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Abstract

This study explores a fractional time-space stochastic diffusion equation for modeling pollutant
concentration, incorporating Caputo fractional derivatives and fractional Laplacians to capture
anomalous diffusion. Stochastic noise, modeled via Brownian motion and Brownian bridges,
is simulated using the Karhunen–Loève expansion (KLE). The equation’s formulation, along
with initial and boundary conditions, is presented. Analytical and numerical methods are
discussed, emphasizing a hybrid framework combining fast Fourier transform, L1-algorithm,
and KLE techniques. Numerical examples with sinc and Gaussian initial conditions highlight
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the superior accuracy and efficiency of the KLE approach over traditional Euler methods,
revealing the significant influence of fractional parameters on pollutant dispersion dynamics
and their potential for environmental modeling applications.

AMS subject classifications (2020): 35R60, 60G22, 65M75, 60H30, 76R50, 86A05

Keywords: Noninteger order probabilistic transport equation; Memory-dependent time deriva-
tives; Eigenfunction decomposition methods; Contaminant transport simulation; Numerical ap-
proximation strategies.

1 Introduction

Fractional stochastic diffusion equations (FSDEs) have become essential in modeling intricate
phenomena across physical, biological, and engineering domains. By extending classical diffusion
models through fractional derivatives, these equations effectively describe anomalous diffusion,
where particle spread deviates from standard patterns [9, 3]. The inclusion of stochastic com-
ponents further enhances their capability to represent inherent randomness in various systems,
such as fluid dynamics in porous media and particle movement in disordered structures [28, 30].

These equations play a crucial role in diverse applications. In ecology and biology, they model
species dispersion and organism movement in heterogeneous environments, providing insights into
ecosystem dynamics [3, 15]. Within engineering and physics, FSDEs describe heat, mass, and
momentum transport in complex materials, as well as energy transfer in oscillator chains and
particle behavior in nonequilibrium systems [13, 23]. Additionally, chemical engineering relies
on FSDEs to analyze reaction-diffusion systems, helping predict chemical species’ behavior in
reactors and industrial processes [2, 10].

Addressing FSDEs requires sophisticated mathematical and computational techniques. Meth-
ods such as the tanh-coth approach, Caputo derivatives, and finite difference schemes pro-
vide both exact and approximate solutions [15, 1]. More advanced frameworks, including the
Carathéodory approximation and the variational iteration method (VIM) combined with the
Elzaki transform, enhance solution stability and convergence, ensuring their reliability in prac-
tical applications [28, 19].

Despite their broad applicability, FSDEs present significant computational challenges due to
their complexity. Ongoing research focuses on refining numerical techniques and expanding their
use in fields like finance and advanced materials science [25, 26]. Additionally, efforts are directed
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toward developing generalized models that incorporate stochastic resetting and fractional Fokker-
Planck equations, further broadening their scope [6, 24].

Recent comprehensive reviews have systematically examined the rapid evolution of numer-
ical methods for fractional stochastic partial differential equations, highlighting significant ad-
vances in spectral methods, finite element approaches, and their practical implementations across
various disciplines [17]. Contemporary developments have extended these methodologies to
multi-dimensional frameworks, establishing robust computational strategies that combine L1-
algorithms with FFT-based approaches for handling complex spatio-temporal noise structures
[18].

In this research, we investigate a fractional time-space stochastic diffusion equation (FTSSDE)
designed to model the concentration of pollutants in a given medium. The governing equation
is expressed as

c∂α
t C(x, t) + κβ(−∆)β/2C(x, t) = ση(x, t), 0 < α ≤ 1, 0 < β ≤ 2, (1)

where the spatial domain is x ∈ [c, c + L], time t > 0, and C(x, t) represents the pollutant
concentration. The equation incorporates fractional derivatives in both time and space, capturing
anomalous diffusion processes influenced by stochastic noise. The initial condition is specified as

C(x, 0) = C0(x), x ∈ [c, c+ L], (2)

indicating the initial distribution of the pollutant. The boundary condition is periodic, given by

C(c, t) = C(c+ L, t), (3)

ensuring continuity of the concentration across the boundaries of the spatial domain.

The parameter κβ governs the diffusivity, determining the rate at which the pollutant dis-
perses through the medium. The fractional exponent β characterizes the type of diffusion: smaller
values of β (closer to 0) correspond to super-diffusive behavior, where particles spread faster than
in classical diffusion, while values approaching 2 indicate sub-diffusive behavior, where spread-
ing is slower. The fractional time derivative, parameterized by α, introduces memory effects,
allowing the model to account for historical states of the system. This framework is particularly
useful for analyzing complex pollutant dynamics influenced by fractional and stochastic effects,
such as those observed in heterogeneous or porous media.

The Caputo fractional time derivative c∂α
t C(x, t) is defined for 0 < α < 1 as
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c∂α
t C(x, t) =

1

Γ(1− α)

∫ t

0

∂C(x, τ)

∂τ

1

(t− τ)α
dτ, (4)

where Γ is the Gamma function, and the derivative accounts for nonlocal temporal effects. The
spatial fractional Laplacian (−∆)β/2C(x, t), which governs the anomalous spatial diffusion, is
defined in the one-dimensional case for 0 < β < 2 as

(−∆)β/2C(x, t) = − 1

2 cos(πβ/2)

(
cD

β
xC(x, t) + xD

β
c+LC(x, t)

)
, (5)

where cD
β
xC(x, t) and xD

β
c+LC(x, t) are the left and right Riemann–Liouville fractional deriva-

tives of order β, respectively. Let n = ⌈β⌉, the smallest integer greater than or equal to β. These
derivatives are given by

cD
β
xC(x, t) =

1

Γ(n− β)

dn

dxn

∫ x

c

(x− ξ)n−β−1C(ξ, t) dξ, (6)

xD
β
c+LC(x, t) =

(−1)n

Γ(n− β)

dn

dxn

∫ c+L

x

(ξ − x)n−β−1C(ξ, t) dξ. (7)

These expressions capture the nonlocal spatial interactions, allowing the model to describe
long-range dependencies in the pollutant’s spread. The stochastic term η(x, t) = W (x)BBridge(t)

introduces randomness into the system, where W (x) represents a Brownian motion in the spatial
coordinate, modeling random fluctuations in the pollutant source, and BBridge(t) is a Brownian
bridge in time, ensuring that the noise is constrained to specific temporal behavior (e.g., returning
to a reference state at the boundaries of the time interval).

This model extends traditional diffusion equations by incorporating fractional calculus and
stochastic processes, making it suitable for scenarios where classical diffusion models fail, such
as in turbulent flows, fractured aquifers, or atmospheric pollutant dispersion. The combination
of fractional derivatives and stochastic noise enables the model to capture both memory ef-
fects and random environmental influences, providing a robust framework for studying complex
transport phenomena. Potential applications include environmental engineering, where under-
standing pollutant dispersion is critical for designing mitigation strategies, and in hydrology, for
modeling contaminant transport in groundwater systems. Future work could explore numerical
methods for solving the FTSSDE or extend the model to higher dimensions for more realistic
representations of physical systems.

Pollutant dispersion in natural environments often exhibits anomalous diffusion character-
istics due to the complexity of the medium, such as soil heterogeneity, turbulent atmospheric
layers, and porous geological formations. Classical diffusion models assume a Gaussian spread
of pollutants, which fails to capture real-world scenarios where pollutants experience long-range
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correlations, memory effects, and heterogeneous transport mechanisms. The FTSSDE provides
a more generalized framework, incorporating both temporal and spatial fractional derivatives
to model nonlocal effects and power-law decay, leading to a more accurate representation of
pollutant concentration in diverse environmental settings [7, 11, 27].

Recent advances in atmospheric science have demonstrated the effectiveness of fractional
stochastic advection-diffusion frameworks for modeling moisture transport at ocean-atmosphere
interfaces, where temporal memory effects and nonlocal turbulent diffusion mechanisms play
crucial roles in boundary layer dynamics [16]. These developments underscore the growing recog-
nition that fractional stochastic models provide superior accuracy in capturing environmental
transport phenomena compared to classical approaches.

Environmental factors such as fluctuating wind patterns, temperature variations, and chem-
ical reactions introduce inherent randomness into pollutant transport. Traditional deterministic
models cannot adequately account for such uncertainties, making stochastic modeling essential.
FTSSDEs integrate stochastic noise to reflect the probabilistic nature of diffusion, ensuring real-
istic predictions of pollutant spread under varying conditions. This stochastic component enables
the model to describe the erratic dispersion of pollutants in urban air pollution, riverine con-
tamination, and subsurface transport, where external influences create unpredictable deviations
in concentration levels [29, 31].

The incorporation of stochastic components in pollutant transport modeling is not merely a
mathematical abstraction but reflects fundamental physical realities that govern environmental
systems. Environmental variability introduces inherent randomness through fluctuating meteo-
rological conditions, such as turbulent wind patterns, temperature gradients, and precipitation
variability, which directly affect dispersion rates and directions. Additionally, subsurface het-
erogeneity creates random spatial variations in hydraulic conductivity, porosity, and chemical
reaction rates that cannot be deterministically characterized at practical scales. Model uncer-
tainty arises from incomplete knowledge of initial pollutant distributions, boundary conditions,
and measurement noise in monitoring systems. Furthermore, multi-scale interactions between
molecular diffusion, advective transport, and chemical transformations exhibit stochastic be-
havior due to the complex interplay between microscopic and macroscopic processes. From a
regulatory perspective, probabilistic risk assessment requires stochastic modeling to quantify un-
certainty bounds and confidence intervals, enabling robust environmental management decisions
under uncertainty. Traditional deterministic models fail to capture these random fluctuations,
potentially leading to significant underestimation or overestimation of pollutant concentrations,
which can have serious implications for public health risk assessment and environmental reme-
diation strategies.
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In addition to stochasticity and anomalous diffusion, pollutant transport often occurs in
highly heterogeneous media where physical and chemical properties vary significantly over space
and time. FTSSDEs allow for flexible adaptation to these conditions by tuning the order of frac-
tional derivatives, effectively capturing the influence of porous structures, adsorption-desorption
dynamics, and multi-phase flow interactions. This adaptability makes FTSSDEs particularly
valuable for predicting long-term pollutant behavior in groundwater contamination, atmospheric
dispersion modeling, and large-scale ecological impact assessments. The development of robust
numerical and analytical methods further enhances their applicability, making FTSSDEs a pow-
erful tool for environmental scientists and engineers [12, 14].

To address the computational challenges posed by FTSSDEs, we develop a hybrid numerical
framework that combines three sophisticated techniques: (1) Fast Fourier transform (FFT) im-
plementation for efficient spatial discretization of fractional Laplacians, exploiting the spectral
properties of these operators in frequency domain; (2) L1-algorithm for robust temporal ap-
proximation of Caputo fractional derivatives, providing first-order accuracy with optimal com-
putational complexity; and (3) Karhunen–Loève expansion (KLE) for accurate simulation of
stochastic noise components, offering superior convergence properties compared to traditional
Euler-Maruyama schemes. This integrated approach enables us to achieve computational effi-
ciency while maintaining high numerical accuracy for complex fractional stochastic systems.

The primary contributions of this work include: (i) demonstrating that KLE-based noise
simulation achieves mean squared errors (MSEs) approximately three orders of magnitude lower
than conventional Euler methods; (ii) establishing superior convergence rates for the KLE ap-
proach (orders 1.57–5.43) compared to Euler schemes (orders 1.19–2.73); (iii) proving computa-
tional efficiency gains where KLE with 128 grid points outperforms Euler with 512 points; and
(iv) providing a comprehensive analysis of fractional parameter effects on pollutant dispersion
dynamics in stochastic environments.

The remainder of this article is organized as follows. Section 2 provides the preliminary
concepts, including definitions of Brownian motion, Brownian bridge, and the KLE, which form
the foundation of our stochastic modeling approach. Section 3 details the KLE simulation of
Brownian sheet noise, supported by visualizations of the stochastic process. Section 4 presents
the implementation of the FFT for solving the FTSSDE, alongside the L1-algorithm for ap-
proximating the Caputo fractional derivative. Section 5 discusses the numerical implementation,
including computational details and illustrative examples with sinc initial conditions. Finally,
Section 6 concludes the study, summarizing key findings and outlining potential applications and
future research directions in environmental modeling.
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2 Preliminaries

Modeling pollutant dispersion in the environment requires mathematical frameworks that effec-
tively capture randomness, nonstationarity, and spatial-temporal correlations. Brownian motion,
Brownian bridge, and the KLE provide significant advantages in this regard. Brownian motion
(Definition 1) serves as a fundamental stochastic model for the random diffusion of pollutants
in fluids, with extensions such as fractional Brownian motion allowing for greater flexibility in
modeling persistence and roughness [14, 22]. The Brownian bridge (Definition 2), a constrained
variant of Brownian motion, is particularly useful when pollutant concentrations are known at
specific times or locations, ensuring consistency with boundary conditions and enhancing statis-
tical inferences [14, 5].

Definition 1 (Brownian motion [14]). A stochastic process {W (t)}t≥0 is termed a Brownian
motion if it constitutes a real-valued Gaussian process satisfying the following conditions:

i) Its sample paths are continuous functions of t;

ii) It possesses a zero mean function, that is, E[W (t)] = 0 for all t ≥ 0;

iii) Its covariance structure is characterized by Cov(W (s),W (t)) = min(s, t) for all s, t ≥ 0.

Definition 2 (Brownian Bridge [14]). A stochastic process {BBridge(t)}t∈[0,Tf ] is termed a
Brownian bridge if it constitutes a Gaussian process with the following properties:

i) It satisfies the boundary constraints BBridge(0) = BBridge(Tf ) = 0 almost surely;

ii) It has a zero mean function, that is, E[BBridge(t)] = 0 for all t ∈ [0, Tf ];

iii) Its covariance structure is characterized by Cov(BBridge(s),BBridge(t)) = min(s, t) − st for
all s, t ∈ [0, Tf ].

3 Karhunen–Loève expansion

The KLE is a powerful technique for reducing the dimensionality of stochastic processes, extract-
ing dominant stochastic components from observed data to construct efficient empirical models.
By providing accurate and computationally efficient representations of complex environmental
processes, KLE plays a crucial role in stochastic simulations and predictive modeling [4, 20, 21].
These methods collectively improve the precision, adaptability, and computational feasibility of
pollutant modeling, enabling more robust analysis and prediction of environmental phenomena.
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For a stochastic process U(x, ω) defined on the spatial domain x ∈ R, the KLE provides a
representation using orthogonal functions and uncorrelated random variables.

If we denote the mean function as µ(x) = E[U(x, ω)], we can focus on the centered process
U(x, ω) − µ(x). Our goal is to represent the sample paths of this centered process as a series
expansion using an orthonormal basis {ϕn : n ∈ N} of L2(R):

U(x, ω)− µ(x) =

∞∑
n=1

√
λnϕn(x)ξn(ω). (8)

The random coefficients ξn(ω) in this expansion are given by

ξn(ω) :=
1√
λn

⟨U(x, ω)− µ(x), ϕn(x)⟩L2(R) . (9)

Let us denote the covariance function of U(x, ω) as Cov(x, y). We can then define an integral
operator C by

(Cϕ)(x) :=

∫
R
Cov(x, y)ϕ(y) dy, ϕ ∈ L2(R). (10)

This framework allows us to decompose the stochastic process into deterministic spatial modes
ϕn(x) and random coefficients ξn(ω).

The KLE is given by (8) when the functions ϕn are chosen as the eigenfunctions of the
operator C [·]. This approach represents a stochastic process as an infinite series of orthogonal
basis functions, each weighted by uncorrelated random variables. The values λn are the associated
eigenvalues of the operator C [·].

3.1 Karhunen–Loève simulation of Brownian sheet noise
W (x)BBridge(t)

Brownian Sheet noise, denoted as W (x)BBridge(t), is the product of a Wiener process W (x) and a
Brownian bridge BBridge(t). To derive its KLE, we can combine the expansions of its components.

First, recall the KLE of the Brownian bridge BBridge(t) on Tf = [0, 1]:

BBridge(t) =

∞∑
j=1

√
2
sin(jπt)

πj
ξj , ξj ∼ N (0, 1) iid, (11)

and the KLE of the Wiener process W (x) on x ∈ [0, 1]:
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W (x) =

∞∑
n=1

2
√
2 sin

((
n− 1

2

)
πx

)
(2n− 1)π

ηn, ηn ∼ N (0, 1) iid. (12)

To obtain the KLE of Brownian sheet noise W (x)BBridge(t), we multiply these two expan-
sions:

W (x)BBridge(t) =

∞∑
n=1

∞∑
j=1

4 sin
((
n− 1

2

)
πx

)
sin(jπt)

(2n− 1)π2j
ξjηn. (13)

This double series represents the KLE of Brownian sheet noise W (x)BBridge(t). Note that
ηn and ξj are independent standard normal random variables.

To approximate sample paths of Brownian sheet noise on [0, 1]× [0, 1], we can truncate both
series:

W (x)BBridge(t) ≈ WN (x)BJ
Bridge(t) =

N∑
n=1

J∑
j=1

4 sin
((
n− 1

2

)
πx

)
sin(jπt)

(2n− 1)π2j
ξjηn, (14)

where N and J are the number of terms used in the truncation for the Wiener process and
Brownian bridge, respectively.

This expansion allows for efficient simulation of Brownian sheet noise by generating the re-
quired number of standard normal random variables and computing the finite sum. The accuracy
of the approximation improves as N and J increase.

The Brownian sheet W (x)BBridge(t) were examined using parameters of 28 for the Wiener
process terms (N), Brownian bridge terms (J), and spatial and temporal points. These processes
were analyzed over a unit square domain. KLE simulation was employed to visualize these
processes, as depicted in Figure 1. A three-dimensional surface plot in Subfigure 1a illustrates
the spatial variations of the Brownian sheet, while Subfigure 1b provides a two-dimensional
contour plot, elucidating the distribution of these variations across the domain.

4 Fast Fourier transform implementation for FTSSDE

To implement the FFT for the FTSSDE described in (1), we adopt the following detailed proce-
dure:

First, we compute the FFT of each term in (1) with respect to the spatial coordinate x. For
the Caputo fractional time derivative c∂α

t C(x, t), the FFT with respect to x is expressed as

Fx[
c∂α

t C(x, t)] =c ∂α
t Ĉ(k, t),
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(a) Realization of the Brownian sheet W (x)BBridge(t)
using KLE simulation.
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(b) Contour plot of the Brownian sheet W (x)BBridge(t)
using KLE simulation.

Figure 1: Visual representations of the Brownian sheet generated via KLE simulation. (a) A 3D surface plot
depicting the Brownian sheet. (b) A contour plot illustrating the Brownian sheet.

where Ĉ(k, t) = Fx[C(x, t)] represents the Fourier transform of C(x, t) in the spatial domain,
and k denotes the wavenumber, which characterizes the spatial frequency.

For the fractional Laplacian term (−∆)β/2C(x, t), the FFT is given by

Fx[(−∆)β/2C(x, t)] = |k|βĈ(k, t),

where |k| is the magnitude of the wavenumber, reflecting the scaling of the fractional Laplacian
in the frequency domain.

Assuming the noise term η(x, t) is spatially uncorrelated, its FFT is represented as η̂(k, t),
preserving the stochastic properties in the frequency domain.

Applying the FFT with respect to x to both sides of (1), we obtain

Fx [
c∂α

t C(x, t)] = Fx

[
−κβ(−∆)β/2C(x, t) + ση(x, t)

]
.

By substituting the Fourier transforms of the individual terms, the equation becomes

c∂α
t Ĉ(k, t) + κβ |k|βĈ(k, t) = ση̂(k, t).

This transformed equation describes the dynamics of the system in the frequency-wavenumber
domain, highlighting the interaction between the Caputo fractional time derivative and the
spatial fractional Laplacian. The use of the one-dimensional FFT enables efficient computa-
tion of these spectral representations, significantly reducing the computational complexity for
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large-scale or high-dimensional datasets. Recent computational advances have extended these
FFT-based methodologies to two-dimensional fractional stochastic systems, demonstrating supe-
rior efficiency in handling spatio-temporal noise structures through hybrid L1-FFT approaches
[18]. This integration of spectral methods with fractional calculus represents a significant ad-
vancement in numerical techniques for solving complex environmental transport equations. This
approach not only facilitates numerical simulations but also provides deeper insights into the
fractional and stochastic behaviors of the system, making it particularly suitable for applications
involving anomalous diffusion or complex spatial structures.

4.1 Numerical approximation of the Caputo fractional
derivative for C(x, t)

Consider a uniform partition of the time interval [0, Tf ] with time step ∆t. The Caputo fractional
derivative at time tn is approximated using the L1-algorithm, as described in [8]. For a fractional
order 0 ≤ α < 1, the Caputo fractional derivative is defined as

c∂α
t C(x, tn) =

1

Γ(1− α)

∫ tn

t0

∂C(x, τ)

∂τ
(tn − τ)−αdτ.

This integral is discretized to yield the following approximation:

c∂α
t C(x, tn) ≈

∆t−α

Γ(2− α)

n−1∑
j=0

b
(α)
j (C(x, tn−j)− C(x, tn−j−1)) +O(∆t), (15)

where the coefficients are given by b
(α)
j = (j + 1)1−α − j1−α.

This formulation enables an efficient and straightforward implementation of the L1-algorithm
for approximating the Caputo fractional derivative of C(x, t). By integrating this temporal
discretization with spatial discretization techniques, such as the FFT for computing fractional
Laplacians, we obtain a robust and computationally effective approach for solving FTSSDEs.

The flowchart in Figure 2 illustrates a comprehensive numerical algorithm for solving FTSS-
DEs that feature both temporal and spatial fractional operators. The algorithm begins with
parameter initialization and proceeds through two parallel noise simulation approaches—the
KLE for spectral accuracy and Euler-Maruyama for computational efficiency—before construct-
ing the stochastic noise term. The core computational loop employs Fourier transforms to handle
the fractional Laplacian operator in frequency space, implements the L1 algorithm for the time-
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Initialize Parameters
α, β, κβ , σ,Nx,∆t

Define Initial Condition
C0(x) on spatial grid

Select Noise
Simulation

KLE Approach
Eigenvalues: λn

Eigenfunctions: ϕn

Random variables: ξj , ηn

Euler Approach
Generate increments

∆Wj

Construct Noise Term
W (x)BBridge(t)

Fourier Transform
C(x, t) → Ĉ(k, t)

Time Integration

Apply L1-Algorithm
Caputo derivative C∂α

t [·]

Fractional Laplacian
(−∆)β/2 ≡ |k|β

Solve linear system
in frequency domain

Inverse Transform
Ĉ(k, t) → C(x, t)

t = T?

Output & Analysis
Error metrics,
visualization

KLE Euler

No

Yes

Figure 2: Numerical algorithm flowchart for solving the FTSSDEs with time-fractional Caputo derivative and
space-fractional Laplacian operator. The algorithm employs Fourier spectral methods combined with either
KLE or Euler-Maruyama discretization for stochastic noise simulation.
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fractional Caputo derivative, and iteratively advances the solution until the final time is reached,
making it suitable for modeling anomalous diffusion processes with memory effects and heavy-
tailed spatial distributions.

(a) Three-dimensional surface plot of pollutant concen-
tration C(x, t) using Euler Brownian noise simulation.
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(b) Contour plot of pollutant concentration C(x, t)
with Euler simulation of Brownian noise.

(c) Three-dimensional surface plot of pollutant concen-
tration C(x, t) using KLE Brownian noise simulation.
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(d) Contour plot of pollutant concentration C(x, t)
with KLE Brownian noise simulation.

Figure 3: Example 1: Three-dimensional surface representations and contour plots displaying pollutant con-
centration C(x, t) over space and time, using the sinc function as the initial condition.

5 Numerical implementation

To solve the FTSSDEs efficiently, we employed MATLAB’s fft and ifft functions to handle
the spatial discretization of partial differential equations via the FFT. This approach leverages
the computational efficiency of FFT to approximate fractional Laplacians, significantly reducing
the computational cost for large-scale simulations. To ensure the reproducibility of our results,
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we initialized the random number generator with a fixed seed of 123 using MATLAB’s Mersenne
Twister algorithm. This configuration ensures consistent generation of pseudo-random numbers
across multiple runs, allowing for reliable replication of results under identical conditions. By
fixing the seed, we mitigate variability in stochastic simulations, which is critical for validat-
ing the robustness of our proposed scheme and for computing stable statistical metrics, such
as confidence intervals. This methodology strikes an optimal balance between numerical accu-
racy and computational efficiency, enabling precise statistical analysis without excessive resource
demands. All simulations were conducted on a system equipped with an Intel(R) Core(TM) i7-
7500U CPU (2.70–2.90 GHz), 12.0 GB RAM, and a 64-bit operating system, ensuring sufficient
computational power for the tasks.

Example 1. To illustrate the performance of our numerical scheme, we consider the FTSSDE
given by (1) in a one-dimensional spatial domain. The equation is parameterized as follows: the
fractional derivative order is set to α = 0.95, reflecting a near-integer temporal memory effect;
the fractional Laplacian order is β = 1.35, which governs the spatial nonlocality; the diffusion
coefficient is κβ = 0.01, controlling the strength of diffusion; and the noise standard deviation
is σ = 0.3, representing the intensity of stochastic forcing. The spatial domain is defined as
[c, c+L] with a length of L units, and the simulation runs over a total time of Tf . The FTSSDE
is expressed as

c∂α
t C(x, t) + κβ(−∆)β/2C(x, t) = σW (x)BBridge(t), x ∈ [c, c+ L], t ∈ [0, Tf ], (16)

where W (x) denotes a spatial white noise process, and BBridge(t) represents a Brownian bridge
process, introducing temporal stochasticity. The initial condition for the pollutant concentration
C(x, t) is specified as

C(x, 0) = C0(x) = 5sinc(x), x ∈ [c, c+ L], (17)

where the sinc(x) = sin(x)
x function provides a smooth, oscillatory profile shifted by 0.5 to ensure

nonnegativity, mimicking a realistic initial distribution of a pollutant. The boundary conditions
are as defined in (3), typically enforcing periodicity or zero-flux conditions to suit the physical
context of the problem. This setup allows us to evaluate the numerical scheme’s ability to
capture the complex interplay between fractional derivatives, diffusion, and stochastic noise in a
controlled yet challenging scenario.

Employing the sinc function as the initial condition provides a novel framework for studying
pollutant dispersion dynamics. The sinc(x) = sin(x)

x function, characterized by a pronounced
central peak and decaying oscillatory tails, serves as an effective model for capturing the spatial
heterogeneity of pollutant concentrations, particularly in scenarios involving localized sources or
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asymmetric distributions. This choice facilitates a detailed exploration of how pollutant sources
interact with environmental factors and dispersion mechanisms, offering valuable insights into the
complex behavior of environmental pollution. By leveraging the sinc function’s unique properties,
our approach enhances the ability to analyze the influence of fractional derivatives, stochastic
noise, and diffusion processes, contributing to a deeper understanding of pollutant transport in
diverse ecological settings.

In Example 1, Figure 3 illustrates the temporal evolution of the pollutant concentration
C(x, t) within a one-dimensional spatial domain [−5, 5], using the sinc function as the initial
condition. The visualizations include three-dimensional surface plots and contour plots, gener-
ated through simulations employing both the Euler method and the KLE for Brownian noise.
The domain, with a length of L = 10 units, is discretized into Nx = 256 spatial points to ensure
high resolution in capturing spatial variations. The simulation spans a total time of Tf = 1 unit,
divided into time steps of ∆t = 0.01, providing fine temporal granularity for accurate tracking of
the solution’s evolution. For the KLE-based simulation, 512 terms are utilized to represent the
stochastic noise, ensuring a robust approximation of the Brownian bridge process. These plots
effectively demonstrate the numerical scheme’s capability to model the intricate dynamics of pol-
lutant dispersion under the influence of fractional operators and stochastic forcing, highlighting
differences in the behavior of C(x, t) between the Euler and KLE approaches.

Table 1: Convergence analysis for Euler and KLE simulations

Euler Simulation KLE Simulation

Grid Size MSE Convergence Order MSE Convergence Order

512 0.1011 – 1.6259× 10−4 –
256 0.55561 2.4583 7.0254× 10−3 5.4333
128 3.6878 2.7306 0.11504 4.0335
64 8.3852 1.1851 0.34073 1.5665

Table 1 and Figure 4 present a comparative convergence analysis between KLE and Euler
simulations for Brownian noise across uniform grid sizes from 64 to 512 points. The KLE simu-
lation demonstrates markedly superior performance, achieving MSE values approximately three
orders of magnitude lower than the Euler method at equivalent grid resolutions (e.g., 1.6× 10−4

versus 0.1011 at 512 grid points). Moreover, the KLE approach exhibits exceptional convergence
properties, with orders ranging from 1.5665 to 5.4333, substantially outperforming the Euler
method’s more modest convergence rates of 1.1851 to 2.7306. This remarkable difference in con-
vergence behavior is clearly visualized in the log-log plots of Figure 4, where the steeper slope of
the KLE simulation curve indicates its superior convergence rate.
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Figure 4: Convergence analysis showing the relationship between MSE and uniform grid resolution Nx. The
analysis compares performance of the proposed method using both KLE and Euler approaches for Brownian
noise simulation. Reference lines indicating different rates of convergence (ROCs) are included for comparison.

These findings have significant computational implications, as the KLE method can achieve
comparable or superior accuracy with considerably coarser grids compared to the Euler approach.
For instance, a KLE simulation with just 128 grid points (MSE ≈ 0.115) delivers better accu-
racy than an Euler simulation with 512 points (MSE ≈ 0.101), potentially yielding substantial
computational savings. The superior performance of the KLE method can be attributed to its
spectral decomposition approach, which effectively captures the essential stochastic features of
Brownian motion, in contrast to the Euler method’s incremental approximation strategy. This
fundamental difference in methodology results in both enhanced accuracy and improved conver-
gence properties, making the KLE approach particularly advantageous for applications requiring
high precision numerical solutions of stochastic processes.

Example 2. To further validate the numerical scheme and explore the influence of different
initial conditions on pollutant dispersion, we consider the FTSSDE given by (1) with a Gaussian
initial distribution. The equation parameters remain consistent with Example 1: the fractional
derivative order is α = 0.95, the fractional Laplacian order is β = 1.35, the diffusion coefficient
is κβ = 0.01, and the noise standard deviation is σ = 0.2.

The initial condition for the pollutant concentration C(x, t) is specified as a Gaussian dis-
tribution:

C(x, 0) = C0(x) = A exp
(
− (x− x0)

2

2σ2
gauss

)
+ Cmedium, x ∈ [c, c+ L], (18)

where A = 5.0 represents the peak concentration at the center of the distribution, x0 = 0 is
the center coordinate of the Gaussian profile, σgauss = 1.5 controls the spread of the initial
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pollutant distribution, and Cmedium = 0.01 denotes the background concentration level in the
medium. This Gaussian profile models a realistic scenario where pollutants are initially concen-
trated around a point source with smooth decay away from the center, commonly observed in
environmental contamination from localized industrial discharge or chemical spills.

The Gaussian initial condition provides an ideal test case for evaluating the numerical
scheme’s performance in handling smooth, bell-shaped distributions that are prevalent in en-
vironmental modeling. Unlike the oscillatory nature of the sinc function used in Example 1, the
Gaussian profile offers a monotonic decay from the central peak, allowing for a clearer observa-
tion of how fractional derivatives and stochastic noise influence the spreading and evolution of
pollutant plumes over time. The boundary conditions follow (3), maintaining consistency with
the periodic domain setup employed throughout this study.

In Example 2, Figure 5 presents the temporal evolution of the pollutant concentration C(x, t)

within the same one-dimensional spatial domain [−5, 5] as in Example 1, but using the Gaussian
distribution as the initial condition. The domain maintains a length of L = 10 units, discretized
into Nx = 256 spatial points, with the simulation spanning a total time of Tf = 1 unit using
time steps of ∆t = 0.01. The visualizations include both three-dimensional surface plots and
contour plots, comparing simulations employing the Euler method and the KLE for Brownian
noise representation. For the KLE-based simulation, 512 terms are utilized to ensure robust
approximation of the stochastic processes. These plots demonstrate the smooth evolution of
the initially concentrated Gaussian pollutant plume as it disperses under the combined influence
of fractional diffusion and stochastic forcing, clearly illustrating the differences in numerical
behavior between the two simulation approaches.

Table 2: Convergence analysis for Euler and KLE simulations - Example 2

Euler Simulation KLE Simulation

Grid Size MSE Convergence Order MSE Convergence Order

512 0.067526 – 1.0922× 10−4 –
256 0.41985 2.6364 6.9163× 10−3 5.9847
128 3.2346 2.9457 0.11481 4.0531
64 8.1412 1.3316 0.34036 1.5678

Table 2 and Figure 6 present a comprehensive convergence analysis for the Gaussian initial
condition case, comparing KLE and Euler simulations across uniform grid sizes ranging from 64
to 512 points. Consistent with the findings from Example 1, the KLE simulation demonstrates
markedly superior performance, achieving MSE values approximately three orders of magnitude
lower than the Euler method at equivalent grid resolutions. For instance, at 512 grid points, the
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(a) Three-dimensional surface plot of pollutant concen-
tration C(x, t) using Euler Brownian noise simulation.
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(b) Contour plot of pollutant concentration C(x, t)
with Euler simulation of Brownian noise.

(c) Three-dimensional surface plot of pollutant concen-
tration C(x, t) using KLE Brownian noise simulation.
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(d) Contour plot of pollutant concentration C(x, t)
with KLE Brownian noise simulation.

Figure 5: Example 2: Three-dimensional surface representations and contour plots displaying pollutant con-
centration C(x, t) over space and time, using the Gaussian distribution as the initial condition.
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Figure 6: Example 2: Convergence analysis showing the relationship between MSE and uniform grid resolution
Nx for the Gaussian initial condition. The analysis compares performance of the proposed method using
both KLE and Euler approaches for Brownian noise simulation. Reference lines indicating different rates of
convergence (ROCs) are included for comparison.

KLE method achieves an MSE of 1.0922×10−4 compared to the Euler method’s MSE of 0.067526.
The KLE approach also exhibits exceptional convergence properties, with convergence orders
ranging from 1.5678 to 5.9847, substantially outperforming the Euler method’s convergence rates
of 1.3316 to 2.9457.

The Gaussian initial condition results reinforce the computational advantages of the KLE
methodology observed in the sinc function case. The smooth, bell-shaped profile of the Gaussian
distribution allows for even more pronounced differences in convergence behavior between the
two methods, as evidenced by the steeper slope in the KLE convergence curve shown in Figure
6. Notably, the KLE method with the Gaussian initial condition achieves the highest conver-
gence order observed in this study (5.9847 between 512 and 256 grid points), demonstrating the
method’s particular effectiveness with smooth initial conditions.

This consistency across different initial conditions validates the robustness of the KLE ap-
proach and its suitability for a wide range of environmental modeling applications involving
pollutant dispersion. The superior convergence properties of the KLE method make it especially
attractive for computational scenarios where high accuracy is required while maintaining rea-
sonable computational costs, as a KLE simulation with 128 grid points (MSE ≈ 0.115) delivers
significantly better accuracy than an Euler simulation with 512 points (MSE ≈ 0.068).
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6 Conclusion

This study successfully investigated a FTSSDE for modeling pollutant concentration, integrat-
ing Caputo fractional derivatives, fractional Laplacians, and stochastic noise through Brownian
motion and Brownian bridges. By employing the KLE for noise simulation, FFT for spatial
discretization, and the L1-algorithm for temporal fractional derivatives, we demonstrated the
superior performance of advanced numerical methods over traditional approaches. Two com-
prehensive numerical examples—one using sinc function initial conditions to handle oscillatory
spatial distributions and another employing Gaussian initial conditions for smooth concentration
profiles—consistently validated the exceptional accuracy and efficiency of the KLE method. The
approach achieved MSEs approximately three orders of magnitude lower than traditional Eu-
ler methods while requiring significantly fewer computational resources, with simulations using
fewer grid points consistently delivering better accuracy than conventional methods with higher
resolution grids.

The numerical results revealed the critical influence of fractional parameters in capturing
anomalous diffusion behaviors, providing deeper insights into pollutant dynamics in complex en-
vironmental systems compared to classical diffusion models. The demonstrated computational
advantages and robust performance across diverse initial conditions made this fractional stochas-
tic approach particularly valuable for large-scale environmental applications, including ground-
water contamination, atmospheric dispersion, and ecological impact assessments. These findings
underscore the significant potential for practical implementation in environmental risk assess-
ment and remediation planning, while future research opportunities include adaptive numerical
schemes, multi-dimensional extensions, coupled transport-reaction systems, and integration with
real-world environmental data to further enhance model predictions and broaden their utility in
environmental science applications.
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