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Abstract

We consider the system of two quasi-variational inequalities. First, we show a convergence
result with respect the set of constraints. Next, we formulate optimal control problem for
which we prove the existence of optimal solution, together with convergence of optimal control
pairs. Finally, we apply our results in the study of contact problem with thermal effect and

friction.
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1 Introduction

The theory of optimal control has its origins in the calculus of variations in the 17th century,
and it was developed to find the optimal ways to control a dynamical system. The main interest

of this theory is the existence and, if it is possible, the uniqueness of optimal state-control pair,
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639 Optimal control and a system of quasi-variational inequalities

as well as the derivation of necessary (or necessary and sufficient) conditions of optimality. The
key development of this theory had place in 20th century by works of Bellman, Potryagin, and
Kalman. Nowadays, the theory of optimal control has many applications in such areas as, for
example, aerospace, process control, robotics, bioengineering, and economics.

In the literature, there are some results related to the optimal control of quasi-variational
inequalities of different types. Here, we briefly present a few examples of such works. Sofonea
and Tarzia [23] considered an optimal control problem governed by an elliptic quasi-variational
inequality with unilateral constraints. The authors defined a new optimal control problem by
perturbing the state inequality and the cost functional. Then, they provided sufficient conditions
that guarantee the convergence of solutions. The abstract results were used in the study of two
models, namely, the static contact problem with normal compliance and unilateral constraint, and
a stationary heat transfer problem with unilateral constraints. Khan and Sama [10] studied the
optimal control of quasi-variational inequalities with multivalued monotone and pseudomonotone
maps. Moreover, they analyzed the convergence behavior of the optimal control problem when
the data defining the underlying quasi-variational inequality is contaminated by a certain level
of noise. The optimal control problem presented in this paper subsumes some important optimal
control problems as particular cases, for example, the optimal control problems for single-valued
quasi-variational inequalities, the set-valued/single-valued variational inequalities.

The paper [21] was motivated by mathematical models that describe the time-dependent
unilateral contact of a deformable body with a foundation. Taking into account appropriate
mechanical assumptions on the constitutive law and the interface conditions, these models lead
to a weak formulation in the form of a system that couples an ordinary differential equation with
a variational or quasi-variational inequality. The authors proved the continuous dependence of
the solution with respect to data, as well as the existence of at least one optimal pair for an
associated control problem. Finally, they illustrated the abstract results in the study of a free
boundary problem which describes the equilibrium of a viscoelastic body in frictionless contact
with a foundation made of a rigid body covered by a rigid-elastic layer. The applications of
optimal control theory to variational inequalities can be found in [4, 8, 14, 19, 24, 25, 26].

The system of variational inequalities extends the concept of a variational inequality to mul-
tiple interrelated inequalities involving multiple variables. These kind of systems naturally arise
in the models where a few processes interact under constraints, and they affect on each another
(see, e.g., [16]). The systems of variational inequalities are used to the model an equilibrium
problem, for example, the Nash equilibrium problem in the game theory [1]. They are find-
ing applications in fields such as traffic, spatial price equilibrium, mechanics, signal processing,
networks, and optimization. This paper extends existing results for optimal control of elliptic

quasi-variational inequality to optimal control of the system of elliptic quasi-variational inequal-
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ities. Note that Problem 1 contains several special cases: coupled variational inequalities such
that K7 and K3 do not vary with the solution (u,8) and C1 = K;, Cy = K> (see [13]), an elliptic
variational inequality of the first kind (As = 0, Ny = 0, Ny = 0, p2 = 0, K; is independent of
u, g = 0) and of the second kind (K7 = V)); see [9, 12]. Our work inspires future research into
optimal control problems for the systems of quasi-variational inequalities of different kinds. To
the best of our knowledge, these problems have not been considered in the literature until now.

The paper is organized as follows. In Section 2, we present some notations, and in Section
3, we show the existence and uniqueness result for the system of quasi-variational inequalities
as well as the boundedness of the solution. In Section 4, we will show convergence result for
the system of two quasi-variational inequalities with respect the set of constraints. Section 5
is devoted to a class of optimal control problem associated to the system of quasi-variational
inequalities and existence of optimal pairs. In Section 6, we prove the convergence of the optimal
pairs. Finally, in Section 7, we will use abstract results in the study of contact problem with

thermal effect.

2 Preliminary

In this section, we collect a basic material that is useful in our paper (see, e.g., [5, 6, 7, 11, 18]. For
a Banach space (X, ||-||x), we denote by (X*, ||-||x~) its dual space and by (-, ) x~x x the duality
pairing between X* and X. For a Hilbert space Y, we denote the inner product by (-, )y. The
notation X, stands for a Banach space X endowed with the weak topology. For a multivalued
operator T: X — 2% its graph Gr(T) is defined by Gr(T) = {(z,2*) € X x X* | 2* € Tx}.
An operator T: X — 2% is called monotone when (u* — v*,u — v)x-xx = 0 for all (u,u*),
(v,v*) € Gr(T). Let Ry = [0,+00). We say that T is ug-coercive if for ug € X, there exists
a function 0: Ry — R with lim, ;4. 0(r) = 400 such that for all (u,u*) € Gr(T), we have
(uw*yu —ug)x xx = 0(|lullx) ||ullx. An operator T is bounded if T" maps bounded sets of X
into bounded sets of X™*. A single-valued operator A: X — X* is called pseudomonotone if it
is bounded and u,, — u in X, with lim sup(Au,,u, — u)x xx < 0 implies (Au,u — v) x*xx <
lim inf(Auy,, u, — v)x~xx for all v € X. If X is a reflexive Banach space, then A: X — X* is
pseudomonotone, if and only if it is bounded and u,, — w in X, with lim sup (Au,, up —u) x+xx <
0 entail lim (Au,, u, —u)x+xx = 0 and Au,, - Au in X}. A map K: F — F between Banach
spaces E and F' is completely continuous if for any sequence {z,} C E converging weakly to
x € E, we have K(x,) — K(z) in F. Let Z be a normed space, and let C, {C,} be closed
and convex subsets of Z. The sequence {C,,} Mosco converges to C, denoted by C,, M, Cas

n — oo, if we have
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641 Optimal control and a system of quasi-variational inequalities
o for any z, € C,, with z, — z in Z,,, up to a subsequence, we have z € C,

o for any z € C, there exists z, € C,, with z,, — z in Z.

3 Solvability of a system of quasi-variational inequalities

Let V and E be reflexive Banach, and let Y7, Y5 be the real Hilbert spaces. Let Cy C V and
Cy C E be given subsets, and let A;: V — V* N E —- V* No:V — E* Ay: E — E*
be given operators. We have also given functions ¢1: V X E XV = R, po: V X Ex E — R,
set-valued maps K1: C; x Co — 261\ {0}, Ky: C; x Cy — 22\ {(}}, functions f € Y1, g € Ya,
and operators my: V — Y; and mo: E — Ys.

The problem is as follows.

Problem 1. Find (u,0) € C; x Cy such that u € Kj(u,0), 0 € Ky(u,0) and for all v €
Ki(u,0),n € Ka(u,0) hold

(Atu+ N6, v — u)yexy + @1(u,0,v) — p1(u,0,u) > (f, 110 — mau)y,,

(A2 4+ Nou,n — 0) g x5 + ©2(u, 0,m) — pa(u,0,0) = (g, man — m2b)y,. M
The hypotheses on the data of Problem 1 are the following:
C1 CV, Cy C E are nonempty, closed, and convex sets, ®
Ky: C1 x Cy — 291\{0} is such that
(a) K has closed convex values in C,
(b) K is weakly Mosco continuous, that is, for any {(un,0,)} € C1 x Co
such that (un,6,) — (u,0) in (V x E),, one has K (uy,0,) M Ky (u,0),
(c) there is a bounded set Ky C C; such that K (u,0) N Ko # 0
for all (u,8) € Cy x Cy, ¥
Ky: Cy x Cy — 2¢2\{(} is such that
(a) K3 has closed convex values in Cy,
(b) K5 is weakly Mosco continuous, that is, for any {(u,,0,)} € C1 x Cy )

such that (u,,0,) — (u,8) in (V x E),, one has Ko(uy,,0,) M Ks(u,0),
(c) there is a bounded set K, C Cy such that K (u,0) N Ky # 0
for all (u,0) € Cy x Cy,
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Ogorzaly 642

A1:V — V*and Ay: E — E* are such that

(a) [[A1v||v+ < a1 + az|jv||y for all v € V with a1,a2 >0,
(b) |Aan||p= < by + ba||n||g for all n € E with by,by > 0, 5)
(c) A1, Ag are pseudomonotone operators,
Ny: E— V* Ny: V — E* are such that
(a) Np, N are completely continuous,
(b) IN18|lv~ < mi(1+ ||0||g) for all 0 € E, m; >0, (©)
(¢) [|Nov]lpx < ma(l1+|jv||g) for all v € V, mgy > 0,
feY, geYs, "
m:V =Yy, my: E— Y, are linear continuous operators such that
|mivlly, < dillv]lv for every v € V with d; > 0, (®)
|m20|ly, < da||0|| for every 6 € E with dy > 0,
p1: V x ExV — R is such that
(a) ¢1(w,0,-) is convex and lower semicontinuous for all w € V,0 € E,
(b) there exists a function ¢, : R4 x Ry — R4 bounded on bounded sets
such that 1 (1,0, 01) — 1 (w,0,02) < g (lllv, [8]15) o1 — va |y
for all w,v1,v53 €V, 0 € E,
(c) for all {w,} CV,{6,} C E,{v,} CV,{u,} CV
such that w, - w in V,,,0, — 0 in E,,v, — v in V,u, — u in V,
for some w,u,v € V, 0 € E, it holds ()
limsup (91 (wWn, bns vn) — ©1(Wn, O, un)) < 1(w, 0,0) — @1 (w, 6, u),
p2: V x Ex E — R is such that
(a) pa2(w, 0, ) is convex and lower semicontinuous for all w € V, 6 € E,
(b) there exists a function c,,: Ry x R — R4 bounded on bounded sets
such that @z (w,0,m1) — 2(w, 0,m2) < o, ([[wllv, [10]l£)m — n2lle
forallw eV, 0,m,ns € E,
(c) for all {w,} C V,{6,} C E,{n.} C E,{¢,} C E such that
Wy, = win Vy,, 0, — 0 in E,,n, - nin E,(, — ( in F,
for some w € V, 6,1, € E, it holds (10)

lim sup (@2(wn, 0n,1n) — P2(wn, 0n, Cn)) < 02(w, 0,m) — pa(w, 6, C).
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643 Optimal control and a system of quasi-variational inequalities

Moreover, we assume that

(a) there exist ug € Ky and a function 6;: Ry — R with 61 (r) — 400

as r — +oo such that for all v € V; it holds (Ajv,v — uo) = 01 (||v|)||v]l,
(b) there exist u; € K|, and a function 65: Ry — R with 65(r) — 400

as r — +oo such that for all n € E, it holds

(A2n,n —ur)pex e 2 O2(|nllE)Inlle, (11)

Vove Ajwe?2” and E 3 n— Asn € 2F" are a monotone map. (12)

By hypothesis (11) and (5), it is clear (see [16, Section 3.4]) that A; and Az are pseudomono-

tone and bounded as a multivalued operators from V to 2" and F to 2%, respectively.
Theorem 1. Under the assumptions (2)—(12), Problem 1 has a solution.

Proof. The proof of Theorem 1 is a simplified version of the proof in [17, Theorem 10]. However,
for convenience of the reader, we briefly recall the main steps of this proof. The important tool in
the proof is the following version of Kakutani—-Ky Fan fixed point theorem in a reflexive Banach

space (see, e.g., [6, Corollary 1.7.42]). O

Theorem 2 (Kakutani-Ky Fan). Let Y be a reflexive Banach space, and let D C Y be a
nonempty, bounded, closed, and convex set. Suppose that A: D — 27 is a set-valued map such
that the values of A are nonempty and convex sets, and Gr A is sequentially closed in Y, X Y,,.

Then A has a fixed point: y* € D such that y* € Ay*.

Remark 1. In Theorem 2, the sequential closedness of the graph of A in Y,, X Y, implies that
the values of A are closed subsets of Y,,. By hypothesis, the values are convex sets. Hence and

Mazur’s theorem, we deduce that the values of A are also closed sets in Y.

Let (f,v)vexv = (f,mv)y, and (g, n)g+xr = (g,m2n)y, for every v € V,n € E. Moreover,
let (w,&) € C1 x Co CV x E be fixed. Consider the following auxiliary problem:

Problem 2. Find (u,0) € K1(w,§) x K2(w, &) such that
<A1u + ng - ?,'U - U>V*><V + @(w,f,v) - gO(’LU,f7’U,) 20
for all v e Ky(w,¢§),

(A20 + Now — G,n — O) g+ e + P (w, §,m) — (w,£,0) >0
for all n € Ka(w,§).
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We define a set-valued map S: C; x Cy — 261%C2 by
S(w, &) :={(u,0) € K1(w,&) x Ko(w, &) | (u,0) is a solution to Problem 2}. (14)

The system (13) is decoupled, therefore, we shall examine each inequality separately. Let D :=
{(w,&) € C1 x Ca | |lw|]lv <7, |||l < r} with a suitable positive constant r. It is obvious that
D is a nonempty, closed, convex, and bounded subset of V' x E. Let A: D — 2P be given by
Aw,§) := S(w,&) for (w,€) € D. In order to apply Theorem 2 with a reflexive Banach space
Y :=V x E, we shall verify

o for each (w,&) € Cy x Oy, S(w,§) defined by (14) is nonempty and convex,
e A(D) C D, that is, there exists r > 0 for which A maps D into itself,
o GrA is sequentially closed in (V x E),, X (V X E),.

The details of the proofs of these properties are similar as in [17, Theorem 10], so we skip them
here. For the second inequality in Problem 1, we use the same arguments as above, and we
obtain that 6 € Ky(w,£) satisfies the limit inequality. Finally, we infer that (u,6) € S(w,¢),
which completes the proof of the closedness of the graph of A.

Having verified the hypotheses of Theorem 2, we deduce from it that there exists a fixed
point (u*,0*) € D of A, that is, (u*,6*) € A(u*,0*) = S(u*,0%). In conclusion, (u*,0*) €
Ki(u*,0%) x Ko(u*,0%) is a solution to Problem 1.

In order to prove the uniqueness of the solution of Problem 1, we need the following additional

assumptions:

(a) (Ajur — Ajug,ur — ua)vxv = ma,|jur — us||3, with ma, >0,
for all uy,us €V,
(b) (NobBy — Nobo, 0y — O2) pex g = my, |01 — 02]|% with my, >0,
for all 6,,6, € E,
Ly, ||01 — 0o]| g with Ly, >0, for all 6;,60, € E,

Ly, |lu1r — usgl|y with La, >0, for all uy,us €'V,

(c) [[N161 — N1b2| &
(d) [[A2ur — Asuz|lv
(e) @i(ur,br,u2) — @1(ur, 01, u1) + @1(uz, 02, u1) — 01 (uz, 02, u2)
Sy, (lur = uzllv + (|61 — b2 5)[[ur — uzllv
with 0,, > 0, for all u1,us € V and 01,0, € E,
(f) @2(“1,91,92) - @2(U1,91,91) + <p2(u2,92,91) - @2(“2,92,92)
< Op, (lur — uallv + (161 — 02 £) 161 — 02 &
with 8,, > 0, for all u,up € V and 61,0, € E.

<
<
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Theorem 3. If (2)—(12), (15) hold and

(LNI + 9801)(LA2 + 9@2)
(mA1 - 0901)(777’1\72 - 0802)

ma, >0y, mn, >0, <1, (16)

then Problem 1 has a unique solution.

Proof. Let (u1,61), (ug,02) € Cy x Cy be such that uy,us € Kq(u,0) and 61,05 € Ka(u,6). We

take the first inequality in (1) with v = uy and v = uy, respectively. Hence, we have

(Arur + N161,ue — ur)v=xv + p1(u1, 01, u2) — o1 (u1, 601, u1)
> (f, mug — mu1)y,,
(Ajug + Niba,uy — ug)v=xv + @1 (u2, 02, u1) — p1(uz, 02, us)

2 (f, mu1 — mau2)y, .
Adding the inequalities above and using (15)(a), (¢), (e), we obtain
(ma, = 0p,)[[ur — uzllv < (Ln, + 04,1101 — 02| - (17)
Taking n = 61 and 7 = 65 in the second inequality in (1) and using (15)(b), (d), (f), we have
(M, = 0p,)[101 = O2]| 2 < (La, + 0p,)[[ur — uszflv (18)

From (17) and (18), we obtain

(LN1 + 94,91)(LA2 + ewz)
ma, — 0901)(mN2 - 9@2

[ur — ually < ( )||U1 — uzllv. (19)
Combining inequality (19) with the smallness condition (16), we conclude that u; = us. Then,
from the inequality (18) we deduce that 6; = #5. Consequently, Problem 1 has a unique solution.

O

Remark 2. Removing the smallness assumption (16) remains a task for future research, since it
is made for mathematical reasons, and does not seem to relate to any inherent physical constraints

of the contact problem considered in Section 7.

Finally, we present the result we will use in the convergence for optimal pairs. The assump-

tion,s which we need in this step, are as follows:
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(a) OV S Kl(ua 0)3 OE S KZ(u79)7
(b) <A291 — A292,91 — 92>E*><E > mA2||91 — 92”% with ma, > 0
for all 61,05 € E,

20
(¢) ¢1: VXE XV — R is such that for all u,v € V, § € E, and for A > 0, (20)

we have @1 (u, 0, \v) = A\p1(u,0,v), ¢1(v,0,v) = 0.

By analogy we make assumptions for the function ¢s.
The result is as follows.

Lemma 1. Let f € Y7 and g € Y5 be the given functions, let the assumptions (6)(b)-(c), (15)(a),
(8) hold, and let

mA,MA, > MaMmy. (21)
Then the solutions v = u(f, g) and 0 = 6(f, g) of the system (1) satisfy the bounds
lully <1 and 0]l < e, (22)

respectively, where c1, co are constants.

Proof. First, we use (20)(a), and we take v = 0y € K;(u,#) in the first inequality in the system
(1). Using assumptions (6)(b), (15)(a), (8), and (20), we infer that

l[ullv < (I410v [[v+ +ma(1 + 10]l£) + dall fllva)- (23)

A

Next, we use (20)(a) and we take 0 € Ka(u,0) in the second inequality in (1). Using (6)(c), (8)
and (20) in the obtained inequality, we get

(Il A20g]

1
1ol < — g +ma(1+ [[ullv) + d2]lgllyz)- (24)

2

Combining (23), (24), and (21), we deduce (22). O
4 A convergence result for the system of quasi-variational
inequalities

The convergence result presented in this section is important in the study of optimal control

problems associated with the system (1). We assume that the assumptions (2)-(12), (15)(a),
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647 Optimal control and a system of quasi-variational inequalities

(16) hold and that

(a) {K1n(u,0)}nen converges to Ki(u,8) in the sense of Mosco as n — oo.
The similar assumption is for the sets Ka(u,d) and { Koy, (u,0)}rnen.
(b) (A28 — Ao, 6 — ) pexp = ma, |6 — n||%, with m, > 0, for all n,6 € E,
(¢) fo—=finY) asn — oo,
(d) gn — gin Y3 as n — oo, (25)
(e) for all sequence {v,} C V such that v, — v inV,
we have miv, — mv in Y7,
(f) for all sequence {n,} C E such that 7, = nin E,

we have a1, — mon in Y.
Problem 3. Find (uy,6,) € C1 x Cs such that u,, € Ki,(un,0,), 0n € Kop(un,0,) and

<Alun + N19n7v - un>V*><V + Qpl(una enav) - <P1(un79n7 un)

2 (fnaﬂ'lv - 7T'1un)Y1 fOI‘ ELH v E Kln(una 0n)7

<A29n + N2Un777 - 9n>E*><E + @2(un79na77) - 4102(un7 en; en)
> (gn, man — w20y, for all n € Koy (up,0n).

We observe that from Theorem 3, for each n € N, there exists a unique solution (u,, 6,,) of

Problem 3. The main result in this section is as follows.

Theorem 4. Assume that (2)-(12),(15), (16), and (25) hold. Then the sequence {u, } converges

strongly to w in V, and the sequence {6,,} converges strongly to 6 in E.
The proof of Theorem 4 is divided into two steps. The first step of the proof is the following.

Lemma 2. There exist the elements u € K1, (1, 5) and 0 € Ko, (1, (/9\) and the subsequences of

{un} and {60, }, still denoted by {u,}, {6,} respectively, such that, as n — oo, we have
U, — U in V,
0, — 0in E.

Proof. First, we will show the boundedness of {u,} in V and {0,} in E. Let v € K;(u,0)
and n € Ky(u, ) be given. We assume (3), and we consider the sequences {v,}, {n,} such that
U € K1n(tn,0n), nn € Kap(un, 6y,) for all n € N and
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v, —vinV, n, —nin E.

(27)

Let n € N. Taking the first inequality in (26) with v,, € K1, (un,0,) and 1, € Kap(uy,6,), we

obtain

<A1un + Nlnnavn - U/n>V*><V + <p1(un777navn> - <p1(Uzn777n7un)
2 (fa, MU0 — T1UR) vy,
<Alun, —VUp + 7-’fn>V*><V < <N177nvvn - 7-’fn>V*><V + wl(unannvvn)

- wl(unanruun) + (fn; T1Up — len)Yy

Using (15)(a), we get

<A1Un, Un — vn>V*><V = <Alun - Aﬂ/n, Un — vn>V*><V
+ <Alvn7un - Un>V*><V

= ma, Hun - Un”%/ + <A1Un7un - Un)V*xV-
From (9)(b), we obtain
P1(tn; 0, V) = P1(tn, s tn) < Co ([[unllv, 1mll 2)l[on — wnllv,

and from (6)(b), we have

(N1 00 = un)vesxv | < [N [[vellon = unllv: < ma (L4 [l 2)[on — wnllv-

Moreover, from (8), we conclude that

|(fry m10n — miun) vy | < | fallva [0 — munllv < [ fallvy diflon — uallv,
hence

ma, [un = vl <N Aronllv-llvn = unlly +mi(L+ [l 2) lon — unllv

+ o ([lunllvs 11l ) [0 = unllv + [l fnllv; di llon = unllv-

From the inequality above and (5)(a), we get

ma, [[un = vnllv <ar + agllonllv +m1 (1 + [0l 2) + oy ([unllv, 94l 2)

+ du [ fallv:-
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649 Optimal control and a system of quasi-variational inequalities

The relations (27) and (25)(c) imply that the sequences {v,},{n,} and {f,} are bounded in
V, E and Y1, respectively. Therefore, from the inequality (28) we deduce that there is a constant
¢ > 0 independent on n such that ||u, — v,|lv < ¢. So, {u,} is a bounded sequence in V', and

from reflexivity of V', passing to a subsequence, if necessary, we deduce that
U, = uin V as n — oo. (29)

Similarly, we can show that ||0,, — n.||g < ¢, and from this, {6,} is a bounded sequence in E.

Also, the reflexivity of F leads to the conclusion that
0, — 0 in E as n — occ. (30)

Here @ € V and 6 € E. Since (29), (30) hold, we can use the Mosco convergence (25)(a) to

obtain
€ Ky(un,0,) and 0 € Ko(un, 6y). (31)

Now, we can use to (31) the assumption that the sets Kj(uy,0,) and Ks(uy,0,) are weakly
Mosco continuous (see (3)(b), (4)(b)), to obtain @ € K1 (u, 5) and § € K> (u, 5) O

~ ~

Lemma 3. The elements @ € K1 (@, 0) and 8 € Ky(1, 6) are the solutions to Problem 1.

Proof. From the condition (25)(a) of the Mosco convergence, for each v,u € K;(u,0), we can
find the sequences {v,}, {u,} C K1, (un,0,) such that v,, — v, @, — @ in V. From the first

inequality in (26) with v = @,, we get

<A1un + Nlenaﬂn - un>V*><V + wl(una enaﬂn) - L)01<’U"ru0naun) (32)

= (fn; T Up — 7T'1U/n)Y1-

From (32), we see that

<A1un7un - ﬂn>V*><V <<N10n7ﬂn - un>V*><V + (pl(uruenuﬂn)

- @l(unvena un) + (fnaﬂ-lun - 71-lﬂn)Yl

and moreover, we have

<A1Umun - a>V*><V = <A1um (un - an) + (ﬂn - a)>V*><V

= <A1unaun _Hn>V*><V + <A1unaﬂn - a>V*><V'
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Thus

lim sup( A1 up, 4y, — U)y=xy < limsup (<N19n,ﬂn — Un)vexv + ©1(Un, O, Up)
—¥1 (unaenaun) + (fnaﬂ'lun - 772ﬂn)Y1
+ (ALUn, Ty — Wy xv).

Hence lim sup(Ajun, t, — @)y+xy < 0. From the fact that w,, — @ in V' and the pseudomono-

tonicity of A1, we obtain
(A10, 0 — v)ysxy < liminf(Aju,, u, —v)yexy forallv e V. (33)

On the other hand, we choose v = v, € Ki,(uy,60,) in the first inequality of (26). From (32),

we see that
lm inf(A1tn, un — V)y=xy < Hmsup{Ajun, ty, — v)y-xv. (34)
Using (34) into the inequality

lim sup(Ajup, up — V)v*xv

= limsup ((A1tn, (Un — vn) + (Vn — V))vexv)

= limsup ((A1tn, U — Vn)vexv + (A1ty, Uy — V)vexv)

< limsup (<N19n7vn — Un)V=xV + @1 (Un;s On, V5) — @(Un, O, un)

+ (fn, T1Un — 7TZWrz)Yl + <A1un; Up — U>V*><V)>
and from (33), (34), (29), (27), and (25)(c),(e), we conclude

<Ala7a - U)V*xv <<N1§7U - a)v*xv + 901(@7 @v) - 901(@ 67, ﬁ) (35)
+ (J/”\, U — T10)y, for all v € Ky (1, 0).

~

So, u satisfies the first inequality in (26). Using similar arguments, we can prove that e K (u,0)

satisfies the second inequality in (26).

Proof of Theorem /J. From the fact that Problem 1 has a unique solution (u,#) and Lemma 3,
we deduce that @ = u and 0 = 6. Hence, every subsequence of {u,}, {0,}, which is convergent
weakly in V' and E, respectively, has the same limit. So, the whole sequences {u,} converges

weakly in V to u as n — oo and {6, } converges weakly in E to § as n — oo.
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~

We now prove that v, — w in V and 6,, — 0 in F as n — co. We take v =1 € K;(u,0)

in (35), and we use & = u. Then

0 < lminf({Aytn,, un — w)ysxy < limsup{Ajun,, u, — u)y«xy < 0,
which shows that (Ajuy,u, — u)y=xy — 0 as n — oo. From this, (15)(a), taking
u=wuand (A1un, up — upv-xv = (A1t — Aru, up — uhvexv + (A1, Uy — u)vexv,

we obtain

(A1t uy — Wy v — (A1, Uy — Wy xv = (Arun — A1, Uy — W) yexv

= ma, ||u7l - ’U’H%/

The left-hand side of the equality above convergence to zero, as n —» oo, hence u,, — u in V.

Similarly, we prove that 8,, — 6 in E. O

5 Optimal control problem

In this section, we will consider the optimal control problem associated to (1). We will control

the solution of the system (1) with f € Y] and g € Y5. We define the set of admissible pair
V ={(u,0) € Cy x C3 and (f, g) € Y1 x Y3 such that (1) holds}. (36)

We deduce from here that the pairs (u,6) and (f, g) belong to V if and ounly if f € Y7, g € Y5 and
(u, 0) is the solution of the system (1), that is, u = u(f,g), 0 = 0(f,g). Let L: VXExY; xYs = R

be a cost functional. Thus, the optimal control problem is as follows.

Problem 4. Find (u*, 6*), (f*,g*) € V such that

L(u*, 0% f*,g%) = min  L(u,0, f,g).
( f597) ol (u,0, f,9)

We assume that for all (u,0) € V x E and (f,g) € Y1 x Y3, we have
L(u,0, f,9) = U(u,0) + F(f,9), (37)

where
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U:V x E — R is continuous, bounded, nonnegative, that is,

(a) v, —mvinV, 0, — 0in E = U(vy,0,) — U(v,0),

38
(b) U maps bounded sets in V x F into bounded sets in R, (38)
(¢) Uw, )20 forallveV,0ckE,
F:Y; x Yy, — R is weakly lower semicontinuous, coercive, nonnegative,
that is,
(a) fn— finY; and g, — g in Yo = liminf F(f,,g.) = F(f,9), (39)

(b) F(f,g) =20 forall (f,g9) €Yy x Yo,
(©) [Ifallyy = +o0, llgnlly, = 400 = F(fn,gn) = +o0.

Theorem 5. Assume that (2)—(12), (15), (16), (38)—(39) hold. Then, there exists a solution
(u*,0%), (f*,g%) € V of Problem 4.

Proof. Let

= inf L(u,0,f,g) € R 40
3 (u’e)’(f’g)ev( f.9) (40)

and let {(un,0,)}, {(fn,9n)} C V be the minimizing sequences for the functional £, that is,

lim L(tn, On, fry gn) = §. (41)

Our goal is to show that the sequences {f,,}, {gn} are bounded in Y; and Y3, respectively. We will
argue by contradiction. We assume that {f,}, {gn} are not bounded in Y; and Y5, respectively.

Passing to the subsequences, denoted by {f.},{gn}, we have, as n — oo, that
[fllyy — 400, llgnlly, — +o0. (42)
Now, from (37), (38)(c), we get

£(unaenafnvgn> = F(fnvgn)'

This, (39)(c) and (41) gives that £ = lim L£(uy, fn,On, gn) = +00 which is in contradiction with
(40), so, {fn},{gn} are bounded in Yj, Y3, respectively. Therefore, there exist f* € Y; and

g* € Y5 such that, passing to the subsequences, as n — oo, we get

f—=f"inY, and ¢g—g¢* in Y. (43)
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Let u* = u(f*, g*) and let 6* = 0(f*, g*) be the solution of the system (1) for f = f*, g = ¢g*.
From (36) we have

(u,0%),(f",g%) € V. (44)
Applying Theorem 4 and (43), it follows that, as n — oo, we have
U, > u* in V and 6, — 0" in E. (45)

We observe that the assumptions (38)(a) and (39)(a) guarantee the weakly lower semicontinuity

of the functional £. This and the convergences (43) and (45) imply that
Hminf L(un, O, fr, gn) = L(u*,0%, f*, g"). (46)

From (41) and (46) we see £ > L(u*, 0%, f*,¢g*). Additionally, from (40) and (44), we obtain that
&< L(u*, 0%, f*,g*). The last two inequalities together with (44) imply that the equality from
the Problem 4 holds. O

6 Convergence for optimal pairs

In this section, we study the dependence of the optimal controls pairs of Problem 4 with respect f
and g. We assume that (2)—(12), (15), (16), and (25) hold. We consider the following perturbation
of problem (1).

Problem 5. Given f € Y7 and g € Y5. Find (uy,0,) € C1 x Cy such that u,, € Ki,(up,0),
0., € Kop(un,0,) and

<A1U«n + Ni0p,v — un>V*><V + @1(1/%’ Gn,v) - @1(un70na un)
> (f, mv — mau,)y, for all v € Ky, (un,0,), (47
<A29n + N2un7n - 9n>E*><E + @2(“%7071777) - (pl(una enven)

> (g, man — w204y, for all n € Koy, (tn,0,).

From Theorem 3, we conclude that for each f € Y7 and g € Y3, there exists a unique solution
un = u(f,g), 0, = 6(f,g) to the system (47). Moreover, the solutions satisfy the estimations as
in Lemma 4. We define the set of admissible pairs for (47) by

V" = {(un, ), (f,g) such that (47) holds }. (48)
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The optimal control problem associated with Problem 5 is as follows.

Problem 6. Find (u},07), (f%,¢5) € V" such that

n»’n

Llur, 0% frgr) = min LU, 0ny fr, gn).
( Jas9n) = (g0 e £ I 9m)

From assumptions (37)—(39) and Theorem 5, for each n € N, there exists a solution (u},6?),

n»’n

(fr,g%) € V™ of Problem 6. The result is as follows.

Theorem 6. Let {(uX,0)}, {(f, g5)} be the sequences of solutions of Problem 6. Then, there

n»’n

exist the subsequences of the sequences {(u’,8%)}, {(fX, %)}, denoted in the same way, and a

n’n n?

solution (u*,0%), (f*,g*) of Problem 6, such that
U, mu*inV, 0,—0"inE, fr—f"inY, g5 —g" inYs. (49)

Proof. Let n € N.
Claim 1. The sequences {f}, {g} are bounded in Y; and Y3, respectively.

Assume that {f}}, {g}} are not bounded in Y7 and Y3, respectively. Thus, for n — oo, we

have
[fallyy = 400, llgnlly, = +o00. (50)
Using the assumptions (37) and (38)(c), we infer that
L(up, 055 0 90) 2 F (7 90)- (51)

Next, we pass to the limit in (51), as n — oo. Combining (50) and (39)(c), we deduce that the
following equality holds:

E(u:,@;, ;,g;) = +o00. (52)

Since (u},0%), (fx, g&) are solutions of Problem 6, we have

L(tp, 05, frs 9n) < L(Un, On, fr; gn)  for all (up, 0,), (fn, gn) € V™. (53)

Let fo € Y1 and go € Yz be fixed, and let (u2,02) be the solution of Problem 6 for f = fo,

g = go, that is, u® = u(fo, go) and 0° = 0(fo,go). Then (u?,0°), (fo,g0) € V™. Therefore, from
(38)(c), (39)(b), and (22), we have for every n > 0 that
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L(ur, 05, £r,97) < Ulup, 03) + F(fo, 90) < C, (54)

n»’n’ n»’n

where C' > 0 does not depend on n. Relations (52) and (54) lead to contradiction which concludes
the proof of the claim.
The sequences {fr}, {g} are bounded in Y7 and Y5, respectively, so, we can find subse-

quences, denoted in the same way, and the elements f*, g* such that, as n — oo, we have
fo—=f"inY:, g,—g inYs (55)

We denote by (u*, 8*) the solution of Problem 1 for f = f* and g = g*, that is, u* = u(f*, g*),

(u",0%), (f*g") eV (56)
Moreover, from Theorem 4, as n — 0o, we obtain
up = u* inV, 60— 6" in E. (57)

Claim 2. The pairs (u*,6*) and (f*, g*) are solution to Problem 1.

In the proof of this claim, we will use the conditions (55), (57) and the assumptions (38)(a),

(39) (a), that guarantee the weakly lower semicontinuity of the functional £ . Therefore

limigfﬁ(u’;,ﬁfl,f;,gjl) > L(u*, 0%, f*, g%). (58)
n—

Let the solution (u,6%), (f5,g3) of Problem 4 be fixed. For each n € N, we denote by (Zon, 6o,
the solution to Problem 6 for f, = f§ and g, = g§, that is, Gon = u(f3,95), §0n =0(f5,95)-
Hence, (uop, §0n), (f&,95) € V™. By the optimality of pairs (u),07), (f%,g"), we conclude that

for every n > 0 the following inequality holds L(u}, 0%, fx, g%) < E(ﬂon,é\on, 15, 95)- Passing to

n’ n?’
the upper limit in the last inequality, we infer that
limsup L(uy,, 0, fr,9n) < limsup L(ton, bon, f5, 95)- (59)

~

From the fact that (uf,65) is the solution of Problem 1 for f = f§, g = ¢, and (Uno, Ono) is the
solution of Problem 6 for f,, = fi, gn = g, that is,

uy = u(f5,90), b5 ="0(/5,9),

aOn = u(ff)knvggn)7 00” = g(fgn’ggn)?
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we are able to use Theorem 4 and deduce that, as n — +o0, we have g, — uf in V, 5()” —
0§ in E. From here and the continuity of the functional (u, ) — L(u, 0, f5,g5)): VXExY; xYs —
R, we get

lim £(@on, Oons f5 95) = L(ut, 05, 15+ 95). (60)
combining (58)—(60), we see that
L(u®, 0%, f",9%) < L(ug, 9%, f5 90)- (61)
On the other hand, since (ug, 6), (f§,95) is a solution to Problem 4, inclusion (56) implies that
L(ug, 05, f5>90) < L(u™, 07, f*,97). (62)
Using the inequalities (61) and (62), we obtain
L(u®, 0%, 1", 9%) = L(ug, %, f5 90)-
Hence from (56), we infer that
(u*,0%), (f*,g") is a solution of Problem 4. (63)

Our theorem is a consequence of (55), (57), and (63). O

7 Thermoelastic frictional contact problem

In this section, we use abstract results from Sections 4-6 to study thermoelastic frictional contact
problem. The model presented in this Section is simpler version of the model presented in [17].
It is worth to mention, that in the paper we consider the optimal control problem that has not

been the subject of research in [17].

The physical setting of the contact problem is as follows. We consider an elastic body which
occupies a bounded domain Q C R, where d = 2, 3, with Lipschitz boundary I". By v we denote
the unit normal vector to I'. The boundary I is divided into mutually disjoint, measurable parts
Iy, Ty, T'3, with meas(I'y) > 0. The body is clamped on I'y, and a volume force of density fy and
a heat source ¢qp act in €. Surface tractions of density fs act on the part I'y. The part I's is a
contact surface between the body and the foundation. We denote by (V, H;,V*) and (E, Hs, E*)
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the evolution triples, where H; = L%(Q; R?) and Hy = L?(£2). We define also the following sets
Ci={veV]v,<g1 on I's}, Co={neE| n<bp on I's}, (64)

and the set-valued maps K;: C; x Cy — 21 and Ky: C; x Cy — 22 by

Ko (u,0) = {n € Oz | 12(n) < ma(u,0)} (65)

for (u,0) € C1 x Cy. The examples of the sets Ki(u,0) and Ky(u,d) are provided in [17].

We introduce the following notations. By e(u) = &;;(u) = % (u;; + u;;) we denote the
linearized strain tensor. Moreover, by Dive = (o5 ;) and divqg = (¢;,;) we denote the divergence
operators, respectively, for tensor and vector valued functions. Finally, the canonical inner
products on R? and S? we denote by ”-” and ” : 7, respectively. The thermoelastic contact

problem is the following.

Problem 7. Find a displacement field u: @ — RY, a stress field o: Q — S?, a temperature
0: Q — R, and a heat flux field ¢: Q — R such that r;(u) < my(u, ), r2(0) < ma(u,6) and

a) 0 =Ae(u)+ M6 in Q,

b) ¢ =-K(V0) in Q,

¢) —Dive = fy, divg=g¢qp in £,

d) u=0 on T4y,

e) ov=fy on Iy,

f) =0 on Ty Uy,

g) —q-v<0,0—-0r<0, (¢g-v)(0—0r)=0 on T,
h w, <g1, 0, <0, oy(uy —g1) =0 on I,

i) —or = pu(u)hs(0 = 0p) puzp on I,

J) q'V:hl(uD)ke(g_aF) on F3.
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We present the physical interpretation of Problem 7, and refer to [2, 3, 9, 16, 17, 20, 22] for
details. In this model, the thermoelastic constitutive law with nonlinear elasticity A and thermal
expansion operators M is described by (a). The law is justified from the material strength point
of view, since the properties of the elastic materials are often effected by temperature. The
condition (b) presents the Fourier law of heat conduction in which K is the thermal conductivity,
and ¢ is the heat flux vector. The equilibrium equations for the stress and heat flux fields are
presented in (c¢). Moreover, fo and ¢g stand for the densities of volume forces and of the applied
volume heat sources. The boundary conditions (d) and (e) present the homogeneous Dirichlet and
Neumann conditions, respectively, and the condition (f) shows that the temperature vanishes on
I’y UT'y. Condition (g) represents the Signorini-type condition between the relative temperature
0 — 0 and the heat flux ¢ - v. It means that on I's the heat flux is supposed to be unilaterally
directed from the foundation to the body, and then the body temperature does not exceed the
foundation temperature. The Signorini-type contact condition (h) models the contact with a
foundation made of a rigid body covered by a layer made of deformable material of the thickness
g1 (see [22, Sections 8.4 and 8.5]). The relation (i) is the normal compliance contact condition
coupled with the Coulomb friction law (see [9, Section 5.4]), in which p, is prescribed function
such that p(r) = 0 which vanishes for » < 0 and the coefficient of friction h, depends on the
relative temperature 6 — 0, where 0 > 0 is the temperature of the foundation. The heat
exchange between the temperature and the flux is modeled by condition (j), where the heat
exchange coefficient hy depends on the normal displacement. The inequalities 71 (u) < mq(u, )
and 73(0) < ma(u,d) may accommodate various additional implicit constraints in which we are

interested in the model (see [17, Example 18]).
We introduce the following assumptions for the operators and functions.

The elasticity operator A: Q x S — S? is such that

(a) A(-,¢) is measurable on € for all £ € S¢,

(b) A(x,-) is continuous on S for a.e. x € Q,

(c) || A(z,€)|lge < ao(x) +ay|e||sa for all e € S, a.e. z € Q
with ag € L?(Q),a¢ > 0 and @; > 0,

(d) (A(z,e1) — A(z,e2)) : (1 — €2) = mller — 2|2, for all 1,5 € S
and a.e. x € Q with m4 > 0.

The thermal expansion operator M:  x R — S? is such that
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(a) M(-, s) is measurable on € for all s € R,
(b) M(x,-) is continuous on R for a.e. x € €, (67)
(¢) [M(z,7r)|lse < cpm(14+|r]) for all r € R, a.e. x € Q, with ¢pr > 0.

The thermal conductivity operator K: Q x R — R? is such that

(a) K(-,&) is measurable on Q for all £ € R,
(b)
(c) |IK(x,8&)||ra < ko(x) + k1||€||ga for all € € R, ae. z € Q
with ko € L2(Q), ko = 0, k1 > 0,
(d) (K(z,&) = K(,8)) - (&4 — &) = mx||& — &||3a for all &, & € RY,
a.e. ¢ € Q) with mx > 0.

K(z,) is continuous on R? for a.e. x € Q,

The coefficient of heat exchange hy: I's Xx R — R and the function h,: I'c x R — R, are such

that for i = 1,7 we have

(a) h;(-,r) is measurable on I's for all r € R,
(b) |hi(z,r1) — hi(x,72)| < L,

r1 —ro| for all r, 7y € R, ae. x € '3

(69)
with Ly, > 0,
(¢) hi(z,7) < h; for all 7 € R, a.e. x € I's with h; > 0.
The normal compliance function p,: I's x R — R is such that
(a) pu(-,7) is measurable on I's for all r € R,
(b) |pu(x,71) —pu(x,72)| < Lp, |r1 — 12| for all r1, 7o € R, a.e. z €T3 (70)
with L,, >0,
(¢) pu(z,7) < pforallr € R, ae. z €5 with p> 0.
The coefficient k.: I's x R — R is such that
(a) ke(-,7) is measurable on I's for all r € R,
(b) |ke(z,71) — ke(x,72)| < Lg|ry — 12| for all v, € R, a.e. z €' (71)

with Ly > 0,
(¢) ke(z,7) <kforallreR, ae z €'y with k> 0.

ri: V=R, ro: E— R, my, my: H X Hy — R are functions such that
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(a) 71,72 are positively homogeneous, subadditive,
and lower semicontinuous,
(b) my is continuous, m{ := inf{mq (u, ) | (u,0) € Hy x Hy} >0
and r1(0) < mY,
(c) mg is continuous, m3 := inf{ma(u, ) | (u,0) € Hy x Ha} >0

and 72(0) < m3,

foe LX(RY), fv € L*(Tn;RY), qo € L*(Q), g1 € L*(T's), g1 >0, 6p > 0. (73)
Remark 3. In the proof of the uniqueness of solution, we will need the following assumptions.

(a) |IM(z,r1) — M(x,12)||s¢ <cpry|r1 — r2| with epr, >0
for all 71,72 € R,
(b) IK(z,&1) — K(z,&2)[[re <cxllér — &2llra with cx >0,
for all &1,&, € R4,

(74)

The variational formulation of Problem 7 leads to the following system of inequalities.

Problem 8. Find (u,0) € C; x C2 with u € K1 (u,6), € K2(u,0) such that for all v € K1 (u,0),
n € Ko(u, ), we have

/Q (Ac(u) + M8) - (e(v) — e(u) da
+ / ) e (0 = 0 el = ) T
>/Qfo-(v—U)dl”+ [ powowar,

/ K(V0) - (Vi —V6)de+ | hu(un)ke(6 — 0x)(n — 6)dT
Q

Ie
>/ Q- (n— ) dx.
Q
The main result in this section is as follows.
Theorem 7. Under the assumptions (66)—(74) Problem 8 has a unique solution.

Proof. The idea is to associate with Problem 8 an auxiliary system of inequalities, and apply
Theorem 3. To this goal, we introduce the operators A;: V — V* Ay: E— E*, N1: E — V*,
and Ny: V — E* defined by
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(Aju, vy = [ Ae(u) : e(v)dx for u,v €V, (75)
Q
(Aab, )i = [ K(V6)-Vido for 6.5€ E. (76)
Q
(N16,v) = / MO :e(v)dr for € E, veV (77)
o

and Ny = 0. Furthermore, we define functions ¢1: VX ExV — R, and p3: VX Ex E — R by

o1 (w,6,v) = / Po(w,)hr(8 — 6)Jus]| AT for w,w eV, 0 € E, (78)
I'c

po(w,0,1) = / (ke (8 — 1) dT. (79)
I'c

Finally, we introduce f € Y1 = L2(Q;R?) x L?(I'y;R?) and g € Y» = L?(Q) defined by
(fsm1v)y; = (fo, V) 2 (ire) + (f2, V) L2(0ymay, for v eV
(9, m2an)y, = (qo, M) 2(02) for n € E,
where
m:V =Y 7'('1'U=('U,'U|I‘2) V’UGV,
mo: E—Yy mn=mn forallnekFE.
Using (75)—(80), we can rewrite Problem 8 in the following way.

Problem 9. Find (u,0) € Cy x Cy with u € K;(u,0), 0 € Ko(u,0) where

<A1U’ + Nleav - u> + 901(1117671)) - (Pl(U,@,U) = <f7v)Y1
for all v e Kq(u,6),

(A20,m — 0)p-x & + w2 (u,0,m) — ©2(u,0,0) > (9,1)y,

for all n € Ks(u,8).

We see that for No = 0 Problem 3 reduce to Problem 9. We are ready to apply Theorem
1 and show that Problem 9 has a solution. To this end, we shall verify hypotheses (5)—(10),
(11) and (12). The proofs of these assumptions are analogous to [17, Chapter 4]. Now, we will
verify (3) while condition (4) can be demonstrated by analogous arguments. Assumption (73)
implies that 0 € C;. Assumption (72)(b) implies that 1 (0) < my(u,8) for all (u,8) € Cy x Cs so
0 € K1(u,0). Thus (3)(c) holds with Ky = {0}. By (72)(a), it follows that 71 : V' — R is a convex

function, thus, the convexity of K;(u,6) for each (u,8) € Cy x Cy is obvious. The closedness of
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K (u,0) for (u,0) € Cy x Cq is a consequence of the lower semicontinuity of 71 and the continuity
of embedding of V to Hy. So, (3)(a) is satisfied. The proof that K (up,6,) LN Ks(u, ) for all
{(un,0,)} C C1 x Co, such that (uy,0,) — (u,0) in (V x E),,, is similar to [15, Theorem 4.1], so
it is omitted. In order to prove the uniqueness of the solution of Problem 8, we will use Theorem
3. Therefore, we should verify the assumptions (15) and (16). We observe that from (66)(d)
it follows that (15)(a) with ma, = m. The condition (15)(b) holds with my, = 0. Moreover,
from (74)(a), we conclude that (15)(c) holds with Ly, = cps, and from (74)(b), we obtain that
(15)(d) holds with L4, = cx. Finally, from (69)(b), (c), (70)(b), (c), (71)(b), (c) and the Holder

inequality, we see that

/ Py (ur)hr (01 = OF)([luzr || = [luar[]) dU

Pu(ugu)hr (02 = Op)(|luar || = [luz- ) dU
3

/[mwm pou (2| |81 — O))

+ [Py (u20)||hr (61 — OF) — hr (02 — Op)| | luz || — Hulrw dr’

< (Lp,/ﬁ'r|ulu - u2u| +ﬁLhT|91 - 02‘) |||U27—|| - HulTH|] dr

v1\

N

< (Lp, Al llus = wallv + PLa, [yl 1v2ll 161 — 62| 5) [luz — u1llv,

and, in the similar way as above, we obtain

h(uly)ke(ﬁl — 9F>(92 — 91) dF + h('U/QU)ke(GQ — 9F)(91 — (92) dF
I's s

< [ [(htun, = B 62— 0r)
.
4 sy ) (ke (01 — O) — keo(6 — 9F))] (02— 0,)dT
< (k Ly [l Iyl llua = wallv + ha L 12l 160 = 02]1 ) 1102 — 61| -
So, the condition (15)(e) and (f) hold with 6, = max{||v1]|* Ly, ks, [l [[72ll Lr.P} and 6, =

max{||v1 || |2 Ln, ks |72]|? L, b1}, respectively. Here ~;: V — L?(I's;RY) and 42: E — L?(T'3)

we understand as the trace operators. Proceeding in the similar way as in the proof of Theorem

3, we note that an analogous condition to (16) holds too. O

Next, in Problem 9, we can take the sets

Kln(uae) = {U € Cip | TI(U) < ml(u79)}7 Cin = {U eV ‘ Uy < g1n ON F3}a
Kop(u,0) ={n € Cqy | ra(n) < ma(u,0)}, Cop={necE|n<0p, onls}.
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We are in position to use Theorem 4 in order to deduce that u,, — w in V and 6,, — 0 in E.
We end this section with example of optimal control problem for which the results presented
in sections 5 and 6 hold. Let fy, g1,0F be given. We define the set of admissible pair for Problem

8 as follows:

vad = {(u,ﬂ) € C1 x Cy and (fg,(]()) S L2(F3;Rd) X Lz(Q)
such that Problem 8 holds}

and we choose the cost functional

L(u, 0, f2,q0) =01llus — 20 L2(rs) + 02[10 — Ooll2(ry) + 1l f2llL2(rsire)
+ Y2llqoll 22 (@) (81)

where 0,29 € L?(I'3) and 61,0,71,72 > 0. Then, the problem which we consider can be

formulated as follows.

Problem 10. Find (u*,0%), (f5,q3) € Vaa such that

L(u*, 0%, f5,q5) = min _ L(u,0, f2,q0).
(w,0),(f2,90)€Vaa

The mechanical interpretation of the Problem 10 is as follows. We are looking for a surface
pressure fo acting on I's and heat source gy acting on €2 such that a normal displacement and
a temperature of the body is as close as possible to the desired displacement zy and desired
temperature 6y. Moreover, this choice has to fulfill a minimum expenditure condition which is
taken into account by the last term in (81). We have the following result in the study of Problem
10.

Theorem 8. Let (66)—(73) hold, and moreover, let f € V* g9 € E*, 20,00 € L?(I'c), and let
01,02,71,72 > 0. Then there exists a solution (u*,0%), (f5,¢5) € Vaa to Problem 10.

Theorem 8 is a direct consequence of Theorem 5, and we note that Theorem 6 provides a
convergence result for a sequence of optimal pairs of Problem 10. The question about conditions

of optimality will be the future direction of study.
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