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Transdermal drug delivery via a hollow microneedle
considering the skin’s mechanical properties:

Analytical and numerical study

E. Azhdari* and A. Emami

Abstract

Hollow microneedles have a significant impact on transdermal drug delivery by overcoming
the stratum corneum layer of the skin and delivering drugs directly to living skin tissues. In
this paper, using a mathematical model, the diffusion of nanocarriers, free drugs, and bound
drugs in the microneedle channel, different skin layers, and the bloodstream is described.
The mechanical properties of the skin, which affect drug delivery due to the elasticity and
elastin present in the dermis of the skin, are considered. The qualitative behavior of the
model is studied using energy estimation. The well-posedness of the fully coupled system
is examined. Numerical simulations are used to study the model’s numerical behavior and

sensitivity analysis.
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1 Introduction

The transdermal drug delivery system has emerged as a powerful, acceptable, and general ap-
proach for new drug delivery systems [27]. It has gained great interest in practice due to many
advantages such as less invasiveness, ease of application, and so on [19, 32]. A drug applied
to the skin’s surface must penetrate the stratum corneum (SC) and viable epidermis (VE) in
order to reach the blood (BL) vessel-containing papillary dermis (PD), which is determined by
the anatomical makeup of the skin. The rest of the drug may enter the lymphatic system or
penetrate into the reticular dermis (RD). The topmost layer of the skin, known as the SC, serves
as a barrier to protect the skin and stops additional drug penetration because its cells are made
up of densely packed, flat, dead keratinocytes without nuclei [28]. This problem doubles the

importance of dermal drug delivery by new methods.

To overcome this issue, hollow microneedles (MNs) are used. In general, MNs are divided into
five categories, namely solid, hollow, coated, dissolving, and swellable MNs [7, 20, 34]. Hollow
MNs contain a channel (CH). After passing through the SC, the MN delivers the drug directly to
the underlying layers with the help of the CH, as shown in [7]. For the treatment to be effective,
instead of freely transporting the drug to the desired sites, the drug is placed in nanocarriers
and the nanocarriers are transported to the desired site through the CH [17]. This prevents the
drug molecules from being quickly destroyed by the body.

The dynamic properties of skin tissue, which vary among patients, can affect transdermal
drug delivery [18, 29]. It is challenging to isolate these factors experimentally alone. Mathemat-
ical modeling can be of great help. Many mathematical models have been studied in the field of
transdermal drug delivery [2, 3, 5, 6, 22]. Azhdari and Emami [3] have simulated transdermal
drug delivery using polymeric MNs. The effect of MN swelling in the skin on drug delivery has
been investigated and studied numerically and analytically. A model explored for drug deliv-
ery through hollow MNs was examined by Benbrook and Zhan [5], focusing on the influence of
various characteristics of hollow MNs, nanocarriers, clinical environments, and environmental
variables . The model presented by Zhan et al. does not address the mechanical properties of
the skin, which are influenced by a protein called elastin, which is found in the dermis layer
of the skin and has elasticity and stretch properties. In this paper, we study these important

properties and show their effect on drug delivery.
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Azhdari and Emami 190

The summary of this paper is as follows: In section 2, the anatomy of the skin is discussed.
The mathematical model of the problem and the initial and boundary conditions, as well as
the viscoelastic effect are presented in section 3. In section 4, the qualitative behavior of the
model, using energy estimation, and the well-posedness of the fully coupled system are discussed.
Numerical results, numerical simulations, numerical error analysis, and convergence study are

presented in section 5. Finally, in section 6, conclusions are presented.

2 The anatomy of the skin

The skin is the covering and protective part of the body, which in addition to having a significant
impact on our appearance, also indicates our internal health [21]. The skin is composed of three
main layers (Figure la), each of which includes a sublayer and appendages that have their own
functions and play a role in maintaining the overall structure of the skin [1]. These layers of
the skin, from surface to depth, include: epidermis, dermis, and hypodermis. In the case of the
epidermis, it is mostly composed of dead cells, and the hypodermis plays a major role in warming
the body. The dermis is the second layer of skin located below the epidermis. The dermis of the
skin is divided into two areas: one is the PD, and the other is the RD [30]. This layer is composed
of connective tissue and contains a large amount of nervous tissue and blood vessels. When it
comes to thickness, the dermis is significantly thicker than the epidermis and is responsible for
the skin’s strength and elasticity. The geometry of the model is shown in Figure 1b. According
to this figure, to make sense, we indicate the domains as follows: SC (€5), MN (©,,), CH (Q,),
VE (Q.), PD and BL (€,), and RD (©2,-). Also, 15um for SC, 100um for VE, 350um for PD,
and 800um for RD are the actual skin layer thickness values that the model is based on. Also,
the length of the MN is 250pum and the width of the CH is 30um. The cylindrical CH is located
in the center of the MN.

3 Mathematical model

The model includes equations that describe the transport of infusate, interstitial fluid, and drug
inside the MN CH, skin tissues, and circulatory system. The notations have been included in

Table 1 to facilitate the reading of the parameters.
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Figure 1: The anatomy of the skin and geometry of the model.

3.1 Fluid transfer model
The fluid inside the MN CH and skin tissues such as VE, PD, and RD, which act as a porous

medium, are described with the help of the continuity equation and the moment conservation

equation as follows:
V-v=0, (1)

ov
P PV V) = —Vp+uViv, (2)

where v is the velocity, p is the pressure, p is the density, and p is the viscosity.

3.2 Drug delivery model

In this section, a mathematical model for different types of drugs, which are delivered in the form
of nanocarriers, released drugs (free drugs), and encapsulated drugs (bound drugs), is presented.

The drug is first introduced into the skin tissue in the form of nanocarrier capsules through the
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Table 1:

Parameter notation and description.

Parameter Notation

Parameter Description

n
f
b
MN (Qm)
e VE ()
¢ SC (Qs)
p PD (Qp)
r RD (Q.)
c CH ()
C”L,]
Dly]

kai

Nanocarrier
Free drugs
Bound drugs
Microneedle
Viable epidermis
Stratum corneum
Papillary dermis
Reticular dermis
Channel
Concentration of ¢ =n, f,b in Q; j=c,ep,r bl
Diffusion coefficient of i = n, f
in Q; j=e,c,p,mrbl
Physical degradation rate of free drug
in Q; j=cenp,r
Drug release rate in Q; j =e,p, bl
Drug association rate with protein
Drug dissociation rate from protein
Rate of plasma clearance of i =n, f
Rate of fluid exchange between the PD and lymph
Constant dependent
Rate of fluid exchange
Osmotic reflection coefficient of drug
Stiffness coefficient of the single spring
Stiffness coefficient of the spring
Stiffness coefficient of the dashpot
Viscoelastic diffusion coefficient
Stress generated by the skin
Velocity
Pressure
Density
Viscosity

192

MN CH. After contact with the skin tissues, the nanocarriers begin to release the drug, and

the remaining nanocarriers and released drugs are transported to the adjacent tissues, which

depends on how far the MN is inserted into the skin. In this paper, we assume that the tip of the

MN passes through the SC and VE and is located in the PD. Nanocarriers and free drugs are

subject to elimination in all layers of the skin corresponding to the skin tissues due to biological

and physical reactions. In particular, some of the nanocarriers and free drugs in the PD layer

may enter the circulatory and lymphatic systems. The transfer of nanocarriers and free drugs

within the MN CH, skin layers and bloodstream, determined through the convection, diffusion,

degradation and release equations, is expressed as follows:

acn,o
ot

=V (D VCp ) — V- (vCyc), in Q. x (0,77,
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% =V- (Df,cVCf,c) -V (VCf’c) — kd,ch,c, m QC X (07T]7
% =V (Dn,evcn,e) -V (VOn,e) - krel7ecn7e, mn Qe X (O,T],
83{@ =V (Df,evcf,e) -V (VCﬁe) + krel,ecnve — kd,ecf,e7
in Q. x (0,7,
aC,
Tm =V (Dn,pVCn,p) -V (VCan) — Rlycn,p — kTel,an7p,
in QP X (OvT}v
oC
# =V (Df’pvcf’p) -V (ch,p) =+ kT‘el,an7p - kd,pCﬁp - Rlycf,p
_kprfyp + kpqu,p . Em[wap, Cf,bl}, in Qp X (O7 T]7
d
% = k:pbcfvp - kpucb,;m ZTL Qp X (O,jﬂ]7
% = V . (Dn,rvcn,r) - V . (Vc’n,r) — k‘rel’rcn’r, m Qr X (O7T]’
aCs .,
8;’ = v . (Df,rvcf,’l') - V . (VCf,r) + krel)rcn’,r — kd,rcf,r
in Q, x (0,77,
dC, .
dt,bl = —kre1,51Cnpt — kectrnCnbt, in €y X 0,77,
dC'
d];bl = krel o1 Cnpt — (kppCrot — kpuCop) — ketr,fCr ot + Ex[Cp, Cr ]

in Q, x (0,7T],

(4)

(10)

(13)
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dCh,pi
dt

= kppCrp1r — kpuChp1, in Q, x (0,77, (14)

where C; ; are nanocarrier concentration, free drugs concentration and bound drugs concen-
tration in CH,VE,PD,RD,BL, for i = n,f,b and j = c,e,p,r,bl, respectively, D;; are
the diffusion coeflicient of nanocarrier and free drugs in CH,VE, PD,RD, for i = n,f and
Jj =c,e,p,r, respectively, kq ; are the physical degradation rate of free drug in CH,VE, PD,RD,
for i = c, e, p,r, respectively, ky¢;; are the drug release rate in VE, PD, RD, BL for i = e, p,r, bl,
respectively, Ry, is the rate of fluid exchange between the PD and lymph, &, is the drug associ-
ation rate with protein, k,, is the drug dissociation rate from protein, and ke, and ke, p are
the plasma clearance rate.

In (8) and (13), the free drugs exchange rate between the PD and BL is defined as
Ex[Cyp, Cpptl = kpa(Crp — Crn) — Bl —og)Crau, (15)

where kg, is a constant dependent on the vascular permeability of nanocarriers and capillary
surface area per unit of tissue volume, Ry; is the rate of fluid exchange between the PD and the
blood, and o is the osmotic reflection coefficient of drug.

The following can be mentioned as a biological implication of the equations. Diffusion and
convection with flow of interstitial fluid are required in VE, while in MN, convection, infusion,
and diffusion are required to transport drug nanocarriers. In PD, transport of nanocarriers is
dependent not only on diffusion, convection and release of the drug but also determined by
exchange between the tissue and circulatory systems, whereas in RD, transport is mediated by
convection, diffusion, and local release of the drug. Exchange between BL and PD, local release

of the drug and plasma clearance all affect the blood concentration of the drug nanocarriers.

3.3 Viscoelastic effects

Elastin is a protein found naturally in the dermis of the skin and has elasticity and stretch
properties. This protein allows the skin to return to its original shape after being stretched.
This phenomenon causes the skin to become resistant to the drug’s entry into the PD through
the MN CH. Therefore, to describe the viscoelastic behavior of the skin, it is necessary to add
the term V.(D, Vo) to the right-hand side of (7) and (8). Keeping the sign used by Ferreira et
al. [13], o denotes the stress generated by the skin and D, is called the viscoelastic diffusion

coefficient. Therefore, (7) and (8) change as follows after this explanation:
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aC,.,

S =V (D1 VCyp) +Vo(DoV0) = V- (vCup) = RiyCry

_krel,pcn,;m (16)

oCyp

ot =V - (DypVCiyp) +V(DyNVo) =V - (vCyp) + krel pCnp — kapCrp

—RiyCtp — kppCrp + kpuChp — Ex[Cy p, Cp ] (17)

Many viscoelastic models obtained under different experimental conditions are presented
here [24, 31]. In what follows, we present one of the simplest models, also known as the Zener
model, which is linear [4, 26]. The model presented is used to describe the viscoelastic behavior
of skin due to the presence of elastin in the dermis layer. The delay times used in this model
are consistent with those predicted for viscoelastic behavior in living tissues [25]. The system
is made up of a spring in parallel with a spring-dashpot in series, and the connection between

stress and strain is depicted as follows:

do g E1 de E1
A T 18
By xdt 1 (L+ 5 x t Xe (18)

where € is the strain created by the nanocarrier and drug molecules. FE; represents the sole
spring’s stiffness and Fo and 7 represent the spring-dashpot pair’s stiffness and damping factor,

respectively.

To demonstrate that the skin prevents the drug from entering the PD, the terms on the right

side of (18) must be multiplied by a negative sign, meaning that o and € have opposite signs.

As stated in [4, 12], in (18), we assume the relationship between strain and the concentration

of drug and nanocarriers as the following linear relationship:
Ezf(Cz)7 Z:n7pand fvp (19)

The diffusion of solute through viscoelastic materials does not obey the Fick Law. This
is because, in biological terms, for example, the concentration of the solvent may change the
physical structure of the tissue (e.g., cartilage, hydrogel, or cell-filled matrix). The viscoelastic
matrix is in opposition to the Brownian motion of the molecules, which can be measured by the
stress reaction to the strain. Several authors have proposed a general model in which the flux is
due to two phenomena: the concentration gradient of a solute and the stress gradient created by

the matrix [13, 15]. Therefore, to measure the stress created in (16)—(17), we represent it with
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the simplest Zener model that includes both instantaneous elasticity and delayed viscoelasticity.

To solve (18), we provide the strain e based on the concentration C; for i = n,p and i = f, p.

Many biological materials are porous, hydrated structures. The concentration of fixed
charges on proteoglycans attracts counterions, creating an osmotic pressure difference. Increas-
ing the concentration of C; for i = n,p and ¢ = f,p ions within the tissue directly leads to
volumetric strain and swelling. This relationship is often linear over a range of physiologically
relevant concentrations. Mathematically, in the Taylor expansion, if the deviation is small, then
the terms with higher orders can be eliminated. So we get a linear relationship between strain

and concentration.

3.4 Initial and boundary conditions

The mathematical model describing the MNs with holes inserted into the skin and solved in two
dimensions for drug delivery. Throughout the entire computational domain, the initial concen-
trations of the free and bound drugs are taken to be zero, whereas the nanocarrier concentration
in CH is taken to be the starting concentration at the start.

No liquid or drug passes through the wall of the MN cavity. Also, the CH surface is a hard
wall and the drug flux is zero. The drug is taken to be zero in the vicinity of the computational

domain (£, 2, and €,.). Therefore, we have the following boundary condition:

DVC -y =0, (20)

where 7 is the exterior unit normal, D represents the diffusion coefficient of free drugs or nanocar-
riers, and C represents the concentration.

Boundary conditions are applied at the interface boundaries between different layers of the
skin, I'q,—q, and I'g,_q,, as well as at the interface boundary between the CH and the skin
tissue, I'q. —q,, for drug and fluid transport are as follows:

{D1VC1 - = 11,2(Ch — Ca), (21)
DyVCs 19 =—D1VCy - m1,

where 771 and 72 are the exterior unit normal, D; and D5 are the diffusion coefficient of nanocar-
riers or free drugs in the domains with an interface boundary, C; and Cs are the concentration in

the domains with an interface boundary, and ¢; 2 is the mass transfer coefficient of the interfaces.
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The MN surface is a hard wall, so the flow velocity at the MN boundary is zero. For the

various layer boundaries of the skin, we have assumed that the flow velocity at these boundaries is

zero. This indicates that the skin’s boundary walls are regarded as rigid, establishing a stationary

no-slip boundary condition on the walls. Therefore boundary conditions for the flow velocity in

all domains are assumed to be zero, v = 0.

4 Well-posedness

In this section, we use the energy estimate to arrive at the stability of the solution for a finite

time interval, from which the existence of the solution also follows. We also show the uniqueness

of the solution.

4.1 Energy estimates

In this section, we will discuss an energy estimate that gives us an overview of the qualitative

behavior of the problem. First, we solve (18) to get

Eg
nt

o(t) = o(0)e™ ! — (Ey + Es)e(t) + (Ey + Es)e(0)e

E3 [
—|——2/ e(s)e_%(t_s)ds.
n Jo

By Applying (22) in (16) and (17) and considering (19), we get

0Ch p

. D E2 [t _ By
o :v-(Dn,pvcn,pHTZ /O e~ 79Iv20,, ds

-V (VCn,p) - Rlycn,p - krel,pcn,pa

0Cyp
ot

D, E2

t

=V (D}, V€, + 25 [ ROV s - V- (vC )
0

‘Hfrel,pcn,p - kd,pcf,p - Rlycf,p - kpbcfm

+hpuCop — Ex[Cyp, Cp ol

where D} ) = D; , — D,(E1 + Ey) fori=mn, f.

(23)

(24)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 1, 2026, pp 188-219



Azhdari and Emami 198

Note that the new interface boundary conditions for (23)—(24) are following

D, E2
(D,VCy + 2

t g,
/ efT(tis)VcldS) = Ll,Z(Cl - 02)7
0

D, E2 [t
2/67%(t75)v01d8)'771.
0

(25)
DyVCs - my = —(D1VCy +

By multiplying (3)—(6), (9)—(14) and (23)—(24) by ¢;; for i =n, f,band j =c,e,p,r,bl, we

obtain

oC,

(%’ ¢n,c) = 7(Dn,cvcn,ca V(an)c) + (VCnvc’ v('bn’c)
[ DO b ds - / VC o - o, (26)
90, O
aC; .
(2 91e) = ~(D.eVCie,Vore) + (vOpe, Vore) = kae(Cre, O1.c)

"r/ DfA:VCf,C . q/)f’cds - / VCf’C . ¢f,cd57 (27)
0. o

c

0Cy e
( 8t’ 7¢n,e) = _(Dn,evcn,ev V(bn,e) + (vcn,ea V¢n,e) - krel,e(cn,e7 ¢n,e)
+ Dn,evcn,e : ¢n,ed$ - / Vcn,e : ¢n,ed3a (28)
Q. Q.
0CY,c
(77 ¢f,e) = _(Df,evcf,ea V¢f,e) + (VCf,ea V¢f,e) + krel,e(cn,m (bf,e)
+/ Df,eVCﬁc . ¢f7eds
Q.
*/ VCf,e : d)f,eds - kd,e(cf,m d)f,e)a (29)
Q.
dC
( d?p ) d)b,p) = kpb(Cf,pz ¢b,p) - kpu(cb,pa ¢b,p)a (30)
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((’“)C’mﬂ
ot

7¢n,r) = _(Dn,rvcn,rv v¢n,r) + (vcn,r7 V(bn,'r) - krel,r(cn,'m (bn,r)

+/ Dn,'rvcn,'r : ¢n,rd3 - / Vcn,r : an,rdS) (31)
o0, Q

r

( 5t 0fr) = —(DprVCy:, Voy,) + (VO Vg, )

+/ DfJ-VCfJ- . d)f,,.ds — / VCfﬂ- . gi)f,,.ds
o0, )

r

*kd,r(cf,ra ¢f,r) + krel,r(cn,ra ¢f,r)a (32)
dCy,
( dt’bl s Onpl) = —kret,v1(Crbty Onvt) — keirn (Chopts Gnpl)s (33)
( 7 s f61) = Kret vt (Crvts @ p.61) — kpp (Cpts @ f.61) + kpu(Coopr, 01)
—ketr,f (Crpt, p01) + kea(Crp, dpp1) — kEe(Cr, db1)
—Ry(1L—0)(Crpt Of.00), (34)
dC
(ﬁ, O,01) = kpt (Cr o1, O,01) — kpu(Co bt G.01), (35)
80?%? * *
(7, ¢n,p) = —(Dnmvcn’p, Vqﬁn,p) + Dn)pvcnyp . (an’pds
09,
7/8 Vc’n,p : ¢n,pd5 - krel,p(cn,pa ¢n,p) - Rly(cn,zn ¢n,p)
D’U‘Eg ‘ —E(t—s)
_T e (VCnp,Vonp)ds+ (vCp p, Vor p)
0
D, FE? b B
e / / T N (VChp, b0 p)d, (36)
n 80, Jo
8C’f7p *
( ot s Orp) = — (D7 ,VCs 5, Voyrp) + (VO p, Vi) + kpu(Copy dfp)

- / VO p - O pds + krelp(Cnp, bp.p) — Riy(Crpy s p)

P
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 D,E} .
/ (90, Vo p)ds — kie(Crp, 61)

D E
v /an / VCfp,qbfp)ds + ke (Crt, dr.p)
+sz(1 —01)(Crpt, br.p) = kap(Crps brp) = kpp(Crps dr.p)
" /69 D;apvcfap P pds. (37)

By taking ¢; ; = C; ; for i =n, f,band j = c,e,r,p,bl, and summing up the equations, and

considering the boundary and interface boundary conditions, we obtain

>dq Z 1Ciill72(a,) i1 5 dt Z 1Cb,ill72(0,)
i=n,f i=p,bl
j=c,p,e,r,bl
+ Y DijlIVCilltao, e + Y DiplVCislfa,ye
i=n,f i=n,f
j=c,e,r
+ Y kaillCrillizon + Y. EretillCusilliagay
i=c,e,p,r i=e,p,r,bl
+ Y RyllCipliia,) + Y kwlCrilliza,) + Rull —o)ICrulliz(q,)
i=n,f i=p,bl
+ 3 karillCiaill3a,y + Y. kpallCril}ay + Y. EpullCrill?aa,)
i=n,f i=p,bl i=p,bl
+ Y uglliCrigllZee, )
i=c,p
j=np,e,r
k=n,f

= Z (VCZ'J', VCLJ‘) + 2kEm (Cf,pv nybl)

Phayiras
+Ru(1 = 07)(Crai,Crp) + Y kpp(Coi, Cri)
i=p,bl
+ Z krel,i (Cn,iv Cf,’L) + Z kpu (Cb,i7 Cf,’L)
i=p,e,r,bl i=p,bl
-y E2 / S (VC, , (5), V(1)) ds.
i=n,f

(38)

Note that we consider o(0), Cy, ,(0) and C,(0) as constants. In (38), the symbol [Cy; ;] =
(C,i — Ck,j) represents the exchange of concentrations of nanocarrier and drug at the interface

boundary between the two domains. It is shown with this symbol for convenience. Only ordered
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pairs of (¢,p), (p,e), and (p,r) are permitted in the final term on the left side of (38). It is

important to note that in (38), wherever L?(;) appears, it means L%(€2,).

Use Cauchy’s inequality with epsilon to get

L 2 2 2 2
D (VG VO < 30 (o IMIENCislia e, + €519 CislIEL2 o, p2):
i=n,f i=n,f 3

j=c,p,e,r j=c,p,e,r

kre 7
Z krel,i(cn,ucf,i)ﬁ Z (4621’ ||On,i||%2(gi)+ﬁiel,z‘|

Cfﬂ”%?(fh))’

1=p,e,r,bl i=p,e,r,bl rel,i
Kpu 2 2 2
> k(@i Cri) < X0 (o CuillEa(ay) + GuillCrilliaa,)).
i=p,bl i=p,bl Cpu,i

k
>k (CoisCri) < > (ﬁ\lcb,iﬂiz(gp) + e illCrillT2(0,))

i=p,bl i=p,bl pb,i

kE:z:
2
2€5,

2kgs (Crp, Crol)

IA

||Cf,p||2L2(np) + E%zHCf,bl”%%Qp)v

Ru(1—o0y)
Ry (1 - C’f)(cf,bl,C’f,p) S e ! ||Cf,p||2L2(Q,,) + €§z||0f,bl||2L2(Q,,)a
bl

D,E2 [t _ B
- = / ¢TI (VC; ,(5), VO (1)) ds
0

i=n,f n
D2E3 [
< D (@ IVCLMIP+ 55 727/0 IVCi ()P ds).
i:n,f 1,0

Multiplying (38) by two and using above inequalities, we obtain

d d

i > I1Cii1172(0,) o > 1C,ill720,) + > 2Ruy||Cipll72 (0,
) i=n,f . i=p,bl i=n,f
J=c,p,e,r,
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+ 3 2Dy — -2, VT

i=n,f i=e,p,r,bl

[2L2(Qj)]2 + Z 2krel,i||cn,i||%2(ﬂi)

j=c,e,r
+ Z 2(D;, =€) — € )IVCipltrza,ye + Z 2kail|Crill 720
i=n,f i=c,e,p,r
+ Z zkprCf,iH%?(Qp) + Z 2kpullCo,ill 720,
i=p,bl i=p,bl
+ Y 2keril Cinil o,y + Y, 2kmellCrilliz
i=n,f i=p,bl
+2Rp(1 = o) [Cruil o,y + O 2tisll[Crijlllzz
: () ij kil L2(r, )
i=c,p
Jj=p,e,r
k=n,f
1 2 krelz
< > s IVIRIC e @y + D 1Cn.ill 220
) 2€2 J ) 2€2 L
Ci=n,f 2 i=p,e,r,bl Tl
J=c,p,e,r
+ Z 267elz||cfl||L2(Q )+ Z T3 5 ) (Q )
i=p,e,r,bl i=p,bl puz pb,i
+ Z 2(62 +62 )HC 2 kg ( ) C
pu,i pb,i f17‘||L2(Qp) + ( 2 + 2¢2 )” fP”L2
- €Ex bl
i=p,bl
2 2 2 D2E3
¥ + Il + Y o / 19 () 30, s (39)
i:n,f

Fixing in (39) € ; such that (D;; — €} ,—€¢},) >0 and (D}, — €, —¢},) >0 for i =n, f and
j=ce,r.

By integrating from (39) and using the Gronwall lemma, we get Theorem 1.

Theorem 1. If C = (C; ;) for i = n,f,b and j = ¢,p,e,r, bl is a solution of the variational
formulation of (3)—(14), respectively, then a positive constant ® that is independent of time

exists such that

1
e(Ct) = 35— £(C(0))e™, (40)
where
c= > I1Ciill720,) + > 1Ch,ill72(0,) (41)
i=n,f i=p,bl
j=c,p,e,r,bl
/ Z HVCIJHLz Q; ]2d3+/ Z ”CZJHL?(Q yds
i=n,f i=n,f
j=c,p.e,r j=p,e,r
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t t
T / S 1Chil2a, ds + / 1Cratll2, ds

i=p,bl
t t
+ [ 10 baods+ [ X 2, l00alla, s
0 U
j=p,e,r
k=n,f
P
P — Maac7 (42)
(I)min
Ppmin = min { L, 2(Di;j - 61273'_61270) i=n,f ’Q(D;p - 6?,17 - 6127U>i:n,f’
j=c,e,r
(2Li,j) i=c,p 2(krel,p + Rly)a 2krel,ea riel,ra

Jj=p.er

2(kret,pr + keirpt), 2(kap + Riy + kpy + kgs),
de,ea 2kd,m 2kd,ca 2kpu7
2(kpb + kclr,bl + kEz + Rbl(l - O—f))}v

and
Krel i D2E3
[0 = ma v 2 - reli y it AV ,
Mazx X { (2622’]- ” |‘00)jic,7zl)i]ec,r’ (26£€l,i )z—p,e,rv (46127077 )1—n7f
k ko
2¢2 ). _tpu o pb N
( Erel,z)l—%eﬂ”? (2612)1“_ 262}),1_ )Z—p,bl’
kg Ry (1—oy)
2(6127u,i + eib,i)i:P,blv ( 62 i + 262 )’ 2(€2E$ + el%l)}‘
Ex bl

From Theorem 1, we can conclude that the mathematical model of the problem is stable in
a finite time interval. Also, the existence of a solution to weak problem (26)—(37) is a direct

consequence of the energy estimate (40).

4.2 Uniqueness of the solution

In this section, we examine the uniqueness of the fully coupled system (fluid flow and drug
transport). Two distinct solutions, (¥, CA'i,j,ff) and (¥, éi,j,&) fori =n, f,band j = c,e,p,r,bl,
are examined for (1)—(2), (3)—(6), (9)—(14), (16)—(17) and (18). After subtracting them, use the

test functions ¢y, ¢;; and ¢, to create a weak form. In the equations, enter ¢y = wy, ¢; ; = w; ;
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and ¢, = wy, Where wy =V -V, w;; = C'i’j — éu and w, = & — &, then integrate by part to

obtain
ow; i ow Owy
’ 2 We “a;
X )+ 2w + ()
_]—C,_p,éﬂ" bl
=— > (Di;Vwi, Vuig)+ Y (vwiy, V)
vi:n,f li:n,f
j=cper j=cp.er
_ ow;, EqEs
+ Z (wyéi g, Vwi ;) + Z ((B1 + E2)( 3tp7wa) + ——(wip, w,))
Ci=n.f i=n.f
Jj=cpe,r
- Z kd i wf,zwa, Z krel 7 wn iy Wn, z Z Rly(wi,p7wi,p)
i=c,e,p,T i=e,p,r,bl i=n,f
- Z kpp(wyiswyi) — Z Epu (Wi, wp,i) — Z Ketr,i (Wi 15 Wi b1
i=p,bl i=p,bl i=n,f
- Z kEa:(wf,i7wf,z) Rbl(l_o-f)(wfblvwfbl Z krelz W 'Lawfz)
i=p,bl i=p,e,r,bl
= Y (kpu + ki) (woi,wy3) = (2kga + Ruu(1 = 0f)) (wrp, wr )
i=p,bl
~ 1% 2E2
—(wy. V¥, wy) — =(Vwy, Vwy) — Z D,(Vwy, Vw; p) — — (We, We ).
p i=n,f
Using
(£.9) < oI + S lglP?
IS p 5 gl
and
I/Q(wv-VV)wvdSI < Nwe|2alIV72 < Allwy[l 22 [V || 22 [ V|72,
we get

0 0 0
S sl + 5l + 25 lwalia,)

i=n,f
j=c,p,e,r,bl
< 3 (e + oy — 2D05) [V Rz + Y €, [V
i=n,f i=n,f
j=c,e,r
D
€i,p T €v; ip ip L2 2
i=n,f ip
2u
+(€v*7)\|vwv||[2L2(Qj)]2* Z 2kaillwyill72q

i=c,e,p,T
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- > 2haillwnillian — D 2Ry | wipl72(0,)

i=e,p,r,bl i=n,f
=3 hpllosiliaa,y = D Zkpullwniliag, = D Zkanillwinlli,)
i=p,bl i=p,bl i=n,f
=Y 2kmelwyillia,) — 2Ru(1 = op)[wpnlliz@
i=p,bl
1 -
+ ) 7\\VII lwi 1720, + ——1Cu5 11 v ]?) (43)
i=n,f “J Vi,j
j=c,p,e,r
+ Z Te“ \meLz(Q ) + Z QGTC“”wa”Lz(Q)
i= p,erbl Erel,i i=p,e,r,bl
+ Z )||wb z||L2(Q ) T Z EPu7i+€Pb7i)||wf7i”2L2(Qp)
i=p,bl Epu,i i=p,bl
2kg +Rbl(1—0') A N
+ - . L ”wﬁpH%ﬁ(Qp)+2€bl||wf>bl||%2(ﬂp)+?va||2llvv||2
v
8w (B + E») E\Es
+ > (e, ”’II2 [ | + €5, lwip | + l[ws %)
21' 3i
i=n,f P P

The €;s constants can be chosen to be negative (€; ;j+e€,, , —2D; ;), (€ip+e€v, , —2D;, e?p )
and (e, — 27), and the €1, , and ey, , coefficients can be ignored in (43). Therefor there exists
a € L?(0,T) such that

0
2 D Mgl el + Jlea )

i=n,f,b
Jj=c,p,e,m,bl

<a®( Y lwigh® + llwel®r + llws ).

i=n,f,b
j=c.p,e,r,bl

In other words, ||wyl|, ||ws| and ||w; ;|| ¢ =n, f,b j = c,p,e,r, bl are obviously zero at = 0.
We can thus prove the uniqueness of the solution by applying the Gronwall lemma, which yields

lwn|? = llwel* = [lwi ;> =0 i=n,f,bj=cpenrdbl
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5 Numerical simulations

5.1 Numerical methods and independence of the solution

on the mesh

Equations (1)—(21) were solved in the geometry shown in Figure 1b. The numerical results
presented in what follows are obtained using COMSOL Multiphysics 5.6. The piecewise linear
finite element space P; is used for the concentration and P, for flow equations, and the backward
differential formula with order between 1 and 2 with time step length 0.01 is used to take the
integral in time. A triangular mesh was created automatically. Table 2 provides the values used

for the parameters in the numerical simulation.

Table 2: Values of the parameters for drug properties.

Parameter and Symbol Values Units Reference
Diffusivity in CH(Dy,¢, Dn,c) 3.8 x 10~ 10 m2/s [5, 35]
Diffusivity in skin tissues 1x 10710 m?2/s [5, 23]
(Diji=n,fj=ep,rbl)
Density(p) 1000 kg/m? 5]
Drug degradation rate(kg) 5.6 x 1076 1/s [5, 33]
Drug release rate(k,.q;) 1x 104 1/s (5]
Drug association rate with protein(kps) 0.833 1/s [5, 10]
Drug dissociation rate from protein(kpy,) 0.278 1/s [5, 10]
Constant dependent(kgy) 2.3 x 1073 1/s (5]
Rate of fluid exchange(R;y) 4.2 x 1077 1/s (5]
Rate of fluid exchange(Rp;) 1.19 x 1072 1/s (5]
Rate of plasma clearance(k;) 5x 1075 1/s [5, 23]
Osmotic reflection coefficient of drug(cy) 0.15 (5]
Viscosity(u) 0.78 Pa.s (5]
Stiffness coefficient of the single spring(E71) | 1.2294 x 10~1 Pa [4, 15]
Stiffness coefficient of the spring(F2) 1.7239 x 10~! Pa [4, 15]
Stiffness coefficient of the dashpot(n) 1.0532 x 10~1 N/m.s [4, 15]
Viscoelastic diffusion coefficient(D,,) 5x 10712 mol/m3.s.Pa [4, 15]

The various meshes are taken into consideration to ensure that the numerical results are
independent of the mesh size. Using convergence tests, the mesh density’s adequacy has been
examined. For two different meshes, the convergence of the solutions and the mesh independence
have been investigated. To better demonstrate this assertion, Figure 2 and Tables 3 and 4
compare various meshes for the average concentrations of nanocarriers and free drug in the PD,
respectively. Notably, the reference solution is defined by a mesh consisting of 1702 elements.
Figure 2 indicates that the numerical results are independent of mesh size, as the changes between

the meshes are nearly indistinguishable.
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Figure 2: Average nanocarrier concentrations (a) and free drug concentrations (b) in the PD to demonstrate
that numerical results are independent of meshing.

Table 3: Different errors for nanocarriers concentration in PD.

Number of elements L°°-norm L%-norm

599 426 x 101 1.10 x 102
356 9.34 x 1074  1.83x 1072
287 9.73x 1074 1.95x 10~2
188 1.03 x 10~3  1.96 x 10~2

Table 4: Different errors for free drug concentration in PD.

Number of elements L>-norm L2%-norm

599 1.09 x 1075  4.65 x 10~ %
356 1.65x 107% 7.82x10~%
287 1.73 x 107°  8.40 x 10~*
188 1.76 x 10~°  8.45 x 10—*
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Figure 3a shows a flow velocity diagram in CH, with arrows indicating the flow direction.
The average free drug concentrations in CH, PD and BL, computed with and without convective
transport, are plotted in Figure 3b,3c, and 3d to show how convection affects drug transport

in various domains. Convection has an increasing impact on drug transport, according to these

plots.
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Figure 3: Effect of flow velocity on the drug transport

5.2 Convergence study

In what follows, we assume that the domains of €2;,7 = ¢, e, p, r are polygonal lines. Suppose that
Sih,t = c,e,p,rm,h — 0 is a sequence of admissible triangles from €;,7 = c, e, p,r, respectively,

with maxaeg, , diam(A) — 0. We assume that the triangles on the common boundary are
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congruent. By V; 5, we denote the subspace H'(Q;) defined by the piecewise linear functions of
up, induced by the triangulation of J;;, for i = c,e,p,r.  Let C;;n € [[ Vi, for i = n, f,b,
j=cep,rbland k = ¢, e, p,r be the approximate piecewise linear solutions of (3)—(6), (9)—(14)
and (16)—(17). Then, considering e; ; = C; j — C; ;5 for i =n, f,b, j = ¢, e,p, r, bl and following

the procedure for proving in section 4.2, we get the following results:

d
%( Z Hez',jH%?(Qj)‘*' Z Heb,j\%?(szp))
i=n. f i=pbl
j=c,p,e,r,bl
+ Z Dij— i1 =€) IVeilltiza, e
i=n,f
j=c,e,r,p
1
< Y (G Ivall + Aug)lleis
ismy 2Giin
j=c,e,r,p
D D
Y sl ot + g Vels@e  (44)
i=n,f 2¢ 5.2 “n.p.3 €.p.6
j=c,e,r,p

k’le €
where Af’c = —de’c, An,e = 2571 - 2krel,e7 Af’e == 26?7673 - 2kd,e>

f.es

kpu kret,r 2
Ab,p = 252:)73 - 2kpua An,r = ﬁ - 2k'r‘el T Afr = 25f7~3 - 2kd,ra

JsPs L)

Kret bl
Ap i = 2, 2krerbr — 2Ketrm, App = — 2kpu,

krely, 2
A"yp = 25? pi + 2671,;0,3 - 2Rly - riel,pa

Afyp = k# + 26?10’3 + 26?4}’4 + 26%10’5 + 26?‘,1),6 — 2R1y —2kg, — de,p - Qkpb,

by + Gpat Bulloop)) 262 1 o + 263 4y + 26 5 — 2kpe — 2k — 2keir,f — 2Ru(1— o).

,bl €¥.p,5

2
7
Put g(vi(t)) = (5=—IIvall% + Ai;), then inequality (44) leads to
i,7,1

Z ||€i,j||%2(szj)+ Z ||€b,j||%2(9p)

i=n,f j=p,bl
j=c,p,e,r,bl
t
+/ el 9tn () Z 2(D, _512,3',1 - 1], )Hvem||[L2(Q )2ds
0 i=n,f
j=c,e,r,p
t
< ele gt A (N e j(0)F2i,) + DL llews (0)]F2a,))
i=n,f j=p,bl
j=c,p,e,r,bl

t ¢ty 1
+/Oefsg( R e 1 (21 3

i=n,f %,7,2
Jj=c,e,r,p
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D, D, 2
+ 7)||Veg|| L2(Q) dS.
26%)1))3 26?’,[),6 (L2( p)])

+(

The following conclusion can be reached by using the approximation that was employed in
[14, 16].

t
S eislZaay + 3 NlenslBa, + / S | VeiylPds < ChY,

i=n,f j=p,bl i=n,f
j=c,p.e.r,bl j=c,p,e,r,bl

where C is the positive constant that is independent of A and t.

5.3 Numerical simulations and sensitive analysis

Figures 4a and 4b show the concentration of nanocarrier in the circulatory system and skin tissues
and how that concentration changes over time. The findings indicate a gradual decrease in this
concentration after it first rises in all skin components. The PD has a higher concentration than
the VE and RD, respectively, because the needle is located there. The last location of this drug
delivery process is the circulatory system, which has the lowest concentration. It is clear from
the figure that at the beginning of diffusion, an immediate jump in concentration occurs inside
the PD compared to the VE and RD. As shown in Figure 4c, the concentration of free drug is
displayed along the skin layers. It is evident, nevertheless, that most of the drug is present in
the skin layers as bound drug. Figure 4d illustrates the percentage of the drug that enters the

bloodstream as both bound and free.

Figures 5 and 6 demonstrate the impact of drug release rate on drug delivery outcomes
in skin and blood. It is evident that quick drug release can successfully lower the amount of
nanocarriers in BL and all skin layers (Figure 5). In contrast, the concentration of free drug
varies. Because nanocarriers penetrate the PD, an increased rate of release enables the drug to
diffuse more quickly, which raises the concentration of free drug quickly. However, more free

drug can be moved from the PD to the VE and RD due to faster release.
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Figure 4: Drug concentrations in blood and skin tissues over time.

5.4 Dependence on viscoelastic properties and comparing

the model

In the previous sections, we assumed a constant value for the viscoelastic diffusion coefficient. In
this section, we want to analyze the dependence of the concentrations of the nanocarrier and free
drug on D,. Figure 7 illustrates how the viscoelastic diffusion coeflicient D, affects the release of
the nanocarrier and, consequently, the free drug in PD and BL. As the figures demonstrate, we
can anticipate less nanocarrier accumulation and, as a result, less free drug accumulation in PD
and BL as D, rises. This is due to the fact that the elastin present in the dermis increases the
resistance of the dermis to the entry of the drug through the MN CH. Ultimately, the amount

of drug that enters the bloodstream decreases as the viscoelastic diffusion coefficient increases.

This important property was not mentioned in [5].
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Figure 5: The effect of drug release rate (k,.;) on the nanocarriers concentration in skin and BL.

The comparison between the model presented in this paper and Benbrook and Zhan’s model
presented in [5] is illustrated in Figure 8 and Table 5. Figure 8 shows the average concentration
of the drug in the bloodstream. This figure illustrates how the viscoelastic term, which was
added to our model to reflect the skin’s viscoelastic property, which acts as a barrier, causes
the concentration of nanocarriers and free drug to be lower than those in Zhan’s model. Table
5 shows a quantitative comparison of nanocarrier and free drug concentrations in PD and BL
between our model and Zhan’s model. These values were recorded at a set time of 20 hours.
From this table, it is clear that the viscoelastic property affects the transport of drugs and acts

as a barrier to drug delivery.

To confirm our work and the effectiveness of the model, the results of this model were
compared in Figure 9a with the experimental results in [9]. As can be seen, our results are in
line with experimental results demonstrating that the model is valid. The viscoelasticity of the

skin degrades as a result of diseases and hydration loss brought on by aging [11]. According to
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Figure 6: The effect of drug release rate (k,.;) on the free drug concentration in skin and BL.

[8], which explores how age affects the viscoelastic properties of the skin, three important and
influential factors are reduced with age: the immediate contraction of the skin after release of
negative pressure, the total contraction after the first cycle, and the ratio of the instantaneous
contraction to the maximum deformation, which measures the skin’s biological elasticity. This
results in a reduction of stiffness in the Zener model. This paper shows that, on average, the
parameters decline by 0.6 units between 20 and 60 years of age. To illustrate how drug delivery
changes with age, we consider in Figure 9b two different values of stiffness and observe that

viscoelastic skin properties decrease with age, leading to increased drug delivery into the skin.

Table 5: Quantitative comparison of our model with Zhan’s model at a set time of 20 hours.

Chnp Crp Ch bl Cr bl
Benbrook and Zhan’s model [5]:  0.0069526  3.1846 x 10~%  3.1249 x 10~°%  3.3212 x 1010
Our model: 0.0046546  2.1459 x 10~*  2.1340 x 10—8  2.2393 x 10— 10

Iran. J. Numer. Anal. Optim., Vol. 16, No. 1, 2026, pp 188-219



Azhdari and Emami

0.015¢

0.014r
0.013¢
0.012¢
0.011¢

0.01r
0.009

0.007
0.006 -
0.005¢

C_n,p (average)

0.004

0.003!]
0.002}

0.008}

0.001f

—%-D_v=1E-15
—%-D_v=1E-18

20 40
Time (h)

(a) Nanocarrier concentration in PD

%107 [T
551

50t
45¢
401
35|
30}
25¢
20¢
15t

C_n,bl (average)

10r

=% D_v=1E-15 |
—%—D_v=1E-18| |

20 40
Time (h)

(¢) Nanocarrier concentration in BL

Figure 7: The impact of the viscoelastic diffusion coefficient (D,) on the various PD concentrations.
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214

A mathematical model incorporating ordinary and partial equations, along with initial and

boundary conditions, has been developed to analyze the transport of nanocarriers and drugs

via a hollow MN embedded in the skin. It describes drug diffusion into the nanocarrier, free

drug, and bound drug states. The objective is to facilitate drug entry into the bloodstream

using a nanocarrier positioned in the MN CH. This model accounts for the skin’s mechanical

characteristics influenced by elastin in the dermis and demonstrates significant effects on drug

delivery through numerical results. Some conclusions from this analytical and numerical study

are presented.
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Figure 8: Comparison of the nanocarriers concentration (a) and the free drugs concentration (b) in BL in our
model with the model presented in [5].
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Figure 9: Model validation. (a) Comparison of model predicted free drug concentration in PD with laboratory
measurements. (b) Effect of age, disease state and skin hydration on viscoelastic properties.

¢ Using energy estimation, the stability of the model solution and its uniqueness can be

proven (Theorem 1);

¢ By taking into account various meshes and comparing the convergence of solutions using
the L? and L™ norms, it is possible to determine the independence of numerical results

from mesh size (Figure 2 and Tables 3 and 4);

o Considering the viscoelasticity of the skin due to the presence of elastin in the dermis,
we see that it has a significant effect on drug transport. As shown in Figure 7, less drug

enters the PD and, eventually, less drug enters the bloodstream as D, rises (Figure 7);
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¢ The negative effect of the skin properties as a result of diseases and hydration loss brought
on by aging on viscoelasticity and thus on drug delivery to skin was investigated (Figure

9b);

¢ Comparing our model with the model presented by [5] (Figure 8), this difference value is

related to considering the viscoelastic effect on the skin (Equations (16) and (17)).

As a future work, we plan to consider the three-dimensional model in real terms so that we can

get closer to reality.
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