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Spline-interpolation solution of a plane Stefan

problem

P.N. Ivanshin*

Abstract

We construct a spline-interpolation solution of the two-dimensional Stefan problem. We reduce
it to the set of boundary value problems for analytic functions and integral equations. Our
construction of an approximate solution is based on the introduction of analytic functions and
the application of approximate solutions of boundary-value problems. We modify the initial
problem in order to reduce it to a set of boundary value problems. The first of these problems is
the Cauchy problem for the Laplace equation. The second problem is the Riemann problem for
analytic function, We also give estimates of the approximate solution error and some examples

of the solution.
AMS subject classifications (2020): Primary 35J25; Secondary 30E10.

Keywords: Spline; analytic function; approximate solution; Cauchy problem.

1 Introduction

The task of studying the conditions for the formation and dynamics of the liquid-solid phase

transition has wide practical applications, as it is directly related to issues such as storing thermal
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energy, controlling temperature and humidity, and ensuring the durability and strength of the
systems under study. In addition, the energy stored during melting can be released during the

solidification process, which enables a wide range of energy applications.

Possible applications span various technologies, such as in the steel industry, soil freezing,

and thermal control systems for spacecraft, as well as ground-based industrial and civil facilities.

The solution to this problem has practical applications in the construction industry, where
the pressing issue of determining the current position of the freezing front in external enclosing
structures of buildings and construction elements arises. The position of the freezing front is
directly linked to the durability of the enclosing structures. In fact, in the zone where the
freezing front is moving, extremely unfavorable operating conditions for the material of the
enclosing structures are created due to the potential alternation of freezing and thawing. This

can gradually lead to a decrease in strength, and ultimately, to the destruction of the structure.

The Stefan problem for the temperature field T'(¢, x,y), is formulated as follows: Consider
a medium occupying a region {2 consisting of two phases in the corresponding subdomains of
Q: Phase 1 in the subdomain D (t) and phase 2 in Dy(t). These subdomains have the common
dynamic boundary I'(¢). Let the two phases have thermal diffusivities ; and 65. Here %—f =
V- (61VT) in the region Dy and 2L = V- (§,VT) in the region Ds.

Assume that we know the boundary I'V(0) between the zones D;(0) and D2(0). So given
the initial value of T'(0,z,y) at © and the boundary data T'(t,z,y)|(s,y)co0=rur~ it should be
possible to reconstruct both the function T'(¢,z,y), ¢ > 0, (z,y) € Q and the boundary I"(t)
between two subdomains D; and Ds at any time ¢ > 0. The Stefan condition determines the
evolution of the curve I'(¢) by giving an equation governing the velocity V of the free boundary
in the normal direction v, specifically V = 6,9,T) — 020, T>. By boundary values of T} we mean
the limit of the gradient as (z,y) approaches I (¢) from the region Dj(t), and by boundary values
of T» we mean the limit of the gradient as (z,y) approaches I"(t) from the region Ds(t).

There exists a number of numerical methods of solution of this problem [1, 3, 5, 14, 16].
Most of these approaches are variations of finite-difference and finite-element methods [17, 18].
The authors usually consider different types of meshes. Here, we try to exclude the mesh at least

from the spatial coordinates.

Here, we apply the Cauchy integral formula to the solution of the Stefan problem. We first
modify the initial problem in order to reduce it to a set of certain boundary value problems.
The first of these problems is the Cauchy problem for Laplace equation. So we again see the
connection of the Stefan problem with the subject of incorrectly over-determined problems [4].
This is the crucial part of our construction. We show the solvability of this problem and present

certain examples of the solution. We apply methods similar to our constructions of [8]. The
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L,

Figure 1: Domain D bounded by the curves I' and I

second problem is the usual Schwartz problem of reconstruction of the boundary imaginary part

of the function analytic in a simply-connected domain by the real part of this function.

Our construction of an approximate solution is based on the introduction of analytic functions
and the application of approximate solutions of boundary-value problems. We do not apply
here the common methods of solution of the integral equations corresponding to so-called weak
solutions [9, 10, 11, 12] of finite-element methods [5, 14, 16]. Our solution is thus an approximate-

analytic one.

2 Approximate solution construction

Here we construct an approximate solution of a two-phase Stefan problem for the constant
thermal diffusivities 0;, j = 1,2. Consider the domain D,(t), j = 1,2, bounded by the simple
curves I'; and I"(t), so 9D,(t) = I'; |JI"(t) (see Figure 1). Assume that the curve I'; is fixed,
and that the curve I''(t) is the free part of the boundary 9D;(t). Position of I'(t) is known for
t=0.

The first step in our construction is to fix the subdomain D; = D;(0) and to construct an

approximate solution T (¢, x,y) in [0,1] x D;. Recall the main relation

or

S = V- (OLVT) 1)

in this domain.

Consider the modified version of the problem: Let the function T take values at T'(0, z(s), y(s))
and T(1,z(s),y(s)), with (z(s),y(s)) belonging to I'y, denoted by Uy(s) and U (s), respectively.
W,attanndt:L for

points (z(s),y(s)) € I'1, be denoted by Vy(s) and Vi (s), respectively.

Similarly, let the values of the normal derivative of T, that is,
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These conditions allow us to formulate a linearized solution, specifically a linear approxima-
tion in terms of ¢, given by T (t,2,%) = Ty(2,%) + tT1(2,%) for t € [0,1]. According to equation
(1), the function Ti(z,%) is harmonic with respect to z and Z in the domain D;. To determine
T)(z,%), we are faced with an ill-posed problem, where the function Tj(z, %) is specified only on

a part of the boundary.

The first boundary value problem that we need to solve is as follows: Given the value of the
holomorphic function 77 (z,%) on the boundary curve I'y of the domain Dy, it should be possible

to extend Ti(z, %) to the boundary curve I"(0).

Then we apply the initial boundary conditions on 9D; and the reconstructed values of
T1(z,7) and find the 2-harmonic function Ty (z, Z) by the formula Ty(z,z) = Re[[ [ T1(z,z)dzdz]+
h(z) 4+ h(z), where h(z) is the analytic in D function reconstructed from the initial boundary
conditions. So we construct the linear on ¢ spline T (¢,z,y) for the function T'(¢,x,y) in the

subdomain D;.

The second step in our construction is to repeat the procedure of the first step in order
to reconstruct the spline T2(t,z,y), (t,z,y) € [0,1] x Dy(0), for the function T(¢,z,y) in the
subdomain Ds(t). Both of these steps provide us with the values of T'(¢,z,y) on [0,1] x D.

Finally, we find  TV(1) through  the  relation  on  the velocity
v=0,0,T"(1,2(s),y(s)) — 020, T*(1,(s),y(s)), (x(s),y(s)) € T'(0), of the points of this curve.
Since the approximate solution is linear on ¢ for any (z(s),y(s)) € I'(0) the shift simply
equals 0,0, T (1,z(s),y(s)) — 620, T%(1,z(s),y(s)). Note that in general T (1,z(s),y(s)) #
T2(1,2(s),y(s)), s € [S1,S]. Indeed the temperature T(1,z(s),y(s))|((s),y(s))er (1) = const.
So we again know the boundary data necessary for the construction of the spline for ¢ € [1,2].

We then reconstruct the spline for ¢ € [1,2], and so on.

Naturally, the linear solution is not smooth on the variable ¢t. In order to overcome this

we construct a solution as a polynomial on ¢ spline in each slice [N — 1,N] x D;, i = 1,2.

2K—1

Solution then takes the form T'(¢,2,Z) = Y. #/T;(z,%), here K is the order of differentiability
3=0

of the spline. Again, the function Thx_1(z,%) is harmonic on z,z. The function Tox_2(z,%z) =

Re[[ [ Tox—1(2,Z)dzdz] + hi(z) + hi(z), for an analytic function h(z) is biharmonic on z,Z.
Finally, the function Ty(z,%z) is a 2K-harmonic function. We start our reconstruction of the
solution from the function Thx_1(2z,%) and move down to Tp(z,Z) in a way similar to that for

the linear spline.
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3 Analytic foundation of solution

In order to solve the boundary value problem for T7(z,Z%), we apply the techniques developed in
[7, 8].

Let the union of curves I'; UI”(0) be parameterized by the arc length s € [0,S]. Assume
that s € [0, 5] corresponds to the curve I'y. The function f(z(s)) = 1(s) + itp(s) represents the
boundary values of the function f(z) analytic in the domain D;(0) if and only if the following
holds true [6, 13]:

S

l/ P& t, scdD(0)=z(s), s €0,5]. (2)
0

Assume that f(z2(s))|r, = 7/1( )"‘W( ), s €0, 51] and f(z(s))|r ) = P(s) +ix(s), s € [S1, S].

Here 9(s) = Ui(s) — Uo(s fVl b(t)dt, s € [0,51]. In this case we arrive to the

integral equation similar to that of [8 ]

Us) +iv(s) = Wi)(j) iff@;’(t) "
I
1 (b(t) +ix(t))2'(t) .
i z(t) — z(s) dt, €[0,51); (3)
(0
j . L[ () +iy(t)2 (1)
Y(s) +ix(s) = — dt
7r1Fl z(t) — z(s)
L[ QOLRDZO, g ) @)
FIF/(O) z(t) — z(s)

Lemma 1. Solutions 1/)( ), X(s) of integral equation (3), (4) minimize the functions || f(z) —
1 e SQ@; o,y 1£(2) = & f f((f)(sz(d‘; ll2,1(0) Tespectively, on the set of all analytic in D (0)
functions that equal (s ) iYh(s) on OD1(0).

Proof. Consider the variation equation [ |f(z(s))|?ds. Here it turns into the relation
0D,

2

/Re RUTONC

9D+ (0) r’(0)

—
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2

+ Im[f(z(t))]—/Im[(w( )(ilw(s()g)z’( s + / Im[M]ds dt.

I T7(0)

This relation splits into the sum of equations relative to (3) and (4).
We then simply variate this relation with respect to f(z(s)) and achieve relations (3) and

(4).
O

Hence, we solve the integral equation (4) nd find the function closest to an analytic one on
D4 (0) that equals 9(s) +it(s) on I';. So the real problem is to find the conditions under which

equation (4) is resolvable.

Theorem 1. Assume that the given curve I'; is a simple curve that does not intersect the
simple curve I''(0). Assume also that the functions U;(2(s), 2(8))|.(s)er,, V;(2(5), 2(8))|z(s)ers 5
J = 0,1, meet the Holder condition. Then we can reconstruct 71 (2(s), z(s))|-(s)er (o) as solution

of equation (4).

Proof. Let us solve the second integral equation.

Any curve connecting the endpoints of the curve I'; is longer than the straight line connecting
these points. Consider then the case of the line segment.

Assume that we approximate the function 9 (s) +ix(s) by a piece-wise linear function, that
is, a linear spline. The approximate calculation of the singular principal value Cauchy integral

over the part of the curve relative to I'y is as follows:
f i0 1619d9
7r1 el — itk

at the intermediate node t, = 7wk/(N), k =1,...,N, p = 0,2,...,2N, can be performed by
application of the uniform fragmentation of the intervals [¢;_1,¢;], 7 =1,... N. So the matrix

of the system corresponding to the straight segment equals

O M= Wl
3

The norm of the Hilbert matrix then majorizes the norm of this one. We estimated the norm of

the matrix in [8].
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For any curve different from the straight segment the matrix of the system equals

0 1 1 1

2l1,2 31113 Tt nll,n
1 0 1 1
2012 2la.3 (n—1)l2,n_1
1 1 1
3l1,3 2123 (n—1)l3,n—1
1 1 1
T nli, n-Llan, "7 2lp—1.n 0

Here [; ; is the length of the segment connecting the ith and the jth node divided by the length
of the line segment connecting these nodes. Since I; ; > 1 for all i # j the norm of the matrix

for any curve is less than or equal to 7.

So we can replace either of the singular integral equations (3) or (4) with respect to the
values of the unknown functions at the intermediate nodes with the linear system with the block
matrix of order N. We investigate the solvability of this finite system for sufficiently large N.
Let N tend to infinity. The finite system tends to the infinite one with the matrix I — %M ,

where M = [ak;]3°;, and

arj = (14 52) 5>k
0 it j = k.

Here, I is the infinite identity matrix. The Ly-norm of this matrix can be compared to that

of the Hilbert matrix.

If M* is the matrix conjugate of M, then the Ly-norm of the product M - M* is strictly
less than that of the product H - H*, where H = [j%k] . To show this, it suffices to
jk=1,j#k

consider the series representation of the natural logarithm, keeping in mind that In(1 + z) < =z,

and establish the estimates of the matrix M elements by those of H.

Therefore, due to the well-known results [15, Theorem 1], since the La-norm of the matrix
H equals 7, the norm of the matrix M does not exceed 7. Thus, the infinite matrix I — %M
is invertible, and the corresponding finite system with respect to f(el's), k = 1,..., N, is also

resolvable for sufficiently large V.

Finally, we conclude that singular integral equations (3) and (4) can be resolved approxi-
mately. The convergence to the exact solution depends first on the accuracy of the approximation
of the initial boundary data. Since the boundary data is approximated by the linear spline, the
error equals O (max (w(v, Az)Az,w(y, Az)Ax)) [2].
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The second obstacle in our approximation is the inversion of the matrix M of our system.
Assume that the maximal subinterval equals Ax. Since the elements of the matrix M differ from
the exact values by O(Az), we have O (max { Az, AY|[M ||, Ap||[M~[|}) as the final estimate.

O

Assume that the time interval step is equal to At. Then we have the following result.

Corollary 1. Spline-interpolation solution error estimate is

O(max{Ax,w(), At)At,w(h, At)AL, | M~ w(y, Ax)Az, |M L ||w(y, Az)Ax}).

For the variable ¢ we apply the standard convergence estimate of O(A#2K) [2].
Note. These constructions hold even in the case of approximation of the function ) (s)+ix(s)
with the linear spline. The approximate calculation of the singular principal value Cauchy

integral over the part of the curve relative to I'(0)

f i0 leledg
eltk ’

1“/(0)

at the intermediate node ty, = wk/(N)—7/(2N), k =1,..., N, can be performed by application
of the uniform fragmentation of the interval [, 27]. So we assume that the subintervals of both
I’y and I(0) are equally spaced and uniformly divided. We apply the following approximation

formula:

19 leleda
_ eltk
O
1
i

N 7j - em(2(i—k)+1)/(2N) _ 1
~ Z f(ﬁ ﬁ) In emi(2(i—k—=1)+1)/(2N) _ 1
Jj=1,j#k
Tk 7T emi/(2N) _
+— f(* sy e

ANy o sin(2(k — j) - Dr/(4N))
Comi Zf( ov)lay ! sin((2(k —j+1) — 1)77/(4N))]
km w1 m o, T
Oy NN T a 42 ut *_ﬁ)[m

sin((2G— k) + 1) /(4N)
sin((2( — k— 1) + D /(4N)

]
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There exist singularities in the neighborhood of the meeting points of the curves I'y and
I’(0). The matrix of the relative finite algebraic linear system should be modified so that the

approximate solution at these points is continuous.

The second boundary value problem in our construction is the reconstruction of the imaginary

part of the analytic function f(z) such that
To(e7) = [ [ 1a(7) e+ ) + T

by the value of its real part on the curve dD;(0) =T’y UT(0).

We again consider the necessary and sufficient condition on the function f(z) analyticity:

S /
Flo(s) = & f(z(t))z(t))da seo,S].

i Jo z2(t) — z(s

Assume that f(z(s)) = Up(z(s)) + iv(z(s)), where z(s) € dD;. Then, by the values of
Uo(2(s)), s € [0,5], it should be possible to find v(s) = v(z(s)). We reduce this problem to

the solution of the linear equation system for the set of coeflicients with sin(ks), cos(ks), for

k=1,...,N, as follows:
AA AB 0\ (F 5)
BABB) \v) \a)’

here

The vectors

f1 g1
F= , G=
Im M

in the right-hand side of this system consist of

2m 2
1 1
— l 51
fi=1|- Zlmzj + ;Imzk 7 + - /u(T)dT/L(T,t) cos(lt)dt,
J 0 0

2 27
— |11 .
g = ZRezé + ZRezkl 7 + = /u(T)dT/L(T7 t) sin(lt)dt,
J k 0 0
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forl=1,..., M. Here

eiT _ eit

K(r,t) =T {m M]

n k—1 m j—1
ST DL SIS P S | IR
k=1 1=0 j=1 1=0
and

L(r,t) = Re [m Z(T)_Z(t)L

elT _ eit
n k—1 m ‘ j—1 !
= Re |In Z Ckeikt Z eil('r—t) _ Z c,je_i” Zeil(r—t) ) (7)
k=1 1=0 j=1 1=0 .
Block-matrices of M
AA,AB,BA, BB
consist of
1 2m 2 M
AA = | o — —Q/COS(TLT)dT/K(T7 t) cos(lt)dt ,
™
0 0 lin=1
2 2 M
1
AB = ——Z/Sim(nT)dT/K(T7 t) cos(lt)dt )
T
0 0 ln=1
1 2 2m M
BA = ——2/cos(m')d7'/K(T, t) sin(lt)dt )
T
0 0 ln=1
2 2 M
1
BB = |, — —2/sin(n7')d7'/K(T, t) sin(lt)dt ,
™
0 0 l,n=1

here §;,, is the Kronecker delta-function. The convergence rate of this part of the solution is
O(ﬁ), and M equals the size of the block in the matrix of the system. Note that for contours
with singularities or for boundaries of thin domains this estimate is not really effective and

requires certain additional work [7].
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Figure 2: Domain of Example 1
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Figure 3: Real and imaginary parts of the function 7} (z, %)

4 Examples

Here we present the reconstruction of the functions 71(z, %), To(z,Z), that is, the principle part

of the approximate solution construction.

Example 1. Consider the upper half of the unit circle as I'; and the curve given by the equation
(cos(t),0.1sin(3t) — 0.1sin(t)), t € [r,27] as IV(0) (see Figure 2). Note that the domain does
not contain the coordinate origin. So the reconstructed function may have a pole at 0. The

boundary values of Tj are given as cos(t) + i(sin(¢) + 0.15sin(3¢) + 0.2 sin(4¢)).

The real and imaginary parts of the reconstructed function T} (z,y) are given in Figure 3.
The surface of the reconstructed function 7Ty is at Figure 4.
Let us now consider the example with more acute angle between the initial free and the fixed

boundaries.

Example 2. Consider the upper half of the unit circle as I'; and the curve given by the equation
(cos(t),0.1sin(t) + 0.1sin(2t)), ¢ € [m, 27] as IV(0) (see Figure 5 ). The boundary values of T}
are given as cos(t) + i(sin(t) 4+ 0.15sin(3t) 4+ 0.2 sin(4t))

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 525-538
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Figure 4: Real part of the function Ty(z, z)

—

Figure 5: Domain of Example 2

Figure 6:

/
Lo

Figure 7: Real part of the function Ty(z,z)
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The real and imaginary parts of the reconstructed function T3 (z,y) are given on Figure 6.

The surface of the reconstructed function Tj is at Figure 7.
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