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Abstract

Mathematical modeling of infectious diseases plays a vital role in understanding population dy-
namics and guiding control strategies. In this study, we formulate and analyze time-fractional
Ebola virus model incorporating the Caputo derivative of order σ ∈ (0, 1) to capture memory
and nonlocal effects in disease transmission. This formulation is important as it extends clas-
sical integer-order models to more realistically describe the persistence and delayed response
of infection dynamics. A comprehensive qualitative analysis is presented, establishing the ex-
istence, uniqueness, and Hyers–Ulam stability of the solution of the considered model. To
obtain the numerical approximation, a robust finite difference scheme based on the classical
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L1 discretization is developed. The resulting nonlinear system is efficiently solved using the
Newton–Raphson iterative technique. The numerical results demonstrate that fractional-order
models provide enhanced flexibility and accuracy compared to traditional integer-order for-
mulations. Specifically, variation in the fractional order significantly influences the rate of
infection and recovery, highlighting the crucial role of memory effects in epidemic modeling.
These findings confirm that incorporating fractional derivatives offers improved insight into
Ebola virus dynamics and can support more effective intervention and treatment strategies.

AMS subject classifications (2020): Primary 26A33, 37M05 ; Secondary 92D25, 65L05.

Keywords: Ebola virus, fractional order model, Caputo derivative, L1 technique, Qualitative
analysis.

1 Introduction

Fractional calculus generalizes classical calculus by extending the concept of derivatives and in-
tegrals to noninteger (arbitrary) orders. This framework is particularly well-suited for describing
systems with memory, hereditary effects, and long-range temporal dependencies. As a result,
fractional differential equations (FDEs) have emerged as powerful tools in modeling a wide range
of complex phenomena across various disciplines, including viscoelastic materials [23], anomalous
diffusion processes [17], quantitative finance, and population dynamics [10, 9]. For comprehen-
sive discussions on the theoretical foundations and applications of fractional calculus, one may
refer to [18, 5] and references therein. Although FDEs often involve increased computational
complexity due to their nonlocal nature, they offer a more accurate representation of systems
where classical integer-order models fall short. The growing interest in fractional modeling re-
flects its ability to bridge the gap between empirical observations and theoretical predictions,
making it a vital component of modern applied mathematics and scientific computing.

Population dynamics models provide mathematical frameworks to analyze how population
sizes evolve under the influence of biological interactions, environmental conditions, and disease
transmission [11]. These models are instrumental in fields such as ecology, epidemiology, and
resource management, where they aid in understanding the spread of infectious diseases and
formulating effective control and intervention strategies [12, 22]. Ebola virus, a highly virulent
pathogen belonging to the Filoviridae family, causes Ebola virus disease (EVD), a severe and
often fatal illness in humans and nonhuman primates. First identified in 1976 during simultaneous
outbreaks in Sudan and the Democratic Republic of Congo near the Ebola River, the virus has
since led to several deadly epidemics across sub-Saharan Africa. Ebola is primarily transmitted
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through direct contact with the blood, secretions, organs, or other bodily fluids of infected
individuals or contaminated materials. The incubation period ranges from 2 to 21 days, and
symptoms include sudden onset of fever, fatigue, muscle pain, vomiting, diarrhea, and, often,
internal and external bleeding. Currently, treatment for EVD is primarily supportive and includes
rehydration, oxygen supplementation, and the management of clinical complications. In recent
years, experimental therapies and vaccines have been introduced, among which the rVSV-ZEBOV
vaccine has demonstrated notable efficacy in clinical trials. Mathematical models of Ebola virus
transmission, often based on compartmental structures like the SEIR framework, are crucial
tools for understanding outbreak dynamics and informing strategies for intervention, quarantine,
vaccination, and public health preparedness.

The classical Ebola virus model for t > 0 is given as follows:

∂tS(t) = −αS(t)I(t) + βR(t)− γN,

∂tI(t) = αS(t)I(t)− ϵI(t)− δI(t),

∂tR(t) = δI(t)− βR(t),

∂tD(t) = ϵI(t) + γN,

(1)

subject to the initial conditions

S(0) = S0, I(0) = I0, R(0) = R0, D(0) = D0 (see Table 1). (2)

Table 1: Description of symbols used in the model

Symbol Description
d

dt
≡ ∂t Derivative with respect to time t

S(t) Susceptible population at time t

I(t) Infected population at time t

R(t) Recovered population at time t

D(t) Cumulative death population at time t

N Total population (assumed constant)
α Infection rate
β Rate at which recovered become susceptible
γ Natural death rate
ϵ Ebola-induced death rate
δ Recovery rate
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The classical model effectively represents the basic transmission mechanisms. However, it
overlooks the memory and hereditary effects that influence disease evolution. To address this
limitation, we extend the system to a fractional-order framework using the Caputo derivative.
In this work, we study the following fractional-order Ebola virus model (FEVM) for t > 0:



Dσ
t S(t) = −αS(t)I(t) + βR(t)− γN,

Dσ
t I(t) = αS(t)I(t)− ϵI(t)− δI(t),

Dσ
t R(t) = δI(t)− βR(t),

Dσ
t D(t) = ϵI(t) + γN,

(3)

subject to the initial conditions mentioned in (2). Dσ
t denotes the Caputo derivative of order

σ ∈ (0, 1), defined by [20]

Dσ
t ϕ(t) =

∫ t

0

(t− z)−σ ∂zϕ(z)

Γ(1− σ)
dz.

Mathematical modeling has significantly contributed to understanding the transmission dy-
namics of the Ebola virus, evaluating intervention strategies, and predicting outbreak scenarios.
Due to the nonlinear and nonlocal characteristics of fractional-order systems, finding exact solu-
tions is typically challenging [13]. Therefore, numerous numerical and semi-analytical techniques
have been developed to approximate solutions effectively [15]. Selected contributions include:
Pontryagin’s maximum principle is used by Bonyah, Badu, and Asiedu-Addo [7] to derive the
necessary conditions for optimality in a compartmental Ebola model. These conditions were
implemented numerically via a fourth-order Runge–Kutta method within an iterative forward-
backward framework. A dual modeling framework, deterministic and stochastic, was explored
by Berge et al. [6]. The deterministic system is handled using a standard Runge–Kutta method,
while the stochastic variant employs a continuous-time Markov chain to capture the random
nature of disease transmission. To model fractional dynamics, Singh [21] developed an itera-
tive numerical scheme based on the Grünwald–Letnikov fractional derivative. In another study,
Ahmad, Rafiq, and Abbas [4] investigated the SVEIR model using the classical fourth-order
Runge–Kutta method and a nonstandard finite difference scheme. Srivastava et al. developed
three Ebola virus models based on the fractal–fractional derivative with power-law, exponential,
and Mittag–Leffler kernels. They applied Lagrange polynomial interpolation to construct nu-
merical schemes for each model and compared their behaviors under varying parameters. The
conformable fractional differential transform method, a power-series-based technique, was ap-
plied by Nazir et al. [19] to obtain approximate solutions of a nonlinear Ebola model. To solve a
Caputo-type fractional model, Derakhshan [8] proposed the Sinc–Legendre collocation method,
demonstrating high accuracy and numerical stability in fractional-order equations. Lagrange
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polynomial interpolation was also used by Adu et al. [3] to approximate the trajectory of a frac-
tional Ebola system, emphasizing the method’s capability to capture nonlocal dynamics. In a
separate approach, Abbas et al. [2] incorporated the Grünwald–Letnikov derivative into the clas-
sical fourth-order Runge–Kutta framework to solve a fractional-order Ebola model. Abah et al.
[1] utilized the homotopy perturbation method to analyze a nonlinear Ebola model incorporating
mitigation strategies such as quarantine and public awareness.

Motivated by the existing literature, we have conducted a qualitative study on an Ebola
virus model involving an arbitrary-order derivative, focusing on its analytical solution existence,
uniqueness, and stability. Additionally, we propose an efficient iterative difference scheme based
on the standard L1 technique to approximate the solution of the nonlinear system (3). Theoret-
ical analysis and illustrative test examples validate the accuracy and efficiency of the proposed
method. The structure of the paper is as follows: The existence of the analytical solution of (3)
is discussed in Section 2, while Section 3 establishes its uniqueness. Stability results for (3) are
derived in Section 3.1. The construction of the numerical scheme for solving (3) is provided in
Section 4. Section 5 focuses on numerical simulations, and concluding remarks are presented in
Section 6.

2 Existence of the solution

In this section, we analyze the existence of a solution for the FEVM using fixed-point techniques.
Applying the Riemann–Liouville fractional integral operator to both sides of system (3), we
obtain the equivalent integral formulation:

S(t) = S0 +

t∫
0

G1(z, S(z))

Γ(σ)(t− z)σ−1
dz, I(t) = I0 +

t∫
0

G2(z, I(z))

Γ(σ)(t− z)σ−1
dz,

R(t) = R0 +

t∫
0

G3(z,R(z))

Γ(σ)(t− z)σ−1
dz, D(t) = D0 +

t∫
0

G4(z,D(z))

Γ(σ)(t− z)σ−1
dz,

where S0, I0, R0, D0 are the given initial conditions, and the nonlinear functions Gi(t, ·) are
defined as 

G1(t, S(t)) = −αS(t)I(t) + βR(t)− γN,

G2(t, I(t)) = αS(t)I(t)− ϵI(t)− δI(t),

G3(t, R(t)) = δI(t)− βR(t), G4(t,D(t)) = ϵI(t) + γN.
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Assumption (C1) : We assume that the functions S(z), I(z), R(z), D(z), S1(z),

I1(z), R1(z), D1(z) ∈ L1[0, 1], and that the following bounds hold for some positive real constants
q1, q2, q3:

∥I∥ ≤ q1, ∥S∥ ≤ q2, ∥R∥ ≤ q3.

Theorem 1. The kernels G1, G2, G3, G4 defined in the FEVM satisfy the Lipschitz conditions
under the assumption (C1), provided that 0 ≤ ηi < 1 where i = 1, 2, 3, 4.

Proof. First, we prove that the kernel G1(t, S) satisfies the Lipschitz condition. We compute

∥G1(t, S
1)−G1(t, S

2)∥ = ∥ − αS1I + βR− γN − (−αS2I + βR− γN)∥

= ∥αI(S2 − S1)∥ ≤ αq1∥S2 − S1∥ ≤ η1∥S2 − S1∥,

where η1 = αq1. Thus, G1 satisfies the Lipschitz condition provided η1 < 1. Next, we consider
the kernel G2(t, I)

∥G2(t, I
1)−G2(t, I

2)∥ = ∥αSI1 − ϵI1 − δI1 − (αSI2 − ϵI2 − δI2)∥

= ∥(αS − δ − ϵ)(I1 − I2)∥ ≤ (αq2 + δ + ϵ)∥I1 − I2∥

≤ η2∥I1 − I2∥,

where η2 = αq2 + ϵ+ δ. Now, for the kernel G3(t, R)

∥G3(t, R
1)−G3(t, R

2)∥ = ∥δI − βR1 − (δI − βR2)∥ ≤ β∥R1 −R2∥

≤ η3∥R1 −R2∥,

where η3 = β. Finally, for G4(t,D), we have

∥G4(t,D
1)−G4(t,D

2)∥ = ∥ϵI + γN − (ϵI + γN)∥ = 0.

Thus G4 is constant with respect to D, and hence Lipschitz condition with η4 = 0. Therefore, all
kernels Gi satisfy the Lipschitz condition with constants ηi < 1 for i = 1, 2, 3, 4, which completes
the proof.

Now, we reformulate the system using the kernels Gi, assuming zero initial conditions S(0) =
I(0) = R(0) = D(0) = 0. Then, the system becomes
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S(t) =

t∫
0

G1(z, S(z))

Γ(σ)(t− z)1−σ
dz, I(t) =

t∫
0

G2(z, I(z))

Γ(σ)(t− z)1−σ
dz,

R(t) =

t∫
0

G3(z,R(z))

Γ(σ)(t− z)1−σ
dz, D(t) =

t∫
0

G4(z,D(z))

Γ(σ)(t− z)1−σ
dz.

Let us define the following recursive sequences to approximate the solution:



Sk(t) =

t∫
0

G1(z, Sk−1(z))

Γ(σ)(t− z)1−σ
dz, Ik(t) =

t∫
0

G2(z, Ik−1(z))

Γ(σ)(t− z)1−σ
dz,

Rk(t) =

t∫
0

G3(z,Rk−1(z))

Γ(σ)(t− z)1−σ
dz, Dk(t) =

t∫
0

G4(z,Dk−1(z))

Γ(σ)(t− z)1−σ
dz,

(4)

where S0(t), I0(t), R0(t), D0(t) ≡ 0, initialized by the given initial conditions.

Theorem 2. The FEVM (3) admits a solution if the following condition holds:

η = max{η1, η2, η3, η4} < 1.

Proof. We begin by estimating the difference between two successive approximations of the
susceptible population as follows:

∥DSk+1(t)∥ = ∥Sk+1(t)− Sk(t)∥

=

∥∥∥∥∥∥
t∫

0

[G1(z, Sk(z))−G1(z, Sk−1(z))] dz

Γ(σ)(t− z)1−σ

∥∥∥∥∥∥
≤

t∫
0

∥G1(z, Sk(z))−G1(z, Sk−1(z))∥ dz
Γ(σ)(t− z)1−σ

.

Similarly, for the infected population,

∥DIk+1(t)∥ = ∥Ik+1(t)− Ik(t)∥

=

∥∥∥∥∥∥
t∫

0

[G2(z, Ik(z))−G2(z, Ik−1(z))] dz

Γ(σ)(t− z)1−σ

∥∥∥∥∥∥
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≤
t∫

0

∥G2(z, Ik(z))−G2(z, Ik−1(z))∥ dz
Γ(σ)(t− z)1−σ

.

For the recovered population,

∥DRk+1(t)∥ = ∥Rk+1(t)−Rk(t)∥

=

∥∥∥∥∥∥
t∫

0

[G3(z,Rk(z))−G3(z,Rk−1(z))] dz

Γ(σ)(t− z)1−σ

∥∥∥∥∥∥
≤

t∫
0

∥G3(z,Rk(z))−G3(z,Rk−1(z))∥ dz
Γ(σ)(t− z)1−σ

.

For the death compartment,

∥DDk+1(t)∥ = ∥Dk+1(t)−Dk(t)∥ =

∥∥∥∥∥∥
t∫

0

[G4(z,Dk(z))−G4(z,Dk−1(z))]

Γ(σ)(t− z)1−σ
dz

∥∥∥∥∥∥ = 0.

Now, we show the convergence of the sequences using the recursive bound. For instance,

∥Sn+1(t)− S(t)∥ =

∥∥∥∥∥∥
t∫

0

[G1(z, Sn(z))−G1(z, S(z))]

Γ(σ)(t− z)1−σ
dz

∥∥∥∥∥∥ ≤ η1t
σ

Γ(1 + σ)
∥Sn − S∥ .

Iterating the above inequality leads to

∥Sn+1(t)− S(t)∥ ≤
(

η1t
σ

Γ(1 + σ)

)n

∥S1 − S∥ .

Similarly, we get

∥In+1(t)− I(t)∥ ≤
(

η2t
σ

Γ(1 + σ)

)n

∥I1 − I∥ ,

∥Rn+1(t)−R(t)∥ ≤
(

η3t
σ

Γ(1 + σ)

)n

∥R1 −R∥ ,

∥Dn+1(t)−D(t)∥ = 0.

Since η = max{η1, η2, η3, η4} < 1, it follows that all sequences converge uniformly. Hence the
system admits a unique continuous solution.
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3 Uniqueness of the solution

Next, we demonstrate the uniqueness of solutions for the FEVM.

Theorem 3 (Uniqueness of solution). The FEVM (3) possesses a unique solution if the following
inequality is satisfied:

ηi
Γ(σ)

< 1 for i = 1, 2, 3, 4.

Proof. Assume, to the contrary, that there exists a distinct solution to the system (3), denoted
by S⋆(t), I⋆(t), R⋆(t), D⋆(t). Then, both this solution and the original one must satisfy the
corresponding integral formulations of the model

S(t) =

t∫
0

G1(z, S(z))dz

Γ(σ)(t− z)1−σ
, S⋆(t) =

t∫
0

G1(z, S
⋆(z))dz

Γ(σ)(t− z)1−σ
.

Subtracting and taking norms, we get

∥S(t)− S⋆(t)∥ =

∥∥∥∥∥∥
t∫

0

[G1(z, S(z))−G1(z, S
⋆(z))] dz

Γ(σ)(t− z)1−σ

∥∥∥∥∥∥
≤

t∫
0

∥G1(z, S(z))−G1(z, S
⋆(z))∥ dz

Γ(σ)(t− z)1−σ
≤ η1t

σ

Γ(1 + σ)
∥S − S⋆∥.

If η1t
σ

Γ(1+σ) < 1, then it follows that ∥S − S⋆∥ = 0. Hence S(t) = S⋆(t) for t ∈ [0, T ]. Similarly, for
the infected compartment,

∥I(t)− I⋆(t)∥ ≤
t∫

0

∥G2(z, I(z))−G2(z, I
⋆(z))∥dz

Γ(σ)(t− z)1−σ
≤ η2t

σ

Γ(1 + σ)
∥I − I⋆∥

⇒ I(t) = I⋆(t).

For the recovered compartment,

∥R(t)−R⋆(t)∥ ≤
t∫

0

∥G3(z,R(z))−G3(z,R
⋆(z))∥dz

Γ(σ)(t− z)1−σ
≤ η3t

σ

Γ(1 + σ)
∥R−R⋆∥

⇒ R(t) = R⋆(t).

Finally, since G4 is constant with respect to D, we have ∥D(t)−D⋆(t)∥ = 0 ⇒ D(t) = D⋆(t).
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This however means, all components of the solution coincide. This proves that the solution
is unique.

3.1 Stability of the solution

Definition 1 (Hyers–Ulam stability [14]). The fractional integral system described in (4) is said
to be stable if there exist constants δi > 0 for i = 1, 2, 3, 4, such that for every ζi > 0, the
following inequalities hold:∣∣∣∣∣∣S(z)−

t∫
0

G1(z, S(z))dz

Γ(σ)(t− z)1−σ

∣∣∣∣∣∣ ≤ ζ1,

∣∣∣∣∣∣I(z)−
t∫

0

G2(z, I(z))dz

Γ(σ)(t− z)1−σ

∣∣∣∣∣∣ ≤ ζ2,

∣∣∣∣∣∣R(z)−
t∫

0

G3(z,R(z))dz

Γ(σ)(t− z)1−σ

∣∣∣∣∣∣ ≤ ζ3,

∣∣∣∣∣∣D(z)−
t∫

0

G4(z,D(z))dz

Γ(σ)(t− z)1−σ

∣∣∣∣∣∣ ≤ ζ4.

Then, there exist functions S̄(z), Ī(z), R̄(z), D̄(z) satisfying the inequalities∣∣∣∣∣∣S̄(z)−
t∫

0

G1(z, S̄(z))dz

Γ(σ)(t− z)1−σ

∣∣∣∣∣∣ ≤ ζ1,

∣∣∣∣∣∣Ī(z)−
t∫

0

G2(z, Ī(z))dz

Γ(σ)(t− z)1−σ

∣∣∣∣∣∣ ≤ ζ2,

∣∣∣∣∣∣R̄(z)−
t∫

0

G3(z, R̄(z))dz

Γ(σ)(t− z)1−σ

∣∣∣∣∣∣ ≤ ζ3,

∣∣∣∣∣∣D̄(z)−
t∫

0

G4(z, D̄(z))dz

Γ(σ)(t− z)1−σ

∣∣∣∣∣∣ ≤ ζ4,

such that

∣∣S(z)− S̄(z)
∣∣ = t∫

0

∣∣G1(z, S(z))−G1(z, S̄(z))
∣∣ dz

Γ(σ)(t− z)1−σ
≤ η1t

σ

Γ(1 + σ)

∥∥S − S̄
∥∥ .

Let ζ⋆1 = tσ

Γ(1+σ)

∥∥S − S̄
∥∥ and δ1 = η1, then we have

∣∣S(z)− S̄(z)
∣∣ ≤ ζ⋆1 δ1.

Similarly, we obtain

∣∣I(z)− Ī(z)
∣∣ ≤ ζ⋆2 δ2,

∣∣R(z)− R̄(z)
∣∣ ≤ ζ⋆3 δ3,

∣∣D(z)− D̄(z)
∣∣ ≤ ζ⋆4 δ4.

Theorem 4 (Hyers-Ulam stability). Under the given assumptions, the FEVM (3) is stable.

Proof. According to the uniqueness Theorem 3, the model (3) has a unique solution S(z), I(z), R(z), D(z).
Let the approximate solution of the model be denoted by S⋆(z), I⋆(z), R⋆(z) and D⋆(z). Then,
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we have

|S(z)− S⋆(z)| =
t∫

0

|G1(z, S(z))−G1(z, S
⋆(z))| dz

Γ(σ)(t− z)1−σ
≤ η1t

σ

Γ(1 + σ)
∥S − S⋆∥ .

Let η⋆1 = tσ

Γ(1+σ) ∥S − S⋆∥ and δ⋆1 = η1. Then |S(z)− S⋆(z)| ≤ η⋆1δ
⋆
1 . Similarly, for I(z)

|I(z)− I⋆(z)| =
t∫

0

|G2(z, I(z))−G2(z, I
⋆(z))| dz

Γ(σ)(t− z)1−σ
≤ η2t

σ

Γ(1 + σ)
∥I − I⋆∥ .

Let η⋆2 = tσ

Γ(1+σ) ∥I − I⋆∥, and δ⋆2 = η2. Then |I(z)− I⋆(z)| ≤ η⋆2δ
⋆
2 . For R(z)

|R(z)−R⋆(z)| =
t∫

0

|G3(z,R(z))−G3(z,R
⋆(z))|

Γ(σ)(t− z)1−σ
dz ≤ η3t

σ

Γ(1 + σ)
∥R−R⋆∥ .

Let η⋆3 = tσ

Γ(1+σ) ∥R−R⋆∥, and δ⋆3 = η3. Then |R(z)−R⋆(z)| ≤ η⋆3δ
⋆
3 . Finally, for D(z), since G4

is independent of D, we trivially have |D(z)−D⋆(z)| = 0, which satisfies Hyers–Ulam stability
with η⋆4 = 0, δ⋆4 = 0. Thus, all state variables satisfy the Hyers–Ulam condition, and the model
is Hyers–Ulam stable.

4 The discretized problem

Let M be a positive integer and define a uniform partition of the interval [0, T ], T > 0 as
{tj = jτ | j = 0, 1, . . . ,M}, where the step size is τ = T/M . The Caputo fractional derivative
of order σ applied to S(t) at the grid point tj for j = 1, 2, . . . ,M is expressed as

Dσ
t S(tj) =

1

Γ(1− σ)

j−1∑
k=0

∫ tk+1

tk

(tj − s)−σ∂sS(s) ds,

which can be approximated using the L1 scheme [16] as

Dσ
MS(tj) =

1

Γ(1− σ)

j−1∑
k=0

1

τ
[S(tk+1)− S(tk)]

∫ tk+1

tk

(tj − s)−σds

=

j−1∑
k=0

[S(tk+1)− S(tk)] dj−k
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= S(tj)d1 +

j−1∑
k=1

(dj−k+1 − dj−k)S(tk)− S(t0)dj , (5)

where dp = τ−σ

Γ(2−σ) [p
1−σ − (p − 1)1−σ] for p = 1, 2, . . . ,M . Similarly, the L1 discretization of

Dσ
t I(t), Dσ

t R(t) and Dσ
t D(t) at tj are given by

Dσ
MI(tj) =

j−1∑
k=0

[I(tk+1)− I(tk)] dj−k,

Dσ
MR(tj) =

j−1∑
k=0

[R(tk+1)−R(tk)] dj−k,

Dσ
MD(tj) =

j−1∑
k=0

[D(tk+1)−D(tk)] dj−k.

Substituting the above into the model (3), we obtain the discrete system

Dσ
MS(tj) = −αS(tj)I(tj) + βR(tj)− γN,

Dσ
MI(tj) = αS(tj)I(tj)− ϵI(tj)− δI(tj),

Dσ
MR(tj) = δI(tj)− βR(tj),

Dσ
MD(tj) = ϵI(tj) + γN.

(6)

Rewriting in simplified form, we get

(d1 + αI(tj))S(tj)− βR(tj) + γN +

j−1∑
k=1

(dj−k+1 − dj−k)S(tk)− S(t0)dj = 0,

(d1 + ϵ+ δ − αS(tj))I(tj) +

j−1∑
k=1

(dj−k+1 − dj−k)I(tk)− I(t0)dj = 0,

(d1 + β)R(tj)− δI(tj) +

j−1∑
k=1

(dj−k+1 − dj−k)R(tk)−R(t0)dj = 0,

(d1)D(tj)− ϵI(tj)− γN +

j−1∑
k=1

(dj−k+1 − dj−k)D(tk)−D(t0)dj = 0.

(7)

Define the system compactly for j = 1, 2, . . . ,M as
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F1(Sj , Ij , Rj , Dj) = 0, F2(Sj , Ij , Rj , Dj) = 0,

F3(Sj , Ij , Rj , Dj) = 0, F4(Sj , Ij , Rj , Dj) = 0,

Sj , Ij , Rj , Dj ≥ 0,

(8)

where Sj denotes the approximate value of S(t) at time tj . Similar notation is used for Ij , Rj ,
and Dj . The nonlinear algebraic system (8) is solved using the Newton–Raphson method, with
the initial guess 

S
(0)
j

I
(0)
j

R
(0)
j

D
(0)
j

 =


Sj−1

Ij−1

Rj−1

Dj−1

 .

Then, the nth iteration is computed by


S
(n)
j

I
(n)
j

R
(n)
j

D
(n)
j

 =


S
(n−1)
j

I
(n−1)
j

R
(n−1)
j

D
(n−1)
j

− J−1
(n−1)


F

(n−1)
1

F
(n−1)
2

F
(n−1)
3

F
(n−1)
4

 ,

where J(n−1) is the Jacobian matrix computed using partial derivatives of Fi with respect to the
unknowns. Finally, the solution at step j is approximated as


Sj

Ij

Rj

Dj

 ≈


S
(n)
j

I
(n)
j

R
(n)
j

D
(n)
j

 .

5 Numerical illustration and discussions

The following test example is presented to validate the accuracy and efficiency of the proposed
numerical scheme. All simulations are carried out using MATLAB R2016a.

Example 1. Consider the model problem (3) with initial conditions as given in [21]: α = 0.01,
β = 0.02, γ = 0.01, N = 1000, ϵ = 0.6, δ = 0.4, S(0) = 970, I(0) = 30, R(0) = 0, D(0) = 0.

To evaluate the model (3), a comparative numerical experiment was conducted using three
different fractional orders: 0.99, 0.95, and 0.9. The simulation results for each case are depicted in
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Figures 1. Specifically, Figure 1a corresponds to σ = 0.99, Figure 1b to σ = 0.95, and Figure 1c
to σ = 0.9. Across all three cases, the system dynamics are qualitatively similar, confirming
the consistency and robustness of the proposed method. These observations align with previous
results reported in [21]. Further, comparative analysis is presented in Figures 2, which show
the influence of varying fractional orders (σ = 0.90, 0.95, 0.98, and 0.99) on the dynamics of
the individual compartments. Figure 2a illustrates the dynamics of the susceptible population
S(t), which exhibits a decreasing trend as σ increases. This implies that higher fractional orders
slightly accelerate the depletion of the susceptible population. The infected population I(t) in
Figure 2b grows sharply at first but then falls to zero more quickly when σ gets closer to 0.99. This
indicates that infection is recovered and controlled more quickly at higher fractional orders. The
recovered population R(t), shown in Figure 2c, increases monotonically with time and stabilizes
more quickly as σ increases, indicating a faster transition from infection to recovery. Finally, the
evolution of the cumulative death population D(t) is illustrated in Figure 2d, where a gradual
stabilization follows an initially rapid growth. The figure indicates a pronounced increase at
higher fractional orders, highlighting the significant influence of σ on mortality accumulation.
Although the system’s qualitative behavior remains consistent for 0.90 ≤ σ ≤ 0.99, small changes
in σ produce notable quantitative shifts, highlighting the model sensitivity to the fractional order.
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(a) σ = 0.99
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(b) σ = 0.95
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(c) σ = 0.9

Figure 1: Solutions of S(t), I(t), R(t), and D(t).

6 Conclusion

In this study, we developed and analyzed a FEVM transmission, focusing on the assessment of its
long-term dynamics. We examined the existence, uniqueness, and stability of the model solutions
using fractional calculus, specifically employing the Caputo derivative. Numerical simulations
were carried out using an iterative scheme with initial conditions. To explore the transmission
behavior of the Ebola virus, we analyzed the system under varying fractional orders and param-
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Figure 2: Comparison of S(t), I(t), R(t), and D(t) for different σ.

eter sensitivities. The results of the numerical experiments illustrate that FEVM yields solutions
that are not only consistent with biological expectations but also more flexible and realistic than
their integer-order counterparts. These findings underscore the significance of incorporating frac-
tional derivatives into epidemiological modeling, as they offer a more accurate representation of
memory and hereditary properties inherent in infectious disease dynamics.
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