0
s s

+ | — ,CQ $,79,M (> u(0 7IC9 5,7%,1M)- 23
() otseran = () w0 = Katoron) 23)

Making use of the initial conditions (21), (23) can be written as

8042900
Then, we have
20,20 0 20 _ 00,0
s s — s
Ko(s,7.m) = 5 07979 20,20 \ 40 5,0 T 20 ;Z)T]
520 4 87770 — == \ 8" 4+ 29%n 701
B 207726 5 (520 4 s0y0nP — 420720
T 520 1 o000 _ 420,20 (57 + 27000 20720
0
s
== 24
0+ 27070 (24)
Performing the inverse local fractional Khalouta transform on (24), we achieve
u(t) = Eo(—2t%). (25)

The result (25) indicates the exact solution to (20).
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Example 4. Let us examine the local fractional differential equation
DUyt —u(t) =0, 0<60<1, (26)
within the initial conditions
u(0) =0, D@Wu(0)=-1, Dyu0)=0, DBDyu0)=0. (27)
Operating the local fractional Khalouta transform on (26) and utilizing Theorem 1, we attain
LFK, {D(‘w)u(t)} —LF KH, [u(t)] = 0. (28)

Implementing Theorem 2, (28) becomes

-(2) " o) - () U 0) Kyl y.m) (29)

Making use of the initial conditions (27), (29) can be written as

s 46 s 30
() /Ca(s»%ﬂ) + <> - ICG(S/% 77) =0.
m m

Then, we have

530070
K:O(Su'yvn) = _849 — 7497749
- 1 SG 1 50 1 50,79,,’9 (30)
T 4SO AP 450 —Afpf 2520 4 42026
Performing the inverse local fractional Khalouta transform on (30), we achieve
1 oy 1 oy L. 0
u(t) = S Eg(—t") — - Ep(t”) — 5 sing(t°). (31)
4 4 2
The result (31) indicates the exact solution to (26).
Example 5. Let us examine the local fractional Volterra integro-differential equation
DDty =1+ 1 /tu(T) dr)?, 0<6<1 (32)
L(1+0) Jo ’ -
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within the initial condition
u(0) = 0. (33)

Operating the local fractional Khalouta transform on (32) and utilizing Theorem 1, we attain

LFRR, [D“’)u(t)} =LF KH, [1] +2F KH, {F(llw) /0 u(r) (dT)f’} . (34)
Then
LFRR, [D<9>u(t)} =LF K, [1] +5F KHp [(u(t) * 1),] . (35)

Implementing Theorems 2, 4, and 5, we arrive at

0 0 9
s s m
— | Ko(s,v,m —() u(0 :1+<—) Ko(s,v,n). 36)
() Katsrm = () w0 =1+ (22) Koforon) (
Making use of the initial condition (33), (36) can be written as
s\’ m\?
() K@(Sa,%n) =1+ (7) ICQ(S"%T])'
v 8
Then, we have
000
K:9<Sa77 77) = 520 _ 7297729' (37)

Performing the inverse local fractional Khalouta transform on (37), we achieve
u(t) = sinhg(t?). (38)
The result (38) indicates the exact solution to (32).

Example 6. Let us examine the local fractional Volterra integro-differential equation

1 0
DEDy(t) = 1+ F(11+ 5 /0 ét(l +)0)u(7) @), 0<6<1, (39)

within the initial conditions
u(0) =1, D@ y(0) = 0. (40)

Operating the local fractional Khalouta transform on (39) and utilizing Theorem 1, we attain

LFKH, [D@")u(t)] =LF KH, [1] +F KH,

1 Pi-1)°
T(1+06) /0 raz o™ (dT)G] '
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Then

LFKH, [D(ze)u(t)} —LF KH, [1] +F KHy [(F(fia) « u(t))J . (41)

Using Theorems 2, 4, 5 and 6, (41) becomes

(o) e () o= () oo

1+ (%)9 (ﬂ)e Ko(s,7:m). (42)

S

Making use of the initial conditions (40), (42) can be written as

(S>29 Ko(s,7,m) ( 5 >20 —14 (?)20 Ko(s,7,m)-

n n

Then, we have

o - §2020,,20 20720 | 20
O\ TN =\ G40 40,40

20720
Performing the inverse local fractional Khalouta transform on (43), we achieve
u(t) = coshy(t?). (44)

The result (44) indicates the exact solution to (39).

6 Conclusions

In this paper, we proposed the local fractional Khalouta transform method, based on the coupling
of two powerful concepts: The Khalouta transform and the local fractional derivative. Several
illustrative examples of local linear fractional differential equations have been provided in order
to demonstrate the advantages of the proposed method. The results obtained in the examples
presented have shown that this method is capable of solving any linear local integral equation.

These results open up avenues for further research and applications in related fields of science
and mathematics. Future research directions could include:

- Proposing novel numerical methods that combine the local fractional Khalouta transform

method with semi-analytical methods, such as the Adomian decomposition method, the ho-
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motopy perturbation method, and the variational iteration method, to solve nonlinear local
fractional differential equations.

- Investigating the stability and convergence analysis of proposed methods.

- Extending the applicability of these methods to more complex problems, such as nonlinear
local fractional partial differential equations and nonlinear local fractional integro-differential

equations.
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