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A parameter uniform hybrid approach for

singularly perturbed two-parameter
parabolic problem with discontinuous
data

N. Roy*, A. Jha

Abstract

In this article, we address singularly perturbed two-parameter parabolic
problem of the reaction-convection-diffusion type in two dimensions. These
problems exhibit discontinuities in the source term and convection coeffi-
cient at particular domain points, which result in the formation of interior
layers. The presence of two perturbation parameters leads to the formation
of boundary layers with varying widths. Our primary focus is to address
these layers and develop a scheme that is uniformly convergent. So we

propose a hybrid monotone difference scheme for the spatial direction, im-
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729 A parameter uniform hybrid approach for singularly perturbed ...

plemented on a specially designed piece-wise uniform Shishkin mesh, com-
bined with the Crank—Nicolson method on a uniform mesh for the temporal
direction. The resulting scheme is proven to be uniformly convergent, with
an order of almost two in the spatial direction and exactly two in the tem-
poral direction. Numerical experiments support the theoretically proven
higher order of convergence and show that our approach results in bet-
ter accuracy and convergence compared to other existing methods in the

literature.
AMS subject classifications (2020): 65M06, 65M12, 65M15

Keywords: Interior layers; Hybrid Method; Singularly Perturbed; Parabolic
problem; Shishkin mesh.

1 Introduction

We have considered a two-parameter singularly perturbed parabolic initial

boundary value problem with nonsmooth data:

Lu(z,t) = (euge + pauy, —bu —uy)(x,t) = f(z,1), (z,t) € (Q-UQT),
u(0,t) = p(¢), (0,t) ey ={(0,0)|[0 <t < T},

u(l,t) = r(t), (L) e, ={(1,1)|0 <t < T},

u(z,0) = q(x), (2,0) € Tp = {(z,0)|0 <z < 1},

(1)
where 0 < € < 1 and 0 < pu < 1 are two singular perturbation parameters.
Letdel'=(0,1), " = (0,d), I'* = (d,1), . = [ UT,UT, and Q = (0, 1) x
0,7], Q= = (0,d) x (0,T], Q" = (d,1) x (0,T]. The convection coefficient
a(z,t) and source term f(x,t) experience discontinuities at (d,t) € Q for
all t. Moreover, a(z,t) < —a; < 0 for (x,t) € Q and a(x,t) > az > 0
for (z,t) € QF, where aj,as are positive constants. These functions are
sufficiently smooth on 2~ U Q*. We assume that the jumps of a(z,t) and
f(z,t) at (d,t) satisty [[a](d,t)] < C and |[f](d,t)] < C, where the jump of w
at (d,t) is [w](d, t) = w(d+,t)—w(d—,t). Additionally, the coefficient b(x, ) is
assumed to be a sufficiently smooth function on Q such that b(z,t) > 5 > 0.
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(0,7) (d’.T) (1,T)
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u = q(x)

Figure 1: Domain

The boundary data p(t),r(t) and initial data ¢(x) are sufficiently smooth on
the domain and satisfy the compatibility condition at the two corner points
(0,0) and (1,0):

q(0) = p(0),
q(l) = T(0)7
as well as
I+ 1a0) 22— 0)g(0) -~ 0,0) = 2,
eaai@ + ua(l)agi(xl) —b(1)q(1) = f(1,0) = 829(150)

Similar compatibility conditions apply at the transition point (d,0); see Fig-
ure 1. Under these assumptions, the problem (1) has a unique continuous
solution in the domain Q. The solution contains strong interior layers at
the points of discontinuity (d,t) for all ¢t € (0, 7] due to the discontinuity in
the convection coefficient and source term. Additionally, the solution exhibits
boundary layers at I'; and I';- due to the presence of perturbation parameters e
and p. Singularly perturbed two-parameter parabolic problems are not exten-
sively studied, and there is a scarcity of well-established numerical methods

tailored to solve them effectively, especially in comparison to the abundance
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of methods available for one-parameter singularly perturbed parabolic prob-
lems. A number of researchers have developed a numerical technique for a
system singularly perturbed two-parameter parabolic problems with smooth
data [1, 10, 11, 14, 16, 19, 24]. Singh and Kumar [21] developed a numerical
techniques for a system of singularly perturbed parabolic convection-diffusion
equations. Finding a uniform numerical solution for singularly perturbed
parabolic equations with discontinuous data is more challenging. For the
problem (1), Chandru et al. [3, 4] showed that the accuracy of the upwind
scheme on Shishkin mesh in space and the backward Euler scheme on uniform
mesh in time is nearly first-order. Kumar and Kumari [12] used the Crank—
Nicolson method in time on a uniform mesh and the upwind method in space
on an appropriately defined Shishkin mesh to achieve a second order accurate
method in time and almost first order accurate in space. Singh, Choudhary,
and Kumar [22] presented an implicit scheme based on the Crank—Nicolson
method in time and trigonometric B-spline basis functions on Shishkin mesh
in space. This parameter uniform method is proved to be almost first order

convergent in space and second order convergent in time.

With uniform meshes, standard numerical approaches cannot yield ef-
fective solution approximations in layer regions. Stynes and Roos [23] in-
troduced a hybrid technique for steady-state singular perturbation problems
(SPPs) with continuous data, which is almost of order two on a Shishkin
mesh. The hybrid numerical scheme for solving singularly perturbed bound-
ary value problems with discontinuous convection coefficients introduced by
Cen [2] achieves nearly second-order accuracy across the entire domain [0, 1]
when the perturbation parameter e satisfies e < N~!. Also, Mukherjeee and
Natesan [15] proposed a hybrid difference scheme on Shishkin mesh in space
and Euler-backward difference in time for singularlyperturbed parabolic
problems with nonsmooth data. They achieve the convergence almost two in

space and first order in time.

Many problems of significance like chemical flow in reactor theory [17],
fluid dynamics [20] are modeled as singularly perturbed problems. In par-
ticular, these equations are used in time-dependent semiconductor models
[13]. In a drift-diffusion model, jump discontinuities in the doping profile

at a p-n junction create sharp interior layers in carrier densities and elec-
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tric potential. These layers significantly impact the transient behavior of

semiconductor devices, such as transistor switching and charge transport.

In this paper, we have used the Crank—Nicolson scheme [5] on time on a
uniform mesh and in space a hybrid scheme on piece-wise uniform Shishkin
mesh. The Crank—Nicolson method in time gives second order convergence
in time in supremum norm. The hybrid scheme we propose combines a mod-
ified central difference scheme, the midpoint upwind scheme, and the upwind
scheme. This blending offers a key advantage: it surpasses the limitations of
the classical central difference scheme. The classical central difference scheme
on a uniform mesh has been found to generate nonphysical oscillations in the
discrete solution when € is small, unless the mesh diameter is prohibitively
small. On the other hand, the midpoint upwind approach shows second-order
uniform convergence beyond the boundary layer region when used with a uni-
form mesh. The upwind method, though first order, does not have spurious
oscillations. Furthermore, the Shishkin mesh uses piece-wise uniform meshes.
Thus we choose a fine mesh within the layer regions and a coarse mesh in
the outer regions. Leveraging this characteristic, we utilize the second-order
classical central difference scheme in the interior layer regions which is sec-
ond order accurate under certain conditions. The midpoint upwind scheme
and upwind scheme are used suitably in the outer region to get a monotone
method. This approach allows us to accomplish nearly second-order conver-
gence in space for the proposed hybrid scheme. Thus, the overall method has

almost second order parameter uniform convergence.

Contribution in context: The main contribution of the present pa-
per is that the numerical scheme presented here achieves order two in time
and almost order two in space in the supremum norm. Also, the method
is parameter uniform. The orders of convergence obtained in space in this
paper is an improvement of the result of Singh, Choudhary, and Kumar [22].
The method presented there had uniform convergence of order one up to a
logarithmic factor in space and order two in time in the supremum norm.

The article is arranged as follows. In Section 2, we present a priori bounds
on the analytical solution and its derivatives. The Shishkin mesh and the
detailed construction of the suggested hybrid finite difference scheme are

provided in Section 3. In Section 4, the truncation error of the scheme and
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733 A parameter uniform hybrid approach for singularly perturbed ...

uniform error bound are given. In Section 5, we conduct a few numerical
experiments to validate the theoretical findings and showcase the efficiency
and accuracy of the proposed scheme. The primary findings are summarized
in Section 6.

Notation: The norm used is the maximum norm given by
= 1)
[ulle (;g§gbIU(w )|

In this study, C, C1, or Cs are used as a positive constants that are indepen-

dent of the perturbation parameters e, 4, and mesh size.

2 Analytical aspects of the solution

The analytical properties of the solution to the problem (1) are discussed
in this section. The following provides details regarding the solution to (1),
including the existence of a singularly perturbed solution, the minimum prin-

ciple, stability bounds and a priori bounds.

Lemma 1. [12] The solution u(z,t) € C°(Q)NCH(Q) N C*Q~ UQT) exists
for (1).

Lemma 2. [12] If u(x,t) € C°(Q)NCHQ)NC?(Q~UNT) such that u(z,t)
0, for all (z,t) € I, Lu(z,t) <0, for all (z,t) € (- UQT) and [u,](d,t)
0,t > 0, then u(x,t) >0 for all (z,t) € Q.

>
<

Lemma 3. [12] The bounds on u(z,t) is given by

| llo-uo+

lullg < llullr, + =5

where § = min{a; /d, a2 /(1 —d)}.

The following bounds are parameter-explicit and satisfied by the deriva-

tives of the solution to this problem (1).

Lemma 4. [3] The solution u(z,t) and its derivatives for all (z,t) € Q- UQ*
satisfy the following bounds for nonnegative integers k, m such that 1 <
k+m <3:

If \/au < \/pe, then
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Sktmy
Sxkstm

2
—k
<o max{uuug, S

i+25=0

If /oy > \/pe, then

dir
dt?

§iti f
SxiotI

diq
dxt

-

el 1], 151}

Shtmy,
oxkotm

<o) () {32, () ()
G, Go) N, - G

where C' is a constant independent of € and .

6i+jf‘
OxtotI

dr
dt?

diq
dz?

dt?

b

To obtain sharper bounds on the solution, the solution u(zx,t) of (1) is
decomposed into regular and layers components as u(z, t) = v(z, t)+w;(z, t)+

wy(z,t). The regular component v(z,t) satisfies the following equation:

Lou(z,t) = f(x,t), (r,t) € Q- UQT,

(2)
v(z,0) = u(x,0), forallz € T- UTT,

and v(0,t),v(1,t),v(d—,t),v(d+,t) are chosen suitably for all ¢ in (0,7].

Also, v(d—,t) = 11121 v(z,t) and v(d+,t) = h% v(x,t). The regular com-
r—a~ T—

ponent v(z,t) can further be decomposed as

v(z,t) = {”(Iﬂf)’ (z,t) € Q,

vt(z,1), (z,t) € QF,
where v~ (z,t) and v (x, ) are the left and right regular components, respec-
tively.

The singular components w;(z,t) and w,(z,t) are the solutions of

Lw(x,t) =0, (x,t) € Q- UQT,

wi(0,t) = u(0,t) — v(0,t) — w,(0,1), for all ¢t € (0,77,
wi(1,t) is chosen suitably for all ¢ € (0,77,

wi(x,0) =0, forallz e T~ UTT,
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and
Lw,(z,t) =0, (z,t) € Q- UQT,

wy(0,1) is chosen suitably for all ¢ € (0,77,
wp(1,t) = u(l,t) —v(1,¢) —w(1,t), for all t € (0,71,
wy-(x,0) =0, forallz € T~ UTT,

respectively. The regular v and layer w;,w, components may be dis-
continuous at (d,t), for all ¢ € (0,T] but their sum u is continuous at
(d,t), for all t € (0,7]. Furthermore, the singular components w;(z,t) and

wy(z,t) are decomposed as

_Jw(z,t), (2,t) €Q7, w (e t) = w, (x,t), (z,t) € Q,
wile ) = {wfr(x,t), (z,t) € QF, (1) = {w;"(x,t), (x,t) € QF.

Hence, the unique solution u(z,t) to (1) is written as

(v +w, +w.)(x,t), (z,t) € Q,

(v™ +w; +w,.)(d=,1)

= (v +w +wh)(d+,t), (z,t)=(d,t), for all te (0,7,
(v +w +w)(z,t), (z,t) € Q.

Lemma 5. The bounds on the components v(x, t), w;(z,t), w,(x,t) and their

derivatives are given as follows for \/au < \/pe and 0 < i+ 25 < 4:

5§ty 4
’ oxtotd SC(le )

Q-uQt

iy, < Cemil? e 027, (z,t) € Q,
— €

0z b7 |lg-ua+ 6761(:67(1), (z,t) € QF,

' tiw, e =) (z 1) e Q,

—— < Ce /2
ozt Q-uUQ+ 6_92(1_36), (z,t) € Qr,

where
_\/pa _/pa
91 - ) 92 -

Ve

and C' is a constant independent of € and pu.
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Proof. The proof follows by following the approach given in Gracia and
O’Riordan [9)]. O

Lemma 6. The bounds on the components v(x,t), w;(x,t), w,(x,t) and their

derivatives are given as follows for \/au > /pe and 0 < i+ 25 < 4.

5ty
5], =cu+em
6wy <c u e, 7t) €Q-,
0ot || - Lo+ e —91(I ) (z,t) € QF,
5w, 1 e~ =0z t) e Q,
—— <Cf -
‘ dxtotd Q- U+ - ,u e—02(1—x) t) c QJr’
where
0= =" (6)

€ 2u

and C' is a constant independent of € and .

Proof. For the proof, refer to the idea given in Gracia and O’Riordan [9]. O

3 Discretization

We will first discretize (1) in time using the Crank—Nicolson method [5]. This

results in a semidiscrete system of equations. We then discretize in space.

3.1 Discretization in time

We begin by demonstrating the semidiscretization of the problem in the
temporal direction on a uniform mesh using the Crank—Nicolson method
[5]. For a fixed time T, the interval [0,7] is partitioned uniformly as
AM = {t; = jAt:j=0,1,...,M,At = %} The semidiscretization yields

the following system of linear ordinary differential equations:

Ut * (@) + pal*3 (2)U 2 (2) — W3 () U7+ ()

it U @)~ Uw)
7f]+ (.T)+ At ,

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728-769
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re(QUQT), 0<ji<M—1,
UItH0) = u(0,tj51),  UIH(1) =ul(l,tj1), 0<j<M-—1,
U%x) = u(z,0), x €T,
where U7 (z) is the approximation of u(z, ;1) of (1) at (j+1)th time level

and pith = () + 1/ (x)

5 . Upon simplification, we have

LU (z) = g(x,tj41), z€ (D-UDT), 0<j<M-—-1,
UITH0) = w(0,tj41), 0<j<M-—1,

Uit (1) = u(l,tjp1), 0<j<M-—1,

U%(x) = u(z,0), zel,

where the operator L is defined as

szed—Q—i— aj+%i—cj+%l
=Ca TH dx ’

and

gz, tin) = 275 (2) — eUI, (2) — pa?™* 3 (2) UL () + 75 (2)U7 (2),

- 1 2
+3 —pitz =
@) = V() + 4
1 1 2
7+ 5 — pits _ =
dT(z) =T (x) Ar

The error in temporal semidiscretization is defined by e/ = w(x, tji1) —
Ut (z), where u(z,tj41) is the solution of (1). Moreover, U7t (z) is the
solution of semidiscrete scheme (7), when u(z,t;) is taken instead of U’ to

find solution at (x,t;4+1).

Theorem 1. The local truncation error Tj1 = L(e/*!) satisfies
ITill < C(ADS,  0<j<M—1
Proof. The Taylor’s approximation gives
1 1. 5 3
u(w,tjpr) = (@t 1) + SA&tuy(w,t; 1) + A up (.t 1) + O(AL)°,

2 8
1 1
u(@,tj) = u(z, tj1) — iAtut(x,tﬂ_%) + gAtzutt(xvtj—l-%) + O(At)?.
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Using these equations, we have

u(w,tj1) — u(w,t))
At

=€Uqq (T, 15, 1) + pal@, b 1 )ue (@, b5, 1)

—b(z, tj ule, tyys) — fla,t )+ O(At)%.
Further simplification gives

o L .
Luf, = ety (x,tj11) + pa’ T2y (2,t541) — I 2u(, i)

= g(z,tj11) + O(AL).

Hence the local truncation error satisfies

L(e7Th) = O(At)?,

eI TH0) = 21 (0) = 0.
We arrive at the result using Lemma 3. [14]) e/T1(z) < O(At)3. O
Theorem 2. The global error B/ = u(z,t;) — U’(x) is estimated as

17| < C(an?, 0<j<M-1,

where U7 (z) is the solution of (7).

Proof. For proof, refer to [22]. || HZ;IO R,_y|| <C, foralli=1,2,3,..5,1<
j< M. O

3.2 Discretization in space

We understand from the relevant literature on SPPs that a uniform mesh
is insufficient for achieving uniform convergence of (1) due to the existence
of layer regions. The differential equation (1) exhibits strong interior layers
including boundary layers near the boundaries. To resolve these layers, we
have discretized this problem by using a piece-wise uniform Shishkin mesh.
Let the interior points of the spatial mesh be denoted by I'V = {z; : 1 <
i < ¥ —1}u{a; : §+1 <i < N—1}. The equation I'V = {2;}{Y U{d} denotes

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728-769



739 A parameter uniform hybrid approach for singularly perturbed ...

the mesh points with £y = 0,z = 1 and the point of discontinuity at point

N

zy = d. We also introduce the notation V= = {2;}¢ LNt = {; %111’
_ _ 2

ON= =TN=x AM QN+ = TN+ AM OQNM = TN 5 AM QNM = TN x AM

¥y = VM AT, TN =TV N1, T¥ =TV NT, and TY = Y AT,. The

domain [0, 1] is subdivided into six subintervals as
T = [0,1]U[r1, d—7o]Ud— 72, d]U[d, d+75]U[d+T5, L =74 ]U[1 =74, 1] = | ] L.

The transition points in I' are

lemin{d 2lnN}, ngmin{d 2lnN}7

4’ 0y 4’ 0,
1—d 2 1—-d 2
7'3-111111{4,91111]\7}, 7'4—min{4,921nN}.

On the subintervals [0, 7], [d— T2, d], [d, d+ 73], and [1 —74, 1], a uniform mesh
of (% + 1) mesh points and on [71,d — 72 and [d+ 73,1 — 74] a uniform mesh

of (& + 1) mesh points are taken. The mesh points are given by

sn 0<i< ¥,
T1+4(d—;'\;—7'2)<_];]>7 %SZS%,
d—T2+8% %—3?), W<i<y,
"o d+8]:,3<z];[)7 T <i< 5,
d+T3+4(1_d]_VT3_T4) —5;3\7), %§z§%7
1—7’4—|—8]7\—[4(7;—7év>, M <i<N.

Let h; = x; —x;_1 denote the step size and let h; = 8%, hy = w, hs =

4(1—d—75— N .
82 hy = 83 hy = %, he = 54 denote the step sizes in the inter-

val I, I, I, 14, I5, and Ig, respectively.

Assumption 1. Throughout the paper, we shall also assume that ¢ < N~!

as is generally the case for discretization of convection-dominated problems.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728-769
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We have presented a hybrid difference approach for the discretization of
the problem (1) in the spatial variable. On the above piece-wise uniform
Shishkin mesh, this hybrid difference scheme comprises of an upwind, a cen-
tral difference and a midpoint upwind scheme. Here, we introduce the hybrid
difference method for the ratio v/au < /pe:

cNMyitle),  a; € (0, )\{r,d —72,d,d+ 73,1 — 74},

ﬁthMUj+1(xi) — with pllallhy < 26, 1 <k <6,
LYMUit ey ), @ = d with h([b]] + 2) < 2pa, k = 3,4.
2

For the ratio /apu > /pe, we use

E,,Nn’MUjJrl(xi), z; € (0,71) U (11,d — 12),

with ([|bll + 25)he < 2ap, k=1,2,

LNMyitley,  x; € (0,71)U (11,d — 7o),
with (||b]| + 2k > 2ap, k=1,2,
cNMyitle), ;€ (d—72,d)U(d,d+ 73),

LM+ () = with pllallhx < 2¢, k= 3,4,

LNMyuitt(z,), @€ (d+73,1—74) U (1 —74,1),

with (|[b]] + 25)he < 2au, k =5,6,

LEMUIt (@), i€ (d+73,1—7a) U (1= 7a,1),

with (|6l + 2;)he > 2au, k = 5,6,

LYMUIt (@), x; = d with (bl + ) < 2pa, k= 3,4.
2
At the transition points for both case

N,Myri+1(,.. 23 < _
[,}JLV’MUJ-+1(Q%) _ ‘Cm U (5172), (”bH + At)hk > 20‘;“7 k 2,375763
LNMUI+(z,), otherwise.

The fully discretize scheme is given by

LNMUIHY (2) = 17U (@i _0) + r$UTT (@) + rF U (2i00) = ¢ ().

(®)

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728-769



741 A parameter uniform hybrid approach for singularly perturbed ...

At the point of discontinuity xx /2 = d, we have used five point second order

difference scheme

j+1 i+1 i+1
NoM 4L 7—U]+ (N j242) +4UTT (Igﬂ)—?’Uﬁ (xy)
LU (en) =
2 2hy 9)
Uitl(zn _,) — 40 (zn )+ 307 (zn)
_ 2 2 2’ _ .

2h3
Associated with each of these finite difference operators, we have the following
finite difference scheme:
LYMUIHY (1) = e6*UT T (2) + pa?* 2 (2) DOUTHY () — 043 (2, ) UTH (),
LNMUItY () = 62U () + pa? T2 () DU () — b

LYMUIHY () = 8207 (1) + pad 3 () D*UIT (@) — 673 () UT T (1),

(3

+
[N
—
&
]
<.
J’_
—
8

and
gj+1(:v7;)
275 (2) — 0207 (2) — pa* 2 (2) DIV (i) + 2 (@)U (), L3N = £,
= 3 2 h (27) — 0207 (1) — @+ (@) DIV (@) + BT (@)U (1), LNM = LN,
273 (@) — 30 () — pad T3 (@) DU () + 2 @)U (), £ = £
where
. Uit (g 1) — Ui+ (2, _ I () I (g
D+Uj+1($i) = (l‘;—iiz — (1'1,)7 D*UJ+1(xi) _ (Z‘;) Y (l‘z 1)
DOUj'H(x) _ Uit (1) — U (29)
' hiy1 + Ry ’
§207H1 (gy) = 2PV ) = DU (1))
Tip1 — Ti—1 ’
. D U (), i < ¥,
DU () =
DYUI (2), i > &,
- .
h; = %7 ,u—}.]"rl(xl) _ w’ ™t (xz) +2’U)J+ (%‘—1) - QNf’
- - o 7
W () = Wit (z;) +2wi+ (i1) QNF gt (zy) = ait (961)2-1- aj(xl)’
_. Bj+1 i BJ i _. d_j+1 i J] ;
BtE () = (z )2+ S I+ (zy) = (z )2+ (1)

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728-769
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The matrix associated with the above equations (8) is not an M-matrix.

We transform (9) to establish the monotonicity property by estimating Ugr_lz
and U&Tz for LMUIT(z;).
2

For \/au < \/pe and \/ap > \/pe, from the operator LYY we get

U2
j+3 2
_ L i+l il —2¢— h?i(bN/;—l + 27
= L Inj2— Nj2-1 72
2¢ — uhgaN/%l 3

2€ + ph: aj+%
_ it K3 N /54
N/z 2h3

j+1
UN/2+2

282

= —
2¢ + uh4a§\,/§+l

its
g Phaty /3
N/ o2 '

Inserting the above expression in Eiv My Ty /2), we get a tridiagonal sys-
tem of equations of the following form:

i+l 2
1 it —2€e— hi(bN/éJrl + 7
IN/2+1 ~ YN/2+1 h3

S 1
A 2% — hapd’ 2 %€ + hauay 2 .
ﬁiv’MUszJ;é :< N2 hy — 3(hy + ha) + N2y UJJV%
% + hypa’s 2 %€ — hapa’s 2
4HA N 511 3HAN /51

Uj+1

e —2m20WTE + 2)
+( 1On /o1 T Ay —|—4>h3 i

T
2e + h4ua§\,/2+1
i L
—de — 2h3(V’ 2
+ (

Npa-1t A2t) i1
— +4 ) ha U3

]+§ /2 1
2¢e — hg,uaN/2_1

2 j+1 2 j+1
2h3h493v/271 2h4hgggv/2+1

o i+3 j+35
2¢ — h3/‘a§\//§—1 2¢ + h4,ua?\,/§+1

The element of the system matrix ,ChN’M is as follows:
In Q- UQt, if LM = £NM then
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€ pad ™tz (z;) o € pai s (x;)

= hahy o UMb 2h;

=

1 2
¢C— _pm _pt (g, -~
Ty r; =T, (b (x;) + At)'

In Q- if £ = £LNM then

In QF, if LM = £NM  then

__ e L e paiti(a) <E+“m> 1)
r. = r — — — ],
; Y hihy hita

1/-. 2
¢ =—r; —rf — B (bﬁ'%(a:i) + At)
In Q-, if £ = £NM then

e pati@)
by h;

- 2
¢ — _pm gt (W () + — ).
TZ rl Tz < 2(.7}%) + At)

In QF, if £ = £NM | then

’ T, = T

Al (2
e € ’ T;r _ € + H ( z)’
hih; hiy1hy hit1

1 2
C—= —pm —rt — (BT () + — .
T’L rz T’L ( (1’1) + At)

At £CN/2 = d,

we have )
L
L (e 2R3y 3, + &)
"Nz = e
N/2—1

+4>h%
2¢ — hypa

j+i 2
. —4e — 2hi(bN/§+1 + E)
TNy =

: +4 | hs,
2¢+ h aj+% ) ’
4O N /541
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2¢€ — h4,uaj+% 2¢ + hg,uaH%
N/2+1 N/2-1
TN = <j+/1h3 —3(hs + ha) + H/1h4>~
2€+h4,uaN/§+1 2¢ — h3/,LCLN/;_1
To guarantee that the operator EhN’M is monotone, we impose the following

assumption:

N(lnN)_1 > 16max{”ab||,(”b|a;§t)}. (10)

To find the error estimates for the scheme (8) defined above, we first decom-
pose the discrete solution U(z;,t;41) into the discrete regular and discrete

singular components.
Let
Uj+1(xi) = Vj+1(xi) + leﬂ(xi) + WﬂJrl(xl)
The discrete regular components is

V_(j+1)($i)7 (xi,t]qu) S QN_,
VO (2), (w4,t541) € OV,

VjJrl (SL’Z) = {

where V=U+D ;) and V*+U+D () approximate v (z;, ;1) and v (24, t41),

respectively. They satisfy the following equations:

LMV =0 (2) = gl ti4a), for all (w;,¢j11) € QN7
V0D (@) = 07 (0,141), V-0 ey ) = v~ (d—, tj11), (11)
LMV (@) = glaity), forall (2, t4) € VY,

V+(j+1)(x%) = vt (d+,tj41), V+(j+1)(9€1v) =v(1,tj41).

The discrete singular components le (x;) and Wit (z;) are also decom-
posed as

W (@), (o tyan) € QY

W (@), (i, t540) € OV,

leH(Ii) = {

Wr_(j+1)(xi)7 (xi?tj-i-l) € QN_7
Wj(jﬂ)(l‘i)? (ziytjs1) € QN T,

Wit (@) = {

where Wl_(jH) (), Wl+(j+1) (x;) approximates the layer components w; (x;,t;11)
and w;" (2, t;41) and Wr_(jJrl)(xi), W;r(jﬂ)(zi) approximates the layer com-
ponents w; (x;,t;4+1) and w;" (x;,¢;41), respectively. These components sat-

isfy the following equations:
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LMW 9 (@) =0, forall (wy,t541) € QN
W*(jJFl) —w (0.t W (j+1) — w(d. t,
l (o) = wy (0, ]+1) (JJ"N) wy (d, tj41),
N,M yr,+(j+1) N (12)
A (x;) = for all (x;,t;41) € QVT,
W @) = <d o). W, (@) = 0.
MW @y =0, forall (@, t41) € QY
WUt (2g) = 0, Wy U (w) = wy (d, 1), (13)
EhN’MW:_(JH)( i) =0, for all (z;,t;41) € QN T,
WD (@) = wit (de, ), W U (an) = w, (1, 1540).
Hence, the complete discrete solution U7t (x;) is defined by
(VU e w0 ) (), (wisty1) € QN7

(V=G 4w U 0Dy (0
— (VG 4 WW“) F WY dg), (i tia) = (dy i),
(VHGHD 4 V[/l+(7+1) + WUy (), (irtjp1) € QVT.

Uj+1($i) =

Lemma 7. Suppose that a mesh function Y'(x;,t;) satisfies Y (z;,t;) >
0, for all (z;,t;) € 'V and [,N’MY(xN/Q) < 0 forallj = 0,...,M.
It LMY (zi,t) < 0 for all (z;,t;) € QN U QN*, then Y(zi,t;) >
0, for all (z;,t;) € QMM

Proof. The condition (10) ensures that the matrix generated by EhN’M sat-
isfies r; > 0, T > 0and r; + 7§ + r < 0 in layer regions. For the case
when y/au < \/pe, the operator LNM s used in the region (11,d — 73) and
(d+ 13,1 — 74) except transition points with phg|la|| < 2¢, where k = 2,5 to

guarantee r; > 0 and ;" > 0.

In the case when /o < /pe, the operator LNM is applied in the region
(11,d—72) and (d+ 73,1 —74) with (||b]| + 2 )k < 2pa, k = 2,5, otherwise
LNM ig ysed. At the transition point, LY is applied with (Hb|| + %)hk <
2ua, k=2,3,5,6, otherwise £L)'M is used to guarantee r; >0 and T > 0.
At the point of discontinuity, the operator £ is used with (16l + &) b <
2ua, k = 3,4. The associated matrix with the operator £2V’MUj+1(a:i) is
negative of an M-matrix. The finite difference method is monotone and hence

the finite difference operator satisfies the discrete minimum principle. O

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728-769



Roy and Jha 746
Lemma 8. If U(.Z‘i, tj+1), (J,‘i, tj+1) S QN-M

difference scheme (8), then ||U||lgyv.n < C.

is a mesh function satisfying the

Proof. Define the mesh function ¢(x;,tj41) = ¢(xs,tj41)+£U(xi,tj41), where

B@itje1) = max{|Uj+1(0)|,|Uj+1(1)|,lgl"BN’M}. Clearly ¥(z;,tj41) > 0

for all (Z‘i, tj+1) S Fiv and ﬁhN’M’(ﬂ(l‘i, tj+1) = LhN’MqZS(JJi, tj+1):|:£hN’MU($i, tj+1) <
0.

At the point of discontinuity, we have
LMy ti) = LMoy b)) £ LM U (@, t41) 0.

Therefore, 9 (zi,tj+1) > 0, for all (z;,t;41) € QNVM. This leads to the
required result
[Ullgwe <C

4 Truncation error analysis

Lemma 9. The singular component W, (z;, tj+1), W, (i, tj41), W, (24, tj11)
and W,F(x;,t;41) satisfy the following bounds:
: N
|VVZ_('1:’L"tj+1)| S C’Yljﬂ Vl_)z = H(1+92hn)717 ’Yle = Ola Z = Oa 17 R 5)
n=1
+ + + i —1 + _N
|Wl (xivtj+1)| S 07[71‘7 ’yl,i = H (1+91hn) ) ’717% = 017 1= 5—‘717 e 7Na
n:%Jrl
%
W, (@i ti)l < Crpis vy =[] (401hn) 7", Yoy =C1,i=0,1,...
n=i+1 :
N

. N
|W:_($ut]+1)| S C’Y::w 7:_1 = H (1+02hn)_1a ’Yj:]\/' = Cla 1= 54_1) .. 'aN'
n=i+1

Proof. Define the barrier function for the left layer term as

N
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where ,
N
—G+1) _ [[a+6h) 1<i< g,
1,0 k=1
1, 7 =0.

For the both cases when /au < /pe and \/au > /pe, for large enough C,

m (J+1)>0n ()>Oand17“g,];;1)>0

Now,

N,M, —(+1) _ pN,M
ﬁc 3 - ‘Cc

nl,z (]+1):|:£NMW (]+1)( )

N

—(7 hl 1
= ’Yz,i(ﬂ_l) (2695(”-5-12}1' — 1) + 2¢63 — ,uaJ+é ()02

) h;h 1
it ERAUAG S SN VA NN
pa ( )02 h + h2+1 b (xl)) '

On simplification, we get

LMy, U+ < Y Z(ﬁrl) (2695 — I ()05 — B2

(z:))
< A D (pla? 3 ()] — 073 () < 0,

LM, (Hl) < N (JH) (2692 pal 3 (2;)0; — Bﬂ%(xi))

_g1 a1
< A D (pla?* 3 ()] — B3 () < 0,

[,iv’Mnl Z(J+1) < 'ylji(_i'l‘_l) (269% — uaj+%(xi)02 — b3+%(x1))
< 9T (plad T E (2,)] — 07 (2,)) < 0.

By the discrete minimum principle for the continuous case [18], we obtain

T >0 = (W9 (@) < C[[(4b2hi) ™t 1< <

N
2
k=1

Similarly, we prove the bound for Wl+(j+1)(xl-) for % +1<i<N-1,0<
j<M—1.
Now, to prove the bound for W, g H)(mi), we define the barrier function for

the right layer component as
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(i (i . N
m ) = O T WO @), 0<i< T, 0< i< M-,
where
%
—1 N
4 [T a+om)t0<i<?,
7,1 =i+1

. N
1, 1 = 5

—(+D) >0, 77;1‘(0) >0 and 77;1(\?721) > 0.

For large enough C', we have 7, o

Now,
T A A AR
—(+1)
Vri 2 hi 2 i+3
= i (oep2 (1) 42602 4 patE (2)0
1+0mi<61%H1 W ) + 2607 + pa’ T2 (2;)60,
1
02 pa? ™z (z)hisa _ bj.l,.%(xi)
hi + hiy1
,y—§j+1) ) L i1
< 7, 2 92 j+§ i 0 _bj+§ i ) e
T 1+01h a2 ()6 (@) ashz‘+1+hz'

For the case when v/au < /pe, on simplification, we get

-+
-G+ - Tri (p\aj+%(mi)| _ bj+%(mi)) <0,

£N,M (
c My 1+ 0.h

I < I (et )] - B ) ) <0,

£N,M (
m nr,z — 1+ 91hl

I < I (plad )] - b () <0,

£N,M (
“ nr,z 14 91h1

and for the case when /au > /pe,

7_‘(j+1) Oz/f Sl 21
2 (B e ) - ¥ @) <0

EN,M —(5+1) <
¢ 2¢

T -1 +91hz

‘ - 2 , _
£ < 2 (M k@) -9 ) <0,

Tt — 1+ thl ?

1 <0.
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- 2
NM o -GH+D) o Tri ap i+ () -yt () ) <
Lu g 1401k ( 2¢ (a+a”™2 (@) *(@i) | <0.

By the discrete minimum principle for the continuous case [18], we obtain

N/2
n;(Hl) >0 = |Wr_(j+1)($i)| <C H (1+91hk)_1, 1<i<

{ 0<j<M-1.
k=i+1

N
97

Similarly, we prove the bound for W, U™ (z,) for X +1<i< N -1, 0 <
< M-—-1. O

For the truncation error at the mesh point (z;,t;11) € QVM\{d}, when

mesh is arbitrary, we have

(LM = LYyi| < ehillyamall + phillallllyeall + sl
N,M
1L (el < § 1L ™ = L)yl < efillyawall + Crhiy (lyaaa | + [Yzall) + lyecll
(LM = L)yl < ehillyawall + phivallal[yael| + yeell-

On a uniform mesh with step size h, we get

(LM — L)yl < eb?|[Yaawall + 1h?[all|Yaaal + lyell
N,M
1L, (e(@a))l < 1L = L)yil < ehllyawall + Cubiis ([Yawal| + [1Yae ) + lyul
(LM = L)yi| < eb?|[Yaawall + uhllall|yee || + 1yeell,

where Cjq|,|ja’| 18 a positive constant depending on ||al| and ||a’]|.

Lemma 10. The discrete regular component V77! (z;) defined in (11) and
v(x, t) is solution of the problem (2). So, the error in the regular component

satisfies the following estimate for /au < /pe:

|V —vllgv-—uanv+ < C(N72+ At?).

Proof. For the regular part of the solution y(z,t) of (1) for the case where

Vap < \/pe and when mesh is uniform (r; = 7 = %) in the domain

(zi,tj41) € QN7 the truncation error is

| M (V=D = U ()| = [£M (V0D — =G ()
d? .
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e @) (D0 - 2 )om 0 ()
dz
~ 0N
<Dt _(%)U U ()
< P[0l + uh?lla[[[v. || + C1AE

< C(N72 + AP).

_|_

When mesh is nonuniform in (z;,t;11) € QV~ for ap < \/pe:

LM (VU — o= U ()] < ehil|vga | + phillalllg, | + C1AE < O(NT2 + AP?).

e,

For the case where \/au > \/pe and when mesh is uniform (1, = 7 =

the domain (z;,t41) € QN

) in

LY MV =0+D =0y ()| < C(N72 4 At?).
‘When mesh is nonuniform:
LXMW= — U (@)] < ehillog,, | + phillalllvg, || + CLAE

< CO(N72+ A1),

(LM (VO — o= U (@)] < ehilogpe || + Cphiir vzl + oz )
< C(N2+ AP,

LM (VO — om0 (@) < ehil|ogag | + Cpthiva (o)
< CO(N72+ A?).
At the transition point 7y:
LM (V0D G0 )] < C(N2 + AP)
Define the barrier function in (z;,¢,41) € QN :
P (z) = C(N72 + A?) £ (VU — =0y ().

For large C, 771(0) > 0, @[Jj“(m%) > 0,¢%(z;) > 0 and LM+ (z;) < 0.
Hence, using the approach given in [8], we get 7t (x;) > 0 and
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[(V=UFD =0y ()| gnv- < C(N72 + At?). (14)

Similarly, we can estimate the error bounds for right regular part in the

domain (z;,t;41) € QN*:
[(VHOHD 0Dy ()| ove < O(NT2 4 AL?). (15)
Combining the above results (14) and (15), we obtain

IV = vllgv-cans < CN=2 + AR).

Lemma 11. Let W;(z;,%;41), wi(x,t) be solution of the problem (12) and
(3), respectively. The left singular component of the truncation error satisfies

the following estimate:

C((N"'InN)* + At?), Vap < \/pe,

(16)
C(N2(InN)> + A?), ap > /pe.

Wi — wif| ov-pan+ <
Proof. The truncation error in case of uniform (1 = 72 = %) for the case
Vap < \/pe in the domain (x;,tj11) € Q¥ is

LeNM (w0 T ) < N2 (elfwp S| + pllw SV ) + CLAE |lwy |

lixxzx x

< C(N72(InN)? + At?).

In the case of nonuniform mesh, we split the argument into two parts.

For (z;,tj4+1) € [m1,d) x (0,T] from Lemma 5, we obtain
w9 ()] < Cexp ™ < Cexp ™™ < ON~2. (17)

Also, from Lemma 9, we have

< CN~2

E ®[z

w, Yt @) < C

—N/8
(14 0ahp) ! < <1 + 161nN>

k=1

Hence, for all (x;,t;41) € [11,d) x (0,T], we have

(W, 9% — w9 @) < Wy 9 ()] 4wy 9 ()] < ON2,
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For /au < ,/pe, the truncation error for the left layer component in the

inner region (0,7) x (0,77, is
LM (WD Uy )] < C(NT2 (I N)? + A2,
We choose the barrier function for the layer component as
W () = CL((N " I N2+ A) (W, U~ O ) (@), (@i, ty50) € QY

For sufficiently large C, we have 7t (zg) > 0,97 (zn/5) > 0,9%(x;) > 0
and LYMyJi*T1(z;) < 0. Hence by the discrete maximum principle in [18],

T (z;) > 0. So, we can obtain the following bounds:

(W, U 0 ()] < C(N“2(In N)24AE%),  for all (w4,tj41) € QN

LS

For the case where /au > /pe and when the mesh is uniform (7, = 75 =
in (.’Ei,thrl) e QN—:

)

LM I —w ) @) < OV N)? + AR).

The truncation error for the left layer component in the inner region (0, 71) x

(0,T], when mesh is nonuniform is
LM (WD Uy )] < CNT2 (I NP+ CLAE,
LM WO — U @) < Chellwg gl + CHIpw | + o, ]]) + C1 A
< CRp(llwy @+ llwy @) + A8
< C(N"Y(InN)? + At?),
M WO —wr V) (@) < OV (I N) + AP,
We choose the barrier function for the layer component as
W (@) = (N~ In NPHAR) =W, Y —a ) (), (5, 1540)) € QY

For sufficiently large C, we have 7t (zg) > 0,97 (zn/5) > 0,9%(x;) > 0
and L:hN’ijH(xi) < 0. Hence by the discrete maximum principle in [18],
/T (z;) > 0. So, we can obtain the following bounds in (0,d) x (0, T]:
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C((N"'InN)? + At?), ap < \/pe,

-0 —(+1)
(WY — o U ) (@y)] < (18)
: : C(N"2(InN)® + Af2), au > \/pe.
By a similar argument in the domain (d, 1) x (0, 7], we have
, , C((N"'InN)2 + At?), Jau < /pe,
W00 0 gy < SV IRV A0), Jan< Vo
C(N?(InN)> + A?), ap > \/pe.
Combining the results (18) and (19), the desired result is obtained. O

Lemma 12. Let W, (z;,tj41), w, (z,t) be solution of the problem (13) and

T

(4), respectively. The right singular component of the truncation error sat-

isfies the following estimate:

C((N"'InN)* + A#%), Vau < \/pe,

(20)
C(N?(InN)> + At?), ap> \/pe.

”WT - wr”QN*uQJ\W <

Proof. The truncation error for /au < ,/pe, when the mesh is uniform (7, =

Ty = %) in (Zi,tj+1) € QN s

LM (WG — G0 ()| < ON =2 (el |+ pll0 g ) + C1 A
< C(N2(InN)? + At?).

In case of nonuniform mesh, we split the interval (0, d) x (0, T] into two parts
(0,d — 73] x (0,T] and (d — 72,d) x (0,T].

In the domain (z;,¢;41) € (0,d — 72] % (0,T], we have
Jw U (z,)| < Cexp™ @) < Cexp™h™ < CN72 (21)

Also, from Lemma 9,

< CN~2

E ®[z

W0 ()| < ©

—N/8
(1+01h)~" < <1 + 161nN>

k=1

Hence, for all (x;,t;41) € (0,d — 2] x (0,T], we have

(WU — U0 ()] < (W 0D (@) + |wy U (a)] < ON2,
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For /au < ,/pe, the truncation error for the left layer component in the

inner region (d — 72,d) x (0,71, is
LXMW, — 0D (@) < C(NT3(In N)? + AF?),
We choose the barrier function for the layer component as
P (@) = CL((N ' In NP+ AR E(W, 0 —w 0D (), (@4, t541) € Q.

For sufficiently large C1, we have z/ﬂ"‘l(x%) > 0,97 (zy/2) = 0,9%(x;) >0
and ﬁhN’ij“(xi) < 0. Hence by the discrete maximum principle in [18],
It (x;) > 0. So, by using the discrete maximum principle, we can obtain

the following bounds:
|(W,m0+) - GFDY ()] < C(N“2(In N)?+A1?),  for all (wi,t;41) € QN ™.

For /ap > /pe, when mesh is uniform (r; = 7 = 2) in (0,d) x (0,7, we

have
LM W0 D) ()] < C(N72(In N3 4 At?).

In case of nonuniform mesh, the truncation error for the left layer component

in the inner region (d — 2,d) x (0,77, is
|CNM (WD U ()| < CN72(In N)? + CL AL,
We choose the barrier function for the layer component as
W (@) = CLUN T2 In N3+ AP) (W, U —w O (@), (@, t540) € QY

For sufficiently large Cy, we have wj“(:c%) > 0,97 (zy/2) > 0,9%(x;) >0
and LM+ (z;) < 0. Hence by the discrete maximum principle in [18],
It (z;) > 0. So, by using the discrete maximum principle, we can obtain

the following bounds in (z;,t;41) € QN

CUN ' InN)? + AP), Vau < \/pe,

(W7 0FD — D) (@)] <
C(N7?*(InN)* + A?), ap > \/pe.

r =

(22)

By a similar argument in the domains (z;,t;11) € QVF, we have
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C((N"'InN)* + At?), Vap < \/pe,
C(N?(InN)> + A?), ap > /pe.

Combining the results (22) and (23), the desired result is obtained. O

(WHOHD — U+ (a)] <

(23)

Lemma 13. The error e(x%,tj_H) estimated at the point of discontinuity
(T, tj+1) = (d,tj+1),0 < j < M — 1 satisfies the following estimates:

Ch?

€3T7 \/aILL S vV PE,

Ch2u3
—3 Vap > \/pe,

LY M(U = u) ()] <

where h = max{hs, hs}.

Proof. For v/apu < /pe, the truncation error at the point Ty = dis

j+1 j+1
LML 2h§95\//2—1h4 2h‘2195\7/2+1h3
h

o) 2¢ — hguaﬁ/ifl - 2¢ + h4ua§\,—;i+1

< LNMUT )|
2h3hy

2¢ — hguag\j_éfl

2h3hs3

I+1
|‘C2V7Mu<xN/2*1’tj+1) - g?\f-’_/g_1|

N,M j+1
T 1L u(@n 2yt i) — 9?\;/2+1|
2¢ + hapary 5
< ChQHwaIH
Ch?
= @32
By using the bounds given in Lemma 4 for ||uz..||, we get the above estimate.

For y/au > /pe, the truncation error at the point Ty = d js

2
1 L
2139y 3 I - 2h3g 54103

ﬁhN,MUj+1 (xN/2) B T B

267h3uaN/§_1 26+h4,uaN/§+1

< LM ()]
2h3hy

+ J+3

N/2-1

1L Mu(ey o1, tjn) — 9?§+/lzf1|
2¢ — hypa
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2hihs N,M j+1
ﬁlﬁc ’ u(mN/2+17tj+1) - gN/2+1|
2e + h4uaN/§+1
< ChQHwaIH

2,3
< Chou
ST a3

By using the bounds given in Lemma 4 for ||uz..||, we get the above estimate.
O

Theorem 3. Let u(x,t) and U(x,t) be the solutions of (1) and (8), respec-
tively. Then
U — ullgym < C(N72 In N3 + AtQ),

where C'is a constant independent of €, u and discretization parameters N, M.

Proof. From Lemmas 10, 11 and 12, we have

C(N7?(InN)* + A#?), au < \/pe,

|U = ul|on-uon+ <
- C(N"2(InN)® + At2), ap > \/pe.

Let \/au < /pe. To find error at the point of discontinuity Ty = d, we
have considered the discrete barrier function ¢1(x;,tj41) = Y1(xi, tj41) £

e(x;,tj41) defined in the interval (d — 1o,d + 73) % (0, T, where

1/)1 ("Ei, t]‘+1) :C’(N72(ln N)3 + Atz)

" Ch2 X; — (d+ ’7'2), ($i7tj+1) S QN7M N (d — Tg,d) X (O,T],
63/2 d*Tg*SEi, (l’i,tj+1) EQN’MQ(d,d+Tg) X (O,T]

For z; € (d — 1o,d + 73), ¢1(d — T2,tj41), d1(d + 73,t541), d1(xi, to) are
nonnegative and ﬁ;LV’M¢1($i,tj+1) <0, for all (x;,tj41) € (d— T2, d+ 13) X
(0,7). Also, LM ¢1 (2 ja,tj41) < 0.

Hence, by applying the discrete minimum principle, we get ¢1(z;,t41) >
0.
Therefore, for (z;,tj41) € (d — T2,d + 73) % (0,T], we have

02h27'

= S C(N"2(In N> +At?).

(24)

(U —u) (@i, tj21)] < CLN2(In N+ A8) +
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For /oy > ./pe, consider the discrete barrier function ¢g(z;,tj41) =
a(xi,tj41) £ e(x;,tj41) defined in the interval (d — 72, d+73) % (0,T], where

[ (.731', tj+1) :C(N_Q(hl N)3 + AtQ)

h2 {x —(d+72), (xitj41) € WM (d—7y,d) x (0,7,

+C
! € d— 13— T, (mi,tj_H) c QN-M (d,d+T3) X (O,T]

We have ¢o(d — 72,t4+1) and ¢2(d + 73, tj41), d2(2is o), @i € (d— 72,d +73)
are nonnegative and £g7M¢2($i,tj+1) < 0, for all (x;,tj4+1) € (d — 72,d +
73) % (0,T]. Also, LM pa(xs,tj41) < 0.

Hence by applying the discrete minimum principle, we get ¢a(x;,tj41) > 0.
Therefore, for (z;,tj41) € (d — T2,d + 73) % (0,T], we have

(U = w)(@, tyo1)] < CIN> (0 N)* 4 AP). (25)

By combining the result (24) and (25), we obtain the desired result. O

5 Numerical examples

To demonstrate the effectiveness of the proposed hybrid difference approach,
we proposed a numerical method on three test problems with discontinuous
convection coefficients and source terms. As the exact solutions to these
problems are unknown, we used the double mesh method [7, 6] to evaluate
the accuracy of the numerical approximations obtained. The double mesh

difference is defined by

2N,2M N,M
ENM :max<max|U2i o =U. >,
j /L K .7 7.7
N,M 2N,2M . A A
where U, and Uy;"*" are the solutions on the mesh QM and Q2N:2M

respectively. The order of convergence is given by

N.M EN’M
R = log, F2Na |-

We also compute the error and order of convergence by fixing ¢ and varying

p from a larger set, say u € S = {1077,2,4,6} and name them as
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EGN’M = max ENM.
nes

The order of convergence is given by
EN’M
N,M __ €
R. = log, (E2N’2M>'
Example 1. Consider
(€Ugy + pau, —bu —uy)(x,t) = f(x,t), (z,t) € ((0,.5) U (0.5,1)) x (0,1],
u(0,t) = u(l,t) = u(x,0) =0,
with
—(1+=z(1l—2)), 0<x<0.5,te(0,1],
a(x,t) =
1+z(1—z), 0.5 <z <1,te(0,1],
o) = —2(1+2%)t, 0<x<0.5,t€(0,1],
’ 200 +22)t, 05 <z <1,te(0,1],
and b(z,t) = 1+ exp(z).
Example 2. Consider

(eugr + pauy — bu —uy)(z,t) = f(x,t), (x,t) € ((0,0.5)) U (0.5,1)) x (0,1],
u(0,t) = u(l,t) = u(z,0) =0,

with
—1+z(l—2)),0<z<0.5,te(0,1],
a(z,t) =
1+ (1 —2), 0.5 <z <1,te(0,1],

Fot) —2(14+2%)t, 0 <z <0.5,t € (0,1],
x,t) =
3(1+22)t, 05<z<1,te(0,1],

with and b(z,t) = 1 + exp(x).
Example 3. Consider
(Eumm + paug — bu — ut)(xv t) = f(IL', t)a ((E, t) € ((07 5) U (057 1)) X (Oa ]-]a

u(0,t) = u(1,t) = u(z,0) =0,

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728-769



759 A parameter uniform hybrid approach for singularly perturbed ...

with

—(1 4 exp(—=at)), 0 <z <0.5,te€(0,1],

a(z,t) =
24 x +t, 05 <z <1,te(0,1],

fat) (exp(t?) = 1)(1 +at), 0 <x <0.5,t€(0,1],
xZ, =
—(2 + z)t2, 0.5 <z <1,te(0,1],

and b(z,t) = 2 + xt.
6 Discussion

Table 1: Maximum point-wise error EV-* and approximate orders of convergence RV

for Example 1 when e = 276,

Number of mesh points NV
32 64 128 256 512 1024

2—8 4.17e-03  1.41e-03  6.13e-04 2.94e-04 1.45e-04  6.99e-05
Order 1.5623 1.2055 1.0627 1.0181 1.0526

2712 3.24e-03 8.65e-04 2.26e-04 5.92e-05 1.58¢-05  3.98e-06
Order 1.9038 1.9330 1.9357 1.9099 1.9891

2716 322e-03 8.54e-04 2.21e-04 5.62e-05 1.42e-05 3.55e-06
Order 1.9902 1.9972 1.9991 1.9995 1.9991

2720 3.21e-03 8.53e-04 2.20e-04 5.60e-05 1.41e-05 3.53e-06
Order 1.9132 1.9532 1.9753 1.9867 1.9979

2724 321e-03 8.53e-04 2.20e-04 5.60e-05 1.41e-05 3.53e-06
Order 1.9132 1.9532 1.9761 1.9879 1.9979

2760 321e-03 8.53e-04 2.20e-04 5.60e-05 1.41e-05 3.53e-06
Order 1.9132 1.9532 1.9761 1.9880 1.9979

Table 1 tabulates the error and numerical order of convergence for the
Example 1 for different values of ;x when e = 276, Table 2 presents the
numerical results for different values of € and p = 276 for Example 1. In Table
2, we note that the order of convergence for different values of € increased
till N = 256 and slightly decreased for N = 512. The numerical order of

convergence for N = 512 is still two. This decrease in convergence is due

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728-769



Roy and Jha

760

Table 2: Maximum point-wise error EV-™ and approximate orders of convergence RV-M

for Example 1 when p =276,

Number of mesh points N
‘ 64 128 256 512 1024
2716 2.32-01 9.41e-02 2.52e-02 5.63e-03 1.67e-03
Order 1.3012 1.9025 2.1589 1.7513
2720 231e-01 1.03e-01 2.43e-02 5.57e-03  1.46e-03
Order 1.1738 2.0757 2.0678 1.9272
2724 2.3le-01 1.03e-01 2.41e-02 5.48¢-03  1.35e-03
Order 1.1643 2.0955 2.1374 2.0222
2728 231e-01 1.03e-01 2.41e-02 5.47e-03  1.34e-03
Order 1.1638 2.0967 2.1415 2.0329
2732 2.31le-01 1.03e-01 2.41e-02 5.46e-03  1.33e-03
Order 1.1637 2.0969 2.1424 2.0330
236 2.31e-01  1.03e-01 2.41e-02  5.46e-03 1.33e-3
Order 1.1637 2.0969 2.1424 2.0331
2740 231e-01 1.03e-01 2.41e-02 5.47e-03  1.34e-03
Order 1.1637 2.0969 2.1424 2.0331

Table 3: Maximum point-wise error £ " and approximate orders of convergence R

for Example 1.

Number of mesh points N
‘ 64 128 256 512 1024
1072 4.70e-03  2.25e-03  1.13e-03  5.69e-04  2.69e-04
Order 1.0632 0.9951 0.9871 1.0799
1074 1.70e-01  6.05e-02  1.55e-02  3.88e-03  1.10e-03
Order 1.4912 1.9646 1.9982 1.8212
1076 2.19e-01  9.18e-02  2.38¢-02 5.79¢-03  1.59e-03
Order 1.3947 2.0482 2.0955 2.0558
1078 9.66e-02 4.22e-02  9.92e-03  2.37e-03  5.79e-04
Order 1.1963 2.0881 2.0654 2.0323
10710 1.19e-01  4.22e-02  9.92e-03  2.37e-03  6.04e-04
Order 1.4918 2.0883 2.0667 2.0106
1012 2.39e-01  8.09e-02  1.95e-02  4.58e-03  1.10e-03
Order 1.5658 2.0486 2.0938 2.0581
1071%  2.39e-01  8.09¢-02 1.96e-02  4.58¢-03  1.10e-03
Order 1.5658 2.0486 2.0938 2.0581

N,M
€
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Table 4: Maximum point-wise error EV>* and approximate orders of convergence R™-M

for Example 2 when ¢ = 276,

Number of mesh points N
64 128 256 512 1024
2710 467e-03 1.55e-03  6.01e-04 2.54e-04  1.20e-04
Order 1.5912 1.3668 1.2425 1.0818
2714 4.00e-03 1.03e-03 2.62e-04 6.61e-05 1.66e-05
Order 1.9521 1.9751 1.9868 1.9939
2718 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.66e-05
Order 1.9515 1.9750 1.9865 1.9938
2722 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.67e-05
Order 1.9515 1.9750 1.9865 1.9938
2728 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.67e-05
Order 1.9515 1.9750 1.9865 1.9938
2732 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.67e-05
Order 1.9515 1.9750 1.9865 1.9938

I

2760 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.67e-05
Order 1.9515 1.9750 1.9865 1.9938

Figure 2: Numerical solution for ¢ = 276,y = 2732 when N = 64 for Example 1.

to the fact that in boundary layer region upwind scheme is replaced by the
midpoint upwind scheme. The midpoint upwind scheme is not performing as
well as the upwind scheme.

Figures 2 and 3 represent the surface plot of the numerical solution and
error graph of Example 1, respectively, for 4 = 2732, ¢ =276 and N = 64. We

note that the maximum error is at the point of discontinuity. Figures 4 and
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Table 5: Maximum point-wise error EV-™ and approximate orders of convergence RV-M

for Example 2 when p =276,

Number of mesh points N

128 256 512 1024
2718 331le-01 1.51e-01 3.72e-02 9.95e-03  2.66e-03
Order 1.1321 2.0226 1.9015 1.9011
2722 355e-01 1.55e-01 3.63e-02 9.75e-03  2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2726 3.55¢-01 1.55e-01 3.63e-02 9.75e-03  2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2730 355e-01 1.55e-01 3.63e-02 9.75e-03  2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2734 3.55e-01 1.55e-01 3.63e-02 9.75e-03  2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2738 3.55e-01 1.55e-01 3.63e-02 9.75e-03  2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2742 355e-01 1.55e-01 3.63e-02 9.75e-03  2.55e-03
Order 1.1982 2.0914 1.8940 1.9330

Table 6: Maximum point-wise error EV- and approximate orders of convergence RV-M

for Example 3 when e = 278,

Number of mesh points N
a 32 64 128 256 512 1024
2-14  7.74e-03 2.08¢-03 5.31e-04 1.34e-04 4.79e-05 2.19e-05
Order 1.8947 1.9704 1.9834 1.4871 1.1292
2716 7.83e-03 2.14e-03 5.62e-04 1.34e-04 3.36e-05 8.49e-06
Order 1.8692 1.9572 1.9654 1.9974 1.9858
220 7.86e-03 2.17e-03 5.69e-04 1.45e-04 3.85e-05  9.72e-06
Order 1.9108 1.9481 1.9657 1.9672 1.9868
2724 7.86e-03 2.17e-03 5.69e-04 1.45e-04 3.85e-05 9.72e-06
Order 1.9902 1.9972 1.9991 1.9995 1.9872
2728 7.86e-03 2.17e-03 5.69e-04 1.46e-04 3.73e-05  9.43e-06
Order 1.8592 1.9299 1.9605 1.9694 1.9845
2760 7.86e-03 2.1e-03  5.69e-04 1.46e-04 3.73e-05 9.43e-06
Order 1.8592 1.9299 1.9605 1.9694 1.9845
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Table 7: Maximum point-wise error EY and approximate orders of convergence RN for

Example 3 when pu =276,

Number of mesh points N
‘ 64 128 256 512 1024
2-18  2.28e-02 9.24e-03 2.87e-03  7.47e-04  1.97e-04
Order 1.3030 1.8330 1.9301 1.9221
2722 2.27e-02 9.25e-03 2.54e-03  6.61e-04 1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2726 2.27e-02 9.25e-03 2.54e-03  6.61e-04  1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2730 2.97e-02 9.26e-03 2.54e-03  6.61e-04 1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2734 297e-02 9.2561e-03 2.54e-03 6.61e-04  1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2738 2.97e-02 9.26e-03 2.54e-03  6.61le-04  1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2742 2.97e-02 9.26e-03 2.54e-03  6.61e-04  1.73e-04
Order 1.2951 1.8634 1.9434 1.9339

Figure 3: Error for e = 276 ;= 2732 when N = 64 for Example 1.

5 show the numerical solution and error graph for Example 1, respectively,
when € = 2739 1, =275 and N = 128. Here too the maximum error occurs
at the point of discontinuity.

In Table 3, we present the maximum point-wise error and order of con-
vergence for € S = {1077, = 2,4,6.} and for different e. Tables 4 and
5 tabulate the value for different ¢ and p for Example 2. In Figures 6 and

7, the numerical solution and error graph for Example 2, respectively, when
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Figure 4: Numerical solution for ¢ = 2739 ;4 = 276 when N = 128 for Example 1.

012,

Figure 6: Numerical solution for ¢ = 2722 4 = 276 when N = 128 for Example 2.

€=2"22 1 =276 and N = 128 are presented. Here, the maximum error
occurs at the boundaries near x = 1.
Similarly, Table 6 tabulates the error and numerical order of convergence

for Example 3 for different values of ; when ¢ = 278, Table 7 tabulates the
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o

Solution

Figure 9: Error for e = 278 ;= 2736 when N = 64 for Example 3.

error and numerical order of convergence for Example 3 for different values

of € when p =276,
Figures 8 and 9 represent the surface plot of the numerical solution and

error graph of Example 3, respectively, for e = 278, 4 = 2736 and N = 64.
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We note that the maximum error is at the point of discontinuity. Here, we
also noted the same pattern in Tables 3, 5, and 7, as noted in Table 2, that
is, the order of convergence is increased and then decreased for higher values
of N.

7 Conclusions

In this article, we studied a singularly perturbed two-parameter parabolic
problem characterized by a discontinuous convection coefficient and source
term. The solution reveals boundary layers near the domain boundaries and
internal layers at the point of discontinuity, induced by the discontinuities
in the convection coefficient and source term. For the temporal discretiza-
tion, we utilized the Crank-Nicolson method on a uniform mesh, achieving
second-order accuracy in time. In the spatial direction, we implemented a
hybrid difference scheme, which integrates the midpoint method, central dif-
ference method and upwind difference method on a suitably defined Shishkin
mesh with a five-point formula at the discontinuity point, ensuring almost
second-order accuracy in space. The theoretical analysis was corroborated by
numerical results, demonstrating the efficacy and accuracy of the proposed

approach.
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