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Abstract

This work presents an improved interior point algorithm with full Newton step for convex
quadratic optimization. Based on the technique of algebraic equivalent transformation, we
first propose a new search direction for convex quadratic optimization with the aim of im-
proving the algorithmic complexity of the proposed algorithm. We then perform a complete
theoretical study of convergence and complexity, proving that our algorithm is well-defined,
converge quadratically and achieves the best known polynomial complexity bounds established
for primal-dual interior point methods. Following this, we conduct comparative numerical
tests to evaluate the efficiency of the algorithm. The theoretical and numerical results are
encouraging and clearly confirm our purpose.

*Corresponding author

Received 15 June 2025; revised 21 October 2025; accepted 22 November 2025

Aicha Kraria
Laboratory of Fundamental and Numerical Mathematics, Department of Mathematics, Faculty of Sciences,
Setif 1 University-Ferhat Abbas, Setif, 19000, Algeria. e-mail: aicha.kraria@univ-setif.dz

Bachir Merikhi
Laboratory of Fundamental and Numerical Mathematics, Department of Mathematics, Faculty of Sciences,
Setif 1 University-Ferhat Abbas, Setif, 19000, Algeria. e-mail: bmerikhi@univ-setif.dz

Djamel Benterki
Laboratory of Fundamental and Numerical Mathematics, Department of Mathematics, Faculty of Sciences,
Setif 1 University-Ferhat Abbas, Setif, 19000, Algeria. e-mail: djbenterki@univ-setif.dz

How to cite this article
Kraria, A. Merikhi, B. and Benterki, D., An improved search direction based on algebraic equivalent trans-
formation technique for convex quadratic optimization. Iran. J. Numer. Anal. Optim., 2026; 16(1): 220-242.
https://doi.org/10.22067/ijnao.2025.94069.1670

220

https://doi.org/10.22067/ijnao.2025.94069.1670
https://ijnao.um.ac.ir/
https://doi.org/10.22067/ijnao.2025.94069.1670


221 An improved search direction based on algebraic equivalent transformation technique for convex ...

AMS subject classifications (2020): 90C51; 90C20.

Keywords: Interior point algorithm; Convex quadratic programming; Algebraic transforma-
tion; Search direction.

1 Introduction

Since the 1980s, interior point methods have seen great development and diffusion in the solution
of optimization problems, and primarily for the solution of convex problems, such as linear,
convex quadratic, and convex nonlinear programming, due to their theoretical and practical
effectiveness. However, for nonconvex problems, several approaches have been developed, such
as interior point algorithm for nonconvex optimization (see, e.g., [9, 22, 28]) and difference of
convex functions algorithm (DCA) (see, e.g., [1, 20, 25]).

In this work, we are interested in solving a convex quadratic optimization (CQO) problem,
using interior point methods.

One of the crucial steps in these methods is calculating the search direction. Several tech-
niques have been developed for this purpose. One is based on the so-called self-regular and kernel
barrier functions, which requires two types of iteration: inner iterations and outer iterations, and
for each inner iteration an appropriate step size is calculated (see, e.g., [5, 6, 8, 21]). Another
technique is based on the so-called algebraic equivalent transformation (AET). Recently, Darvay
[10, 11] introduced a new interior point algorithm for linear optimization (LO) based on the
AET technique, for the first time. The main idea of this technique is to transform the nonlinear
equation in the system that defines the central path by ψ

(
xs
µ

)
= ψ(e), where ψ is a contin-

uously differentiable and invertible function, then apply Newton’s method to find new search
directions. The advantage of this technique is that the algorithm uses a full Newton step size at
each iteration. Later on, Achache [2] generalized this technique to CQO, while Zhang, Bai, and
Wang [33] generalized it to linearly constrained convex optimization. Due to the effectiveness of
this technique, Several other works have applied this idea to other optimization problems (e.g.,
[3, 4, 12, 13, 15, 17, 18, 23, 26, 29].

Another transformation was introduced by Darvay and Takács [14] based on applying the
function ψ(t) = t2 to both sides of the equation xs

µ =
√

xs
µ instead of xs

µ = e, which resulted
in a new search direction for LO. Later, Zhang et al. [34] extended this work to P∗(κ)-linear
complementarity problem. In [19], Kheirfam and Nasrollahi introduced a new interior point
algorithm for LO based on the above AET technique using the parametric function ψ(t) =

tq, q ≥ 2. Subsequently, Zaoui et al. [30, 32] proposed the new functions ψ(t) = t
3
2 and

Iran. J. Numer. Anal. Optim., Vol. 16, No. 1, 2026, pp 220–242



Kraria, Merikhi and Benterki 222

ψ(t) = t
7
4 , respectively, for LO, and it was proved that the algorithm using this first function is

better than the other one. Recently, Zaoui, Benterki, and Khelladi [31] extended the algorithm
given by Darvay and Takács [14] to CQO.

Inspired by the previous works, we first present an interior point algorithm for CQO based
on a new function ψ(t) = t

5
4 , to enhance the performance of primal-dual algorithms. Next, we

prove that this algorithm is well-defined and has a polynomial complexity. Finally, we perform
comparative numerical tests between our approach and that of Zaoui, Benterki, and Khelladi
[31], to confirm our theoretical results and evaluate the effectiveness of our algorithm. Our aim
is to propose, develop, and analyze an interior point algorithm based on a new search direction
for CQO.

This paper is divided into six sections. In Section 2, we introduce some notions related to
interior point methods for CQO problems. In Section 3, we focus on calculating the search direc-
tion using the AET technique, and present the corresponding algorithm. Section 4 is dedicated
to analyzing the algorithm’s convergence and complexity. In Section 5, we perform comparative
numerical tests to show the efficiency of our algorithm. Finally, a general conclusion is given in
Section 6.

2 Preliminaries

We consider the standard CQO problem (P ) and its Lagrangian dual (D)

min
{1
2
xTQx+cTx : Ax = b, x ≥ 0

}
, (P )

max
{
−1

2
xTQx+ bT y :AT y + s = Qx+ c, s ≥ 0

}
, (D)

where Q ∈ Rn×n is a positive semidefinite symmetric matrix, A ∈ Rm×n is a full rank matrix,
b ∈ Rm and c ∈ Rn.

We call both problems (P ) and (D) the primal-dual problem. Throughout this paper, we
assume that the set of strictly feasible solutions F0 of the primal-dual problem is nonempty,
where

F0 = {(x, y, s) ∈ Rn+m+n : Ax = b, AT y + s = Qx+ c, x > 0, s > 0}.

Solving the primal-dual problem is equivalent to solve the following nonlinear system given by
Karush–Kuhn–Tucker conditions
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Ax = b, x ≥ 0,

−Qx+AT y + s = c, s ≥ 0, (1)

xs = 0.

In primal-dual interior point method, the equation xs = 0 is replaced by the parametrized
equation xs = µe, where µ > 0 and e = (1, 1, . . . , 1)T ∈ Rn. This gives the following system

Ax = b, x > 0,

−Qx+AT y + s = c, s > 0, (2)

xs = µe,

which is equivalent to the system given in (3);

Ax = b, x > 0,

−Qx+AT y + s = c, s > 0, (3)
xs

µ
=

√
xs

µ
,

with xs
µ =

(
x1s1
µ , x2s2

µ , . . . , xnsn
µ

)T
and

√
xs
µ =

(√
x1s1
µ ,

√
x2s2
µ , . . . ,

√
xnsn
µ

)T
.

It is proved that system (2) has a unique solution (x(µ), y(µ), s(µ)), for each µ > 0. The set
of all these solutions forms the so-called central path of (P ) and (D). If µ→ 0, then the central
path converges to the optimal solutions of (P ) and (D).

3 New search direction for CQO

Based on the work introduced by Darvay and Takács [14], we write system (3) as follows:

Ax = b, x > 0,

−Qx+AT y + s = c, s > 0, (4)

ψ
(xs
µ

)
= ψ

(√xs

µ

)
,

where ψ is an invertible continuously differentiable function defined on (L,+∞), and L is deter-
mined by the condition 2tψ′(t2)− ψ′(t) > 0.
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Let (x, y, s) ∈ F0 be the current iterate. Applying Newton’s method to system (4), we find
the new iteration x+ = x+∆x, y+ = y +∆y, s+ = s+∆s, where (∆x,∆y,∆s) is the solution
of the following system:

A∆x = 0,

−Q∆x+AT∆y +∆s = 0, (5)

1

µ
(s∆x+ x∆s) =

ψ
(√

xs
µ

)
− ψ

(
xs
µ

)
ψ′
(

xs
µ

)
−

√
µe

2
√
xs
ψ′
(√

xs
µ

) .
We introduce the following notations:

v =

√
xs

µ
, dx =

v∆x

x
, ds =

v∆s

s
. (6)

Hence, system (5) can be written as follows:

Ādx = 0,

−Q̄dx + ĀT∆y + ds = 0, (7)

dx + ds = pv,

with
pv =

2ψ(v)− 2ψ(v2)

2vψ′(v2)− ψ′(v)
, Ā =

1

µ
Adiag

(x
v

)
, Q̄ =

1

µ
diag

(x
v

)
Qdiag

(x
v

)
,

and diag
(
x
v

)
is the n× n diagonal matrix with diagonal entries xi

vi
.

In this paper, we consider a new function ψ :
(

1
5√16

,+∞
)
→ R, ψ(t) = t

5
4 . Then we have

pv =
8v − 8v

9
4

10v
5
4 − 5e

. (8)

At each iteration, we define a proximity measure

δ(x, s, µ) =
∥pv∥
2

=

∥∥∥∥ 4v − 4v
9
4

10v
5
4 − 5e

∥∥∥∥, (9)

where ∥ · ∥ represents the Euclidean norm.

Remark 1. Let (dx,∆y, ds) be a solution of system (7). Then

dTx ds = dTx Q̄dx =
1

µ
dTx diag

(x
v

)
Qdiag

(x
v

)
dx ≥ 0, (10)
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because Q is a positive semidefinite matrix.

We detail below the algorithm steps for this approach.

Algorithm 1 Primal-dual algorithm for CQO
Input
An accuracy parameter ϵ > 0;
An update parameter 0 < θ < 1 (default θ = 1

7
√
n
);

A barrier parameter µ0 = (x0)T s0

n ;
An initial point (x0, y0, s0) ∈ F0, such that δ(x0, s0;µ0) < β = 1

4 ;
begin
x := x0; y := y0; s := s0; µ := µ0; k := 0;
While xT s > ϵ do
µ := (1− θ)µ;
Compute (∆x,∆y,∆s) from system (5), then put
x := x+∆x; y := y +∆y; s := s+∆s; k := k + 1;
end While
end.

In order to facilitate the analysis of Algorithm 1, we introduce the following notation: qv =

dx − ds. From (7), we have

dx =
pv + qv

2
, ds =

pv − qv
2

, (11)

and

∥pv∥2 =∥dx∥2 + ∥ds∥2 + 2dTx ds = ∥qv∥2 + 4dTx ds. (12)

Using (10) and (12), we deduce that

∥pv∥2 ≥ ∥qv∥2. (13)

Remark 2. In contrast to the case of CQO, in the LO case, the previous relation (13) becomes
∥pv∥2 = ∥qv∥2.

4 Analysis of convergence and complexity

In this section, we present a comprehensive theoretical study of the convergence and polynomial
complexity of Algorithm 1 that we have conducted.

In the first lemma, we prove the strict feasibility of the iterates.
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Lemma 1. Let (x, y, s) ∈ F0. The new iteration

(x+, y+, s+) = (x, y, s) + (∆x,∆y,∆s)

is strictly feasible if δ(x, s, µ) < 1.

Proof. Let 0 ≤ α ≤ 1. We define x+(α), s+(α) as follows:

x+(α) = x+ α∆x, s+(α) = s+ α∆s.

Hence
1

µ
x+(α)s+(α) =

xs

µ
+
α

µ
(x∆s+ s∆x) +

α2

µ
∆x∆s.

Using (6), (7) and (11), we obtain

1

µ
x+(α)s+(α) = v2 + αv(dx + ds) + α2dxds

= v2 + αvpv + α2
(p2v − q2v

4

)
= (1− α)v2 + α(v2 + vpv) + α2

(p2v − q2v
4

)
. (14)

We calculate the expression of v2 + vpv by using (8) as follows:

v2 + vpv =
2v

13
4 + 3v2

10v
5
4 − 5e

= e+
2v

13
4 + 3v2 − 10v

5
4 + 5e

10v
5
4 − 5e

. (15)

After studying the function 2t
13
4 + 3t2

10t
5
4 − 5

for all t > 1
5√16

, we find that 2t
13
4 + 3t2

10t
5
4 − 5

≥ 1. This is
equivalent to

v2 + vpv ≥ e. (16)

From (14) and (16), we get

1

µ
x+(α)s+(α) ≥ (1− α)v2 + αe+ α2

(p2v − q2v
4

)
≥ (1− α)v2 + α

(
e−

(
(1− α)

p2v
4

+ α
q2v
4

))
.

We have ∥∥∥∥∥(1− α)
p2v
4

+ α
q2v
4

∥∥∥∥∥
∞

≤ (1− α)
∥p2v∥∞

4
+ α

∥q2v∥∞
4
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≤ (1− α)
∥pv∥2

4
+ α

∥qv∥2

4
,

by using (13), we obtain∥∥∥∥∥(1− α)
p2v
4

+ α
q2v
4

∥∥∥∥∥
∞

≤ (1− α)
∥pv∥2

4
+ α

∥pv∥2

4

=
∥pv∥2

4
= δ2.

If δ < 1, then e−
(
(1− α)

p2
v

4 + α
q2v
4

)
> 0, which implies that

x+(α)s+(α) > 0.

As x+(α), s+(α) are continuous functions, they do not change sign on the interval [0, 1], and
since x+(0) = x > 0, s+(0) = s > 0, this implies that x+(1) = x + ∆x = x+ > 0 and
s+(1) = s+∆s = s+ > 0, which proves the lemma.

Lemma 2. Let v > 1
5√16

e and v+ =

√
x+s+
µ

. If δ = δ(x, s, µ) < 1
4 , then

v+ >
1

5
√
16
e.

Proof. By replacing α with 1 in (14), we obtain

x+s+
µ

= v2+ = v2 + vpv +
p2v
4

− q2v
4
, (17)

from (16), we find

v2+ ≥ e+
p2v
4

− q2v
4

≥ e− q2v
4
,

which implies that

(v+)
2
i ≥ 1− ∥qv∥2∞

4
≥ 1− ∥qv∥2

4
.

From (13), we deduce that

(v+)
2
i ≥ 1− ∥pv∥2

4
= 1− δ2, for all i = 1 : n,

which implies that
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min(v+) ≥
√

1− δ2. (18)

Since δ = δ(x, s, µ) < 1
4 , then

min(v+) >
1

5
√
16
. (19)

Lemma 3. [13]
Let us consider a decreasing function f :]d,+∞[→ R∗

+, with d > 0. If we take the vector v ∈ Rn
+,

where min(v) = min
i
(vi) ≥ d, then

∥f(v)(e− v2)∥ ≤ f(min(v))∥e− v2∥ ≤ f(d)∥e− v2∥.

In the following lemma, we prove the quadratic convergence of the iterate.

Lemma 4. If δ = δ(x, s, µ) < 1
4 , then

δ(x+, s+, µ) ≤
160(2

√
2 + 8

√
759375)(−15 8

√
15 + 4

√
30)

−200 + 375 4
√
15

δ2.

Proof. Let v > 1
5√16

e. From (9), we have

δ(x+, s+, µ) =
∥pv+∥

2
=

∥∥∥∥ 4v+ − 4v
9
4
+(

10v
5
4
+ − 5e

)
(e− v2+)

(e− v2+)

∥∥∥∥, v+ ̸= e.

We divide the expression of δ(x+, s+, µ) into two terms:

1. e− v2+.

2. f1(v+) =
4v+ − 4v

9
4
+(

10v
5
4
+ − 5e

)
(e− v2+)

.

First, we compute the expression e− v2+ using (14) as follows:

e− v2+ = e− x+s+
µ

= e−
(
(v2 + vpv) +

p2v
4

− q2v
4

)
,

from (15), we have

e− v2+ =
q2v
4

−
(
2v

13
4 + 3v2 − 10v

5
4 + 5e

10v
5
4 − 5e

+
p2v
4

)
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=
q2v
4

− p2v
4

(
36v

9
2 − 12v

13
4 + v2 − (10v

5
4 − 5e)2

16(v − v
9
4 )2

)
. (20)

It can be shown that 0 ≤
(
36v

9
2 − 12v

13
4 + v2 − (10v

5
4 − 5e)2

16(v − v
9
4 )2

)
≤ 3e, for all v > 1

5√16
e, v ̸= e.

Therefore

∥e− v2+∥ ≤ ∥q2v∥
4

+

∥∥∥∥p2v4
(
36v

9
2 − 12v

13
4 + v2 − (10v

5
4 − 5e)2

16(v − v
9
4 )2

)∥∥∥∥
≤ ∥qv∥2

4
+ 3

∥pv∥2

4
,

by using (9) and (13), we get

∥e− v2+∥ ≤ ∥pv∥2

4
+ 3

∥pv∥2

4
= 4δ2. (21)

Second, we consider the function f1(t) =
4t− 4t

9
4(

10t
5
4 − 5

)
(1− t2)

. Since

f ′1(t) ≤ 0 for all t > 1
5√16

; t ̸= 1, the function f1 is decreasing on
]

1
5√16

,+∞
[
\ {1}. By applying

Lemma 3, (18), and (21), we obtain

δ(x+, s+, µ) ≤ f1
(√

1− δ2
)
∥e− v2+∥ ≤ 4f1

(√
1− δ2

)
δ2.

If δ < 1
4 , then f1

(√
1− δ2

)
≤ f1

(√
15
4

)
. Thus

δ(x+, s+, µ) ≤ 4f1

(√15

4

)
δ2

=
160(2

√
2 + 8

√
759375)(−15 8

√
15 + 4

√
30)

−200 + 375 4
√
15

δ2

≈ 2.128δ2.

In the next lemma, we give an upper bound of the duality gap.

Lemma 5. If δ = δ(x, s, µ) < 1
4 , then the duality gap satisfies the following inequality:

xT+s+ ≤ µ
(
n+

3

16

)
.

Proof. Let v > 1
5√16

e. We have
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v2+ =
x+s+
µ

.

Then
xT+s+ =

n∑
i=1

(x+)i(s+)i = µ

n∑
i=1

(v2+)i.

According to (17), we have

xT+s+ = µ

n∑
i=1

(
(v2 + vpv)i +

(p2v)i
4

− (q2v)i
4

)
. (22)

Applying (15) yields

v2 + vpv = e+
2v

13
4 + 3v2 − 10v

5
4 + 5e

10v
5
4 − 5e

= e+

(
20v

9
2 + 20v

13
4 − 15v2 − (10v

5
4 − 5e)2

16(v − v
9
4 )2

)
p2v
4

= e+

(
36v

9
2 − 12v

13
4 + v2 − (10v

5
4 − 5e)2

16(v − v
9
4 )2

− e

)
p2v
4
.

As shown in the proof of Lemma 4, 36v
9
2 − 12v

13
4 + v2 − (10v

5
4 − 5e)2

16(v − v
9
4 )2

≤ 3e, so

v2 + vpv ≤ e+ 2
p2v
4
. (23)

By using (22) and (23), we deduce that

xT+s+ ≤ µ

n∑
i=1

(
1 + 2

(p2v)i
4

+
(p2v)i
4

− (q2v)i
4

)
= µ

(
n+ 3

∥pv∥2

4
− ∥qv∥2

4

)
≤ µ(n+ 3δ2).

If δ < 1
4 , then

xT+s+ ≤ µ
(
n+

3

16

)
.

The following lemma shows that the algorithm is well defined.

Lemma 6. If δ < 1
4 and θ = 1

7
√
n
, then
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δ(x+, s+, µ+) <
1

4
.

Proof. We introduce the notation v̄ =

√
x+s+
µ+

. Then, from (19) we have

v̄ =
1√
1− θ

v+ >
1

5
√
16
e, 0 < θ < 1.

From the definition of δ, we have

δ(x+, s+, µ+) =
∥pv̄∥
2

=

∥∥∥∥ 4v̄ − 4v̄
9
4

(10v̄
5
4 − 5e)(e− v̄2)

(e− v̄2)

∥∥∥∥
=

∥∥∥∥f1(v̄)(e− v̄2)

∥∥∥∥.
In addition, from (18) we have

min(v̄) = min(v+)√
1− θ

≥
√
1− δ2√
1− θ

.

If δ < 1
4 , then

min(v̄) >
√
15

4
.

Since f1 is decreasing (see Lemma 4), we get

δ(x+, s+, µ+) =

∥∥∥∥f1(v̄)(e− v̄2)

∥∥∥∥
≤ f1

(√15

4

)
∥e− v̄2∥

= f1

(√15

4

)∥∥∥∥e− v2+
1− θ

∥∥∥∥
≤ 1

1− θ
f1

(√15

4

)(
∥θe∥+ ∥e− v2+∥

)
.

By using (21), we obtain

δ(x+, s+, µ+) ≤
1

1− θ
f1

(√15

4

)(
θ
√
n+ 4δ2

)
.

Since δ < 1
4 , then
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δ(x+, s+, µ+) ≤
1

1− θ
f1

(√15

4

)(
θ
√
n+

1

4

)
. (24)

Suppose that θ = 1
7
√
n
. Then

1− θ ≥ 6

7
, (25)

for all n ≥ 1.
Finally, by using (24) and (25), we deduce that

δ(x+, s+, µ+) ≤
7

6
f1

(√15

4

)(1
7
+

1

4

)
<

1

4
.

In the last lemma, we give a lower bound on the number of iterations required for optimality.

Lemma 7. Let (x0, y0, s0) ∈ F0, let µ(0) = (x0)T s0

n , let δ < 1
4 , and let x(k+1), s(k+1) be the

vectors obtained after k + 1 iterations. The inequality (x(k+1))T s(k+1) ≤ ϵ is satisfied if

k ≥ 1

θ
ln
µ(0)(n+ 3

16 )

ϵ
.

Proof. After k iterations, we find µ(k) = (1− θ)kµ(0). Using this and Lemma 5, we obtain

(x(k+1))T s(k+1) ≤ µ(k)

(
n+

3

16

)
= µ(0)(1− θ)k

(
n+

3

16

)
.

Then, the inequality (x(k+1))T s(k+1) ≤ ϵ is satisfied if

µ(0)(1− θ)k
(
n+

3

16

)
≤ ϵ,

this is equivalent to

ln(1− θ)k + lnµ(0)

(
n+

3

16

)
≤ ln ϵ,

that is,

− k ln(1− θ) ≥ ln
µ(0)

(
n+ 3

16

)
ϵ

.

As − ln(1− θ) ≥ θ, for all 0 < θ < 1, so −k ln(1− θ) ≥ kθ. Thus, the inequality
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−k ln(1− θ) ≥ ln
µ(0)

(
n+ 3

16

)
ϵ

is satisfied if

kθ ≥ ln
µ(0)

(
n+ 3

16

)
ϵ

,

hence

k ≥ 1

θ
ln
µ(0)

(
n+ 3

16

)
ϵ

.

Theorem 1. If θ = 1
7
√
n
, then the algorithm gives an approximate solution of the primal-dual

problem after at most

7
√
n ln

µ(0)
(
n+ 3

16

)
ϵ

.

Proof. Replacing θ with 1
7
√
n
in Lemma 7 gives the result.

5 Comparative numerical experiments

To evaluate the effectiveness of Algorithm 1 using the new function ψ(t) = t
5
4 , we conduct

comparative numerical tests between our function and that of Zaoui, Benterki, and Khelladi
[31]. We solve five fixed-size examples and two variable-size examples. Moreover, we test some
real-examples from Maros-Mészáros test set [24]. The algorithm was implemented in MATLAB
on a computer with an Intel i3 processor and 4 GB of RAM, with the following parameters:
ϵ = 10−4 and θ = 0.5. In the table of results, we denote by

• Nbr: the number of iterations required for optimality.

• Time: the computation time in seconds.

• xT s: the duality gap at final iteration.

Example 1. [16] Consider

A =
(
1 1 2 1

)
, b =

(
3
)
, Q =


4 2 2 0

2 4 0 0

2 0 2 0

0 0 0 0

 , c =


−8

−6

−4

0

 .
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The initial point is

x0 =
(
0.5 0.5 0.5 1

)T
, y0 =

(
−5
)
, s0 =

(
1 2 8 5

)T
.

Example 2. [27] Consider

A =

(
1 1 1 0

−1 2 0 1

)
, b =

(
2

2

)
, Q =


2 −2 0 0

−2 4 0 0

0 0 0 0

0 0 0 0

 , c =


−2

−6

0

0

 .

The initial point is

x0 =
(
0.5145 0.8764 0.6090 0.7617

)T
, y0 =

(
−5.4801 −1.1789

)T
,

s0 =
(
1.5776 4.3148 5.4801 1.1789

)T
.

Example 3. [8] Consider

A =


1 1.2 1 1.8 0

3 −1 1.5 −2 1

−1 2 −3 4 2

 , b =


9.31

5.45

6.60

 ,

Q =



20 1.2 0.5 0.5 −1

1.2 32 1 1 1

0.5 1 14 1 1

0.5 1 1 15 1

−1 1 1 1 16


, c =



1

−1.5

2

1.5

3


.

The initial point is

x0 =
(
2.4539 0.7875 1.5838 2.4038 1.3074

)T
,

y0 =
(
20.5435 9.4781 4.3927

)T
,

s0 =
(
7.1215 7.9763 8.3150 6.8686 7.9750

)T
.

Example 4. [16] Consider
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A =


1 2 1 1 1 0 0

3 1 2 −1 0 1 0

0 −1 −4 0 0 0 1

 , b =


5

4

−1.5

 ,

Q =



2 0 −1 0 0 0 0

0 1 0 0 0 0 0

−1 0 2 1 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0


, c =



−1

−3

1

−1

0

0

0


.

The initial point is

x0 =
(
0.3599 0.5425 0.8142 2.0703 0.6706 2.8197 2.2993

)T
,

y0 =
(
−2.2576 −1.1007 −1.5314

)T
,

s0 =
(
4.4655 1.6272 2.6719 3.0413 2.2577 1.1008 1.5315

)T
.

Example 5. [8] Consider

A =


1 −1 1.9 1.25 1.2 0.4 −0.7 1.06 1.5 1.05

1.3 1.2 0.15 2.15 1.25 1.5 0.4 1.52 1.3 1

1.5 −1.1 3.5 1.25 1.8 2 1.95 1.2 1 −1

 , b =


11.651

16.672

21.295

 ,

Q =



30 1 1 1 1 1 1 1 1 1

1 21 0 1 −1 1 0 1 0.5 1

1 0 15 −0.5 −2 1 0 1 1 1

1 1 −0.5 30 3 −1 1 −1 0.5 1

1 −1 −2 3 27 1 0.5 1 1 1

1 1 1 −1 1 16 −0.5 0.5 0 1

1 0 0 1 0.5 −0.5 8 1 1 1

1 1 1 −1 1 0.5 1 24 1 1

1 0.5 1 0.5 1 0 1 1 39 1

1 1 1 1 1 1 1 1 1 11



, c =



−0.5

−1

0

0

−0.5

0

0

−1

−0.5

−1



.

The initial point is
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x0 =
(
0.9491 0.6121 1.8477 1.8115 1.2511 2.5211 1.5062 1.5658 0.8207 1.1289

)T
,

y0 =
(
4.3800 19.9367 4.5679

)T
,

s0 =
(
3.8902 4.4625 3.9788 3.6606 3.9018 3.5561 3.8760 3.7190 3.9138 4.3396

)T
.

Table 1 summarizes the numerical results obtained for the problems described above.

Table 1: Numerical results obtained for fixed size examples.

ψ(t) = t
5
4 ψ(t) = t2

Examples Nbr Time xT s Nbr Time xT s
Example 1 18 0.0080 5.28× 10−5 20 0.0289 7.12×10−5

Example 2 17 0.0076 8.88× 10−5 20 0.0108 5.99×10−5

Example 3 20 0.0082 8.03× 10−5 23 0.0164 5.62× 10−5

Example 4 18 0.0081 9.60× 10−5 21 0.0248 7.16× 10−5

Example 5 20 0.0082 6.79× 10−5 22 0.0105 9.15× 10−5

Example 6. [8] Consider

A(i, j) =

 1 if (j = i or j = i+m),

0 otherwise.
Q(i, j) =

 1 if j = i,

0 otherwise.

c(i) =

−1 if i = 1 : m,

0 if i = m+ 1 : n, n = 2m,

b(i) = 2 for i = 1 : m.

The initial point is

x0(i) = 1 for i = 1 : n,

y0(i) = −1 for i = 1 : m,

s0(i) =

 1 if i = 1 : m,

2 if i = m+ 1 : n.

The results obtained for Example 6 are summarized in the following Table 2.

Example 7. [7] Consider
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Table 2: Numerical results obtained for Example 6.

ψ(t) = t
5
4 ψ(t) = t2

Size Nbr Time xT s Nbr Time xT s
n = 100 21 0.0454 9.43× 10−5 24 0.0673 7.13× 10−5

n = 200 22 0.1284 9.43× 10−5 25 0.1304 7.36× 10−5

n = 600 24 1.4369 7.07× 10−5 27 1.68704 5.86× 10−5

n = 1000 25 5.9973 5.89× 10−5 27 6.6444 9.77× 10−5

n = 2000 26 37.678 5.89× 10−5 29 48.034 5.17× 10−5

n = 4000 27 172.71 5.89× 10−5 30 249.95 5.32× 10−5

n = 6000 27 585.21 8.84× 10−5 30 670.68 7.98× 10−5

n = 7000 28 959.09 5.15× 10−5 30 1059.28 9.31× 10−5

A(1, i) = 1 for all i = 1 : n,

Q(i, j) =

 2 if j = i,

0 otherwise,

c(i) = −1 for all i = 1 : n,

b = 1.

The results obtained for Example 7 are summarized in Table 3.

Table 3: Numerical results obtained for Example 7.

ψ(t) = t
5
4 ψ(t) = t2

Size Nbr Time xT s Nbr Time xT s
n = 1000 15 1.8535 7.00× 10−5 17 2.2843 7.62× 10−5

n = 2000 15 13.850 7.01× 10−5 17 16.015 7.63× 10−5

n = 4000 15 65.623 7.02× 10−5 17 71.749 7.64× 10−5

n = 6000 15 185.75 7.05× 10−5 17 226.80 7.69× 10−5

n = 8000 15 479.02 7.04× 10−5 17 562.85 7.65× 10−5

n = 10000 15 1127.8 7.08× 10−5 17 1211.1 7.67× 10−5

We then tested some examples from Maros-Meszaros test set using different values of θ:
{0.1, 0.3, 0.5} and also its theoretical value ( 1

7
√
n
), which is denoted by θtheo in the table. The

results for these examples are summarized in Table 4.
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Table 4: Numerical results for some examples from Maros-Mészáros test set

ψ(t) = t
5
4 ψ(t) = t2

Example θ Nbr Time xT s Nbr Time xT s

Tame

θ = 0.1 95 0.0100 9.04× 10−5 95 0.0100 9.11× 10−5

θ = 0.3 28 0.0088 9.79× 10−5 29 0.0096 7.89× 10−5

θ = 0.5 15 0.0079 8.04× 10−5 17 0.0080 8.72× 10−5

θtheo 94 0.0100 9.04× 10−5 94 0.0119 9.10× 10−5

Genhs28

θ = 0.1 110 0.0128 9.30× 10−5 110 0.0129 9.37× 10−5

θ = 0.3 33 0.0100 8.23× 10−5 33 0.0103 9.47× 10−5

θ = 0.5 18 0.0093 5.03× 10−5 20 0.0099 6.40× 10−5

θtheo 250 0.0131 9.57× 10−5 250 0.0166 9.59× 10−5

Hs51

θ = 0.1 103 0.0098 9.73× 10−5 103 0.0100 9.80× 10−5

θ = 0.3 31 0.0086 8.40× 10−5 29 0.0088 9.66× 10−5

θ = 0.5 17 0.0085 5.03× 10−5 19 0.0087 5.95× 10−5

θtheo 164 0.0100 9.94× 10−5 94 0.0114 9.97× 10−5

Zecevic2

θ = 0.1 95 0.0098 9.04× 10−5 95 0.093 9.10× 10−5

θ = 0.3 28 0.0086 9.79× 10−5 29 0.0087 7.88× 10−5

θ = 0.5 15 0.0036 8.04× 10−5 17 0.0084 8.72× 10−5

θtheo 94 0.0094 9.03× 10−5 94 0.0098 9.10× 10−5

Lotschd

θ = 0.1 112 0.0138 9.04× 10−5 112 0.0139 9.11× 10−5

θ = 0.3 33 0.0105 9.88× 10−5 34 0.0110 7.95× 10−5

θ = 0.5 18 0.0100 6.03× 10−5 20 0.0101 7.44× 10−5

θtheo 278 0.0202 9.88× 10−5 278 0.0193 9.89× 10−5

Notes

The numerical tests we have performed show that our new function ψ = t
5
4 is more efficient than

the one proposed in [31]. In all examples, we record a reduction in the number of iterations and
in the computation time for our function ψ = t

5
4 compared with ψ = t2. This shows that the

algorithm using our function is the fastest.

6 General conclusion

We are interested in solving a CQO problem using a primal-dual interior point method based on
the AET technique. We proposed a new function ψ, and conducted a complete theoretical study
on the convergence and complexity of the proposed algorithm. We then performed numerical
experiments comparing our results with those of Zaoui, Benterki, and Khelladi [31]. The results
obtained using our function are encouraging and reinforce the effectiveness of our algorithm.

Future research might aim to develop other functions with powers between 1
2 and 1 in order

to improve the algorithmic complexity and numerical behavior of primal-dual interior point
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methods for convex quadratic programming. In addition, the algorithm could be extended to
other optimization problems, such as nonlinear programming problems, semidefinite problems,
and complementarity problems.
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