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Abstract

We study an optimal control problem for bilinear reaction-diffusion equa-
tions. The novelty of our approach lies in considering controls from the
space of essentially bounded functions without imposing a priori bounds
on the admissible set. We introduce an auxiliary problem with controls in
LP spaces (p > 1 + N/2, where N is the spatial dimension) and demon-

strate that both formulations are equivalent in terms of optimal solutions.
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Bilinear optimal control of a reaction-diffusion equation ...

Under suitable assumptions on the system parameters, we establish the ex-
istence of optimal controls and derive first-order optimality conditions. Our
theoretical findings are supported by numerical simulations that validate
the practical effectiveness of the proposed approach. This work provides
a new framework for handling bilinear control problems without artificial
constraints, offering potential applications in population dynamics and eco-

logical management.

AMS subject classifications (2020): 49J20, 35K57, 49K20, 35K58

Keywords: Bilinear optimal control; Reaction-diffusion equations; Essen-

tially bounded controls; Optimality conditions.

1 Introduction

In this paper, we address the control problem of bilinear reaction-diffusion
equations with essentially bounded controls. Specifically, we consider the

following evolution problem:

y(a,t) + Ay(z,t) = u(x, t) L(y(z,t)) + f(z,t) in Qx(0,7T),

9 _ § on 002, 1)
on
y(O) = Yo-

where € RY is an open bounded Lipschitz domain, 4 := —A is the Lapla-
cian operator, T' > 0 is a fixed final time, Q = 2x (0,7, and ¥ = 9Qx (0, 7).

The Neumann boundary condition % = 0 ensures that there is no flux across

On

the boundary 052, where n denotes the outward unit normal vector to 92.

The optimization problem we study is as follows:

Find @ such that J(u) = inf J(u), P
@@= _jnf I )

where the cost function is expressed as

=1 z,t) — ya(z, 1) dz = u(z,t)|P dz
10 = 5 [ w0y~ st dnat [ e dsar, 2
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with y4 representing a target state, y being the solution to (1) associated
with u, and € > 0 being a regularization parameter.

Throughout this paper, we assume the following assumptions:

Assumption 1. The spatial dimension N satisfies N > 2.

This condition ensures that the inclusion H'(Q) C L?(f2) is compact. How-
ever, for the one-dimensional system, we can also consider homogeneous
Dirichlet boundary condition where the injection HE(Q)) C L?(Q) is already

compact.

Assumption 2. The exponent p is chosen such that 1 + N/2 < p < oo.
Additionally, yq, f € LP(Q), and yo € C(Q).

These conditions are essential for deriving L*°-norm bounds for both the state
and adjoint state. The problem is also discussed under weaker assumptions

(see Section 5).

Assumption 3. The operator L : LP" (Q) — L>°(Q) is assumed to be bounded

P
p—1-°

Examples of such operators include spectral projections [32], Bochner—Riesz

and linear, where p* is the conjugate exponent of p, that is, p* =

means and spectral measures [30, 10], as well as spectral multipliers of self-
adjoint operators [29, 25]. Spectral multipliers, in particular, enable us to con-
trol the behavior of the original operator by modifying its spectrum through

a specific function.

Under these assumptions, (1) serves as a fundamental model in population
dynamics, describing the spatio-temporal evolution of a single species within
a geographically isolated domain. The equation captures the combined ef-
fects of diffusive movement, represented by the term Ay(x,t), and population
growth dynamics, influenced by the bilinear control term w(z,t)L(y(z,t)),
where y(z,t) denotes the species density at position x and time ¢. The bi-
linear control structure is particularly notable, as the control u(x,t) acts as
a spatial distribution kernel that modulates reproduction rates, offering sig-
nificant applications in ecological management and optimization problems.
The non-local nature of the reaction term, u(x,t)L(y(x,t)), reflects the real-
istic scenario where population changes at a given point depend on the entire

species distribution. Furthermore, the Neumann boundary conditions impose
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573 Bilinear optimal control of a reaction-diffusion equation ...

population conservation across the domain, ensuring no flux at the bound-
ary. This model’s formulation is applicable in various ecological contexts and
control theory frameworks, with further details discussed in [17, 3, 20, 28, 2].
Traditional approaches for optimization with essentially bounded controls
require imposing a priori bounds on the set of admissible controls to guarantee
the existence of solutions (e.g., [4, 23, 13, 16, 14, 1, 26]). However, this
practice presents significant drawbacks. Determining appropriate bounds
can be challenging in practical applications. Moreover, choosing an upper
bound that is not large enough can lead to suboptimal solutions, potentially
compromising the effectiveness of the control strategy. The methods used in
these references are therefore not suitable for solving the problem at hand.
Our work aims to overcome these limitations by developing a framework
that does not require such constraints. We formulate the control problem
with admissible controls in L>°(Q) without directly imposing any explicit
boundedness conditions on the controls. To tackle this challenge, we intro-
duce an auxiliary optimal control problem, where the control set is the space
L?(Q), as defined at the beginning of Section 3. Through rigorous analysis,
we establish in Proposition 3 that these problems are equivalent in terms
of optimality: A control solves the auxiliary problem if and only if it solves
the original problem in L*°(Q). This fundamental equivalence enables us to
solve the original optimization problem without requiring a priori bounds.
This equivalence holds when both the optimal state § and optimal adjoint
state @ belong to L>®(Q). Notably, when @ € LP(Q) solves the auxiliary

problem, the necessary optimality condition yields

la(z,t)] = C|L(5(x,1))@(z, )| 7T ae. in Q,

from which we deduce @ € L*°(Q). While the well-posedness of system (1) in
C([0,T); L3(2)) is known [22, p. 66], our optimal control framework requires
enhanced regularity properties. We establish the existence and uniqueness of
solutions in L*(Q) for both state and adjoint equations through fixed-point
analysis under Assumptions (2) and (3), where the interplay between L and
p plays a crucial role in achieving this improved regularity.

Related problems have been studied in the literature for systems governed

by an additive control operator [9, 8]. For instance, Casas and Kunisch [§]
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investigated the minimization of a quadratic cost function (p = 2) subject
to an infinite-horizon semilinear system of dimension up to N = 3. For a
bilinear control operator, when considering a quadratic cost function, the
problem can only be addressed for one-dimensional systems (see section 5 for
more details). Therefore, strong assumptions are required to handle bilin-
ear optimal control, compared to additive control within the framework of

minimization over L>®(Q).

Considerable attention has been devoted in the literature to systems gov-
erned by semilinear equations with multiplicative controls. For instance,
optimization problems involving purely time-dependent controls have been
extensively explored [5, 34, 35], as have problems involving distributed con-
trols, as discussed in [18, 31]. However, the methods developed in these
studies are not directly applicable to the bilinear control problem addressed
here, as they typically consider controls belonging to Hilbert spaces, while
our framework necessitates a different approach. Additionally, studies on the

controllability of such systems can be found in [27, 7].

The cost function analyzed in this work has been studied in various con-
texts. For instance, similar functionals have been explored in bilinear control
problems involving chemotaxis-consumption systems in bounded domains
(19, 11]. However, the methods used in these studies are not suitable for
the specific bilinear optimal control problem considered here, as they rely
on the assumption that optimal controls exist within Banach spaces of the
form L"(Q), for some r > 1. Additionally, analogous functionals have been
examined in optimal control problems involving purely time-dependent con-
trols within bilinear infinite-dimensional systems [36]. This method is not
applicable to our problem, as the admissible control set in our framework

extends beyond pure time-dependent controls.

The primary contribution of this work is the formulation of a new opti-
mal control problem with essentially bounded controls, where no pre-defined
upper bounds are placed on the admissible controls. We also demonstrate
the existence of optimal controls and derive their structure using first-order
optimality conditions. Numerical simulations are provided to verify the the-
oretical findings and emphasize the practical relevance of the proposed ap-

proach.
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575 Bilinear optimal control of a reaction-diffusion equation ...

The organization of the paper is as follows: In Section 2, we establish
the well-posedness of the state equation. Section 3 proves the existence of
an optimal control and derives the first-order necessary conditions for opti-
mality. Section 4 presents numerical examples to illustrate the theoretical
results. Section 5 offers additional remarks and discussions. Finally, section

6 concludes the paper.

2 Well-posedness of the state equation

This section focuses on establishing the well-posedness of the state equation.
We start by defining the appropriate function spaces and discussing their
properties. Next, we introduce the variational formulation and provide the
definition of a weak solution to (1).

Let W(0,T) denote the Hilbert space

W(0,T)={y e L*0,T; H' (Q)) : y € H'(Q)*},

endowed with the norm

T N
lllwio.r) = ( / (ny(t)niz(m +y
=1

This space admits a continuous embedding into C([0,T]; L2(£2)) [24], with
embedding constant Mj:

L

dy(t)
)

) 1/2
+ ||17(t)||§11(9)*> dt) :

L2(Q)

Yl Lo 0,7, 22(92)) < Mollyllw o,7)- (3)

Moreover, by the Rellich-Kondrachov Theorem [15] and the Aubin-Lions
Lemma [24], we have the compact embedding W(0,T) C L?(Q). For the
variational formulation, we introduce the space VV21 ’I(Q):

dy
61‘i

W Q) = {y € L*(Q) :y € L*(Q) and € L*(Q), foralli=1,.. .,N} ,

endowed with the norm

T N
9l () = ( / (ny(t)nia(m >
1=1

(1)
oz

%

) 1/2
+ ||y(t)||i2(9)> dt) :

L2(Q)

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 570-599



El Mezegueldy, Ouakrim and Ouzahra 576

The test function space W is defined as
W= {v e W' (Q) : v(z, T) = 0 for almost all z € Q} .
For the operator L, we define

|L| = max {|| Ll £(z2(0), o () | Ll £(20* (90) Lo () } -

The variational formulation is obtained by multiplying the state equation

with a test function v € W and integrating over Q:

/ /Q (—yo+Vyvo)dedt = / /Q (uLy)o+ fv)dedt+ /Q yov(0) dz. (4)

Definition 1. A function y € W(0,T) is called a weak solution to the state
equation (1) if it satisfies the variational equality (4) for all test functions
veW.

The following enhanced regularity result holds for linear systems.
Lemma 1. [33, Ch.V] Let g € LP(Q). For any 2z € C(Q), the system

24+ Az=g¢g in Q,
%:0 on X, (5)

z(0)=29 in €,
admits a unique solution z € W(0,T) N C(Q) satisfying
lzlwio.m + 12l < coo (llz0ll2=@) + lgllr@) ). (6)

where ¢ is a positive constant, non-decreasing with respect to |@| and in-

dependent of g and z.

Remark 1. The constant ¢y, in Lemma 1 depends only on |Q], as detailed in
[21, Ch.III]. Moreover, the estimate (6) remains valid with the same constant
€ When considering (5) over any subinterval (7, 72) C (0,7). This time-

independence of c,, will be crucial in our subsequent analysis.

Building on this result, we establish the well-posedness of the state equa-

tion.
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Proposition 1. For every u € LP(Q), the state equation (1) possesses a

unique weak solution y € W(0,7) N C(Q). In addition, this solution satisfies

the following priori bound:

lyllwo,7) + ¥l Lo (@) < Cu(Hyo||L°°(Q) + Hf”LP(Q))a (7)

where C,, is a constant that does not depend on yp and f, and non-decreasing

with respect to ||ul| 1y (q)-

Proof. Fix an arbitrary 7 € (0,7T]. Let Q. := Q x (0,7), X, := 9Q x (0,7),
and define the Banach space X, := W(0,7)NC(Q,) equipped with the norm

lyllx, = lyllwo,n + 1¥llz=(@.)-
Consider the mapping Y : X, — X,, where Y(w) = y solves

y+Ay=uL(w)+ f in Q,

% =0 on Y., (8)
y(0) = yo in Q.

By Lemma 1, Y is well-defined since uL(w) + f € LP(Q,). To show Y is a

contraction, take wy, ws € X, and let z = Y(wy1) — Y(w2). Then z satisfies

24+ Az =ul(wy —wz)in Qr,

% =0 on z‘ra (9)
z(0)=0 in Q.

Applying Lemma 1 and using (3), we obtain

19(wn) = Yws)llx, < oo Jul®) Llwr () = w2 oy |

Lr(0,7)

< col L HH“(t)HLp(Q) lws () — U’Q(t)””(m’ 19(0,7)

< Cool Ll [[ull (@, w1 — w2l Lo (0,7:22(02))

< coo Mo Ll[[u]| Lo (g, [lwi — wal|x, -
Therefore, ) is a contraction mapping if

COOM0|L‘HU||LP(QT) < 1.
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If the above condition is not met, we subdivide the interval [0, 7] into subin-

tervals [0, 1], [11, T2], ..., [T1—1, T1] = [T7—1, 7] such that
oo Mo| Ll iy < 1/2, forall i =0, 1~ 1,
and we consider the following systems:

90+ Ay° =uL(y°) + fin Qx (0,7),
(So) aa-—”nozo on 99 x (0,71),
4% (0) = yo in Q,

and fori=1,...,1 -1,

yl_i'_Ay" :uL(yz)-i-le Q x (TiaTi+1)7
(S;) %7{ -0 on 00 X (74, Ti+1) ,

y () =y (m) in Q.

We then define solutions on each subinterval using a similar approach as
before. This leads to a solution y for the entire interval [0,7] by piecing
together the solutions on subintervals.

Moreover, this solution satisfies

9l < eoo (w0l o + IwL(y) + fllzocan) ). (10)

This estimate can be further refined to obtain

lyllx. < coe (Ilollioca) + 17 zo@n) + 121 VIR ulzoge,) I9lz=(a.) ) (1)

We derive also from (10)
ly(T) =) < ¢ <||y0|L°°(Q) + 11 fllzr (@,
- 1
1zl ( | 1Ol o dt> )
< o <||yO|L°°(Q) + 11 fllzr (@,

LV ( 1O 0y WO dt) ’ )
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579 Bilinear optimal control of a reaction-diffusion equation ...

Taking both sides of this inequality to the p-th power, and using the fact
(a+b)P < 2P~ 1(aP + bP) for any non-negative a and b, we get

”y( )HLOC(Q) < 2F 1Cp <||y0|poc(9) + ”fHLp(QT

+ (ILvial) / I gl e dt)-
By applying Gronwall’s lemma, we derive

2P~ L|\/|Q ull®
9y < 277 (00 + 112 g )= (VI el

_ P or=1(. |L qupp
<2712, (follzmy + 1 flln)) ¢ (VI Il

This inequality is valid for all 7 € [0,T]. Consequently, we have

= 2 (et
il @) < 2°7 coo (Iloll i@y + I len@) )o@ @, (12)
Combining estimates (11) and (12), we get
lyllwo,r) + 1yllz=(@)
< oo (ll90ll (@) + 1fllzo(e) )
71(‘300‘[1\\/@)
+ LI V1 Nl e )2 (||y0||L°°(Q) + ||f||Lp(Q)) » lulZe o),

Finally, this estimate leads to the desired estimate (7) with C,, defined as

T I
Cu = Coo + 5| L] \/@HUHLP(Q)QTef”“”“’(Q)

3 Existence and characterization of optimal controls

In this section, we analyze the optimal control problem. We introduce an
auxiliary optimization problem with controls from the function space LP(Q).
Using standard methods from the calculus of variations, we establish the

existence of a solution and provide its characterization via an optimality
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system. Finally, we show that any solution to the auxiliary problem is also a

solution to the original problem (P).

Consider the following auxiliary problem:

Find @ such that J(a) = iLnf(Q) J(u). (Pa)
ueLP

In the following proposition, we show that this problem has a solution.

Proposition 2. The minimization problem (P,4) admits at least one solu-

tion.

Proof. Let us begin by selecting a minimizing sequence (u,) in LP(Q). The
coercivity property of J over LP(Q) ensures that this sequence is bounded.
By the Banach-Alaoglu theorem, we can extract a subsequence that converges
weakly to some element @ in LP(Q).

For each control u,, let y, denote the corresponding state solution to (1).
From the boundedness properties established in Proposition 1, we know that
(yn) forms a bounded sequence in W (0, T'). The reflexivity of this space allows
us to extract a subsequence that converges weakly to some g in W(0,T).
Moreover, the compact embedding theorem yields strong convergence of a
subsequence to 7 in L?(Q).

We must now verify that 7 is indeed the state associated with the control .

For any test function v € W, we have the weak convergences

Un — 7 weakly in L2(0,T; H*(
Ay, — Ay weakly in L?(0,T; H' (Q)*).

o)
=
*
Z

These convergences imply

// —yn0 + Vy,Vv)dedt — // —gv + VyVo) dadt. (13)

n—oo

For the remaining terms, we have the following decomposition:

The mapping u + uL(g) is continuous from LP(Q) to L?(Q), yielding (see
[6, Theorem III-3.10])

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 570-599



581 Bilinear optimal control of a reaction-diffusion equation ...

(up —@)L(7) = 0 weakly in  L*(Q). (15)

Furthermore, we derive

// Un L(yn — )v dadt
Q

T
< / lan (O L (£) — 58| 26 [0(0) | 2y
0

T
pt2 _
< |L[|f = /0 [u@) | Lr @) llyn () — 5Oz @) [v(E)] L2 () At
p+2 —
< LIAQUT) = fun | o @Vl Loe 0. 7322 19n = Ul L2(@) =2 0-

Combining this with (13) and (15), we conclude that g is indeed the solution
to (1) corresponding to the control a.

Finally, the lower semicontinuity of norms yields

J(@) < liminfJ (u,) < inf  J(u),
() < liminfJ (u,) < inf ()

which proves the optimality of @ in LP(Q). O
We introduce the control-to-state map G, defined as G : LP(Q) —

W(0,T), where G(u) = y represents the solution to (1) corresponding to
u. The following lemma establishes the differentiability property of G.

Lemma 2. The operator G is Fréchet differentiable. Its derivative at u €
LP(Q) in the direction of h € LP(Q), denoted by z, is defined as follows:

Zn 4+ Azp = ul(z) + hL(G(u)),
% =0, (16)

Zh(O) =0.

Proof. Let us consider arbitrary controls u and h in LP(Q). According to
Proposition 1, both G(u) and G(u + h) exist in W(0,7) and satisfy the

following inequalities:

1G(Wlwo,r) < Cu (Iyoll L) + [Iflr(@)) »
|G (u+R)|lwo,r)y < Cutn (||y0||L°°(Q) + ”fHLP(Q)) .

The mapping h — zj, is well-defined and bounded:
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lzrllwo,r) < CullRL(G(w))| e (@)
< CulL| [yl Lo 0,7;22 ) 17l L (@)
< CulLIMo|lyllw o, 12| Le (@)
< ail|hf|Lr(q)-

Here, c; = CZ|L|M0 (||y0||Loc(Q) =+ ”fHLP(Q))-
We define w; = G(u + h) — G(u). Then, w; satisfies the following system:

w1 + Awy = ul(wy) + hL(G(u + h)),
bus g, (1)

This system has a solution satisfying

[wrllwo,r) < CulLL(G(u+ 1))l o (@)

S CQHhHLp(Q).

Here, c3 = CyCuin|LIMo (ol =) + I fllLr(@))-

Next, we define wo = wy — zp. Then, wy satisfies

we + Awy = UL(U)Q) + hL(wl),

6{;4;2 =0, (18)

(] (O) =0.

Furthermore, we have
w2 [wo,7) < CullhL(w1)|Le(q)
< esllhl o)

Here, ¢5 = Cy|L|Mpco. Consequently,

|G(u+h) = G(u) = zpllweo,r
||h||LP(Q)

L < eslbllznig) — 0 as [lhl|Leq) — 0.

O

The Fréchet differentiability of the control-to-state map and the smooth-

ness of the L? and L? norms ensure the differentiability of the cost function.
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Lemma 3. The cost function is Fréchet differentiable. Its derivative at « in

the direction of h is given by
J(w)h = / / (tw—w)zn + = senfun) ful? ") dad, (19)
Q

where zp, is the solution to (16), and sgn stands for the signum function.

Since the operator L : L™ (Q) — L*(£2) is bounded and linear, we define
its adjoint L* : L*(Q) — LP(Q) as follows:

(L(y1), y2) Lo (@.L1 (@) = U1, L (y2)) 1o (@), 10(),  for all g1 € LP7 (), yo € L1().

This adjoint operator L* is also bounded and linear.
We now prove the existence of optimal solutions and provide their char-

acterization for the auxiliary problem (P 4).

Theorem 1. Problem (P,) has at least one solution. Moreover, for ev-

ery solution u, there exist gy, € W(0,T) N C(Q), such that the following

conditions hold:

y+Ag=al(y)+f i Q,

% = on X, (20)
y(0) = yo in Q,

¢ —Ap=—L*(up) — (¥ — ya) in Q,

% =0 on X, (21)
(T)=0 in Q,

(L(W + esgn(a) |a|p*1) (u—a)dedt >0, forallue LP(Q), (22)

-
S~

and N

a(x,t) = —M \L(@)@|7T ae. in Q. (23)

er-
Proof. By Proposition 2, the problem (P 4) has a solution @. Let 3 denote the
corresponding trajectory that satisfies (20). We will first prove the existence
of @ that satisfies (21). Then derive the variational inequality (22), and
conclude by obtaining the optimal control characterization in (23).
Step 1: Existence and uniqueness of @.

We proceed to prove that (21) admits a unique solution. To this end, we

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 570-599
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consider the transformation
qt) =T —1), o(t)=uT—1), g(t)=y(T —1t)—ya(T —1),
for almost all ¢ € [0,T]. This transforms (21) into

¢+ Ag=L*(vg)+g inQ,

% =0 on 3,
q(0)=0 in Q.

Since § — yq € LP(Q), Proposition 1 ensures a unique solution ¢ € W(0,7) N

C(Q). Thus, there exists a unique @ € W(0,7T) N C(Q) satisfying (21).
Step 2: Derivation of the inequality (22).
As @ is optimal for problem (P 4), we have J'(@)(u—u) > 0 for all u € LP(Q).

Let h = u — w. Using Lemma 3, we can express this as
J'(@)h = // ((g — ya)zn + £ sgn(a) |a|p*1h> dadt > 0, (24)
Q

where zj, satisfies (16).

Now, let us focus on simplifying the term fo(y — yq)zp, dadt:
//Q(gj — yq)zp dadt = //Q(cﬁ + Ag — L*(up))zp dadt  (using (21))
_ / /Q (=2 + @Az — L*(0p)2p) dadlt
= //Q@Z'h + @Azp, — L*(up)zp,) dzdt
- [ o)tz
Q
+ /Q ?(0)z,(0) d. (integration by parts)
Using the equation for zj, and noting that @(T') = 0 and 2,(0) = 0, we get
//Q(gj — ya)zn dzdt = //Q(@EL(zh) + @hL(y) — L* (u@)zp) dadt.

By definition of L*, we infer

//Q(gj — ya)zp dzdt = //Q hoL(y) dadt.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 570-599
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Substituting this back into (24), we obtain

/ /Q (heL (@) +<sen(a) [af~h) dedt > 0,

which gives the variational inequality (22).
Step 3: Derivation of characterization (23).
From the variational inequality (22), we can deduce the following pointwise

relationship:
L)@ +esgn(a) [afP~ =0 a.e. in Q. (25)

The derivation of the pointwise condition (25) from the variational inequality
(22) is standard, see for instance the method outlined in [33, Section 2.8].

Rearranging this equation and taking the (p — 1)-th root, we obtain

1 L TAY)
= —Mw@)ﬂﬁ a.e. in Q,
gr—1
which is precisely the optimal control characterization (23). O

Remark 2. It is worth noting that for p = 2, a variant of the previous
result can be obtained under weaker assumptions: Replacing (2) with yq, f €
L?(Q) and yo € L%*(R), as discussed in Zerrik and Boukhari [36] using a
semigroup framework. However, our subsequent main result maintains the

original assumptions to address the problem at hand.
Now, we state our main result.

Theorem 2. Problem (P) admits a solution @. Moreover, for any solution

@, there exist g, @ € W(0,T) N C(Q) satisfying the following conditions:

y+Ay=ul(y)+f in Q,

% =0 on X, (26)
9(0) = yo in €,

¢ — Ap=—L*(up) — (§ — ya) in Q,

% =0 on X, (27)
e(T)=0 in Q,
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// )@ +esgn(a) )P~ 1)(h —a)dzdt >0, forall h € L=(Q),
(28)
and
aa,t) = ~ELEDD L)l aein Q (29)

Proof. Let @ be a solution to problem (P 4), with associated state and adjoint
variables ¢, € W(0,T) N C(Q). Let us prove that @ is also a solution to
problem (P).

First, let y denote the solution to (26) under the null control. By Lemma

1, we conclude that
1911w 0.7 + 191l = (@) < coollyoll o= () + /e (@));
which implies
||§||L2(Q) < Ko = coolllyoll L) + [[fll2r(@))-
Since @ is optimal for problem (P 4), we have J(u) < J(0), leading to

p
E(Ko + llyall72c0))s

a0y < 2= (157 = vallde)) <

which gives

10

_ p
lallr@ < Ku = (S + lyall3q)

Using Proposition 1, we estimate 4 as
19llwo,r) + 17l L=@) < Cx, (IyollL=) + [ fllLr ()
where Ck, depends on K. The embedding C(Q) C L?(Q) yields

_ 1
19llr @) < 1QI7 Crk, (llyoll Lo () + I fllzr())-
For the operator L, we have
L)L (@) < K2 := |LIMoCr, (ol L) + | fllzr(2))-

For @ satisfying (27), Theorem 1 implies

_ 1
@llL=(@) < K3 :=Ck, (\leCKl(HyollLoo(m + 1 fllzr(ey) + HdeLP(Q)) -
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Finally, using (29) and the bounds on L() and @, we conclude

1
(2, 1)) < —— (K K3)7T = K, a.c. in Q.
gp-1
This shows that 4 € L*(Q) with ||@||z~g) < K4. Since L>(Q) C LP(Q),
we conclude that @ is also a solution of problem (P). O

The next result shows that both optimization problems share identical

solution sets.

Proposition 3. Problems (P) and (P4) are equivalent; that is, they have

the same solutions.

Proof. Suppose that @ is a solution of problem (P4). By using the proof of
Theorem 2, we conclude that @ is also a solution of problem (P).

For the reverse implication, let @ be a solution to problem (P), and con-
sider any u € LP(Q). We construct a sequence by defining u,, = IIj_, ()
for each n € N, where II|_,, ) represents the pointwise projection onto the

interval [—n,n]. This sequence has two key properties:
e u, € L*(Q) for each n,
e uy, — uin LP(Q) as n — oo.
Since @ is optimal for problem (P), we have
J(@) < J(up) forallneN.
The continuity of J allows us to pass to the limit as n — oo, yielding
J(@) < J(u).

As u was chosen arbitrarily in LP(Q), this proves that @ solves problem (P ).
O

4 Simulations and numerical results

In this section, we provide numerical examples to illustrate our theoretical
results and examine the behavior of the bilinear optimal control problem in

both one- and two-dimensional settings.
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4.1 Problem setup

A practical scenario motivating this study arises in ecological management,
where the objective is to regulate the population of a species within a ge-
ographically bounded region Q2 (where Q could be a linear habitat in one-
dimensional, or a surface in two-dimensional). The species density y(z,t)

evolves according to the dynamics:

% — Ay = u(x,t)/ y(z,t)dz, (z,t) € Qx(0,T),
Q

with the initial distribution y(z,0) = yo(x). Here, the control u(x,t) repre-
sents interventions, such as resource allocation or habitat modification, which
influence the reproduction dynamics. The goal is to steer the population den-
sity y(z,t) to track a desired trajectory distribution y4(z,t) over a specified
period T (e.g., one week). No explicit constraints are imposed on the con-
trol input u(x,t), as it is not known whether such constraints exist, and
the focus is on determining the optimal control strategy while minimizing

interventions.

This problem can be reformulated as problem (P), with the operator
L:LY(Q) — L>*(Q) defined as

Ly) = /Q y(z) d.

and f = 0. We also consider the parameters 7 = 1 and € = 1074.

A solution u to this problem must satisfy the following optimality system:
= — Ay =uL(y), ¥(0) = yo, (30)
- o —Ap=(¥—ya) + L(up), ¢(T)=0, (31)
and N
_sgn(Ll(y)sO) 1L

gp—t

The boundary conditions for (30) and (31) will be specified later. We choose

a(,t) = 9)p| 7T . (32)

p such that 1 + % < p < oo, in accordance with Assumption (2) of our

theoretical framework.
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4.2 Numerical method

We employ the thresholding operator

Um+1 = Sa (uﬂh L(?ﬁn)‘pm): (33)

where
1 1
Sl v) = —— (au = sgn(@)|p]77) . (34)
a+er-1
Here, a > 0 is an accuracy threshold. The convergence of this algorithm has

been rigorously established in the literature (see, for instance, [12]).

The iterative procedure for solving the optimization problem is as follows:

Algorithm 1 Optimal Control Algorithm

1: Initialize ug = 0, set m = 0, choose a > 0, and tol > 0 a chosen tolerance
2: repeat
3: Compute y,, by solving forward the state equation.

Determine ¢, by solving backward the adjoint equation

Update control via the thresholding operator:

4
5
6: Umg1 = Sa(Um, L(Ym)eom),
7 m<+—m+1

8

s until [[uy, — Um—1]|Le (@) < tol.

4.3 One-dimensional case

For the one-dimensional case, we examine a system on the unit interval
Q = (0,1) with N = 1 and p = 2. The system is governed by homoge-
neous Dirichlet boundary conditions, representing a scenario where the pop-
ulation density vanishes at the domain boundaries. The complete system is

formulated as

% — gig = u(x,t) fol y(z,t) dz,
y(0,t) = y(1,t) =0, (35)

y(z,0) = x — 2.
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We choose a target state yq(xz,t) = 3 sin(wx), which represents a desired
sinusoidal distribution pattern for the population density. This choice of
target state is particularly relevant for ecological applications as it maintains
zero density at the boundaries while achieving maximum population density

at the center of the domain.

The numerical results, presented in Figure 1, reveal several key aspects
of the control system’s behavior. The optimal control profile demonstrates
smooth temporal evolution while maintaining essential boundedness, despite
no explicit bounds being imposed. This natural boundedness validates our
theoretical framework’s core prediction. The corresponding state trajectory
shows effective tracking of the target profile, successfully counteracting the
system’s natural dissipative tendency that would otherwise drive the pop-
ulation to extinction (u = 0 case). The tracking error exhibits monotonic
decrease, indicating stable convergence of the control algorithm, while the
cost functional’s evolution demonstrates the effective balance between track-
ing accuracy and control effort maintained by our chosen cost structure.
These results provide strong numerical evidence for the practical viability of

our theoretical framework in the one-dimensional setting.

4.4 Two-dimensional case

For the two-dimensional case, we consider a more complex setting with
Q = (0,1)? and parameters N = 2 and p = 3, where the higher value of
p satisfies our theoretical requirement p > 14 N /2. The system is subject to
Neumann boundary conditions, representing no-flux conditions at the domain
boundaries, a natural choice for population dynamics in enclosed habitats.

The complete system takes the form:

a2 a2
% - (ngf} + ngé) = u(z1,22,t) [ y(21, 22,t) dz1das,
% =0 on 09, (36)

y(z1,22,0) = 203 — 322.
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Optimal control surface Optimal state surface
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Figure 1: Optimal control (top left), corresponding state (top right), evolution of track-

ing error (bottom left), and cost functional (bottom right) for the one-dimensional case.

The target state is chosen as yq(z1, x2,t) = 5 cos(mz1) cos(maz) sin(rt), rep-
resenting a time-varying spatial pattern that tests the system’s ability to

track complex spatio-temporal distributions.

The numerical results, displayed in Figure 2, demonstrate the framework’s
robustness in higher dimensions. The evolution of control norms confirms
the maintenance of essential boundedness without explicit constraints, even
in this more complex setting. The state and adjoint state norms exhibit
stable behavior throughout the time horizon, indicating well-regulated dy-
namics. The tracking error and cumulative cost profiles show consistent
convergence, though with slightly different characteristics compared to the
one-dimensional case due to the increased spatial dimension. The success in
maintaining the desired state pattern, particularly notable given the time-
varying nature of the target, validates our theoretical framework’s appli-

cability to higher-dimensional scenarios. The effective control performance
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without a priori bounds demonstrates the framework’s practical utility for

real-world applications in spatial population dynamics.

L* norm of optimal control L norms of optimal state and adjoint state

12 1
[T
0.9
10
0.8
0.7
8 |
06l
|
6 s
0.4
4
0.3
0.2
2
0.1
0 o —
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Time (t) Time (t)

Tracking error Cumulative cost over time

158) = valt) | 200,

0.4 119 (&) = () lz20

025 0.2
0.2 015
015
0.1
0.1
0.05
0.05
0 0
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Time (t) Time (t)

Figure 2: Results for the two-dimensional case: Optimal control norms (top left), state
and adjoint state norms (top right), tracking error (bottom left), and cumulative cost

(bottom right).

Both the one-dimensional and two-dimensional results demonstrate our
algorithm’s capability to compute essentially bounded controls that success-
fully achieve the desired state tracking objectives, while maintaining numer-
ical stability and convergence properties predicted by the theoretical frame-

work.

5 Further comments

Using an additive control operator instead of a multiplicative one can allow for
weaker assumptions in solving the optimization problem. To illustrate, let’s
consider a quadratic cost function (i.e., p = 2) and investigate in which spatial

dimensions the problem can be addressed for both additive and multiplicative
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control operators.

To bypass the restriction imposed in (1), we consider state equations with
homogeneous Dirichlet boundary conditions while maintaining Assumption
(3) unchanged.

For the optimal control of a linear system, we consider the problem

i ()= 3l =l + 3oy (PL)
subject to
y+Ay=u in Q,
y=0 on 09, (37)
y(0) = yo.

It is well-known that the cost function J possesses a minimizer @ in L?(Q),
with a corresponding state § € C([0,7]; L?(2)) and an adjoint state ¢
C([0,T]; L3(Q2)) satisfying

—p+Ap=9§—ys in Q,
0

p=0 on 09, (38)
¢(T) =0,
a(z,t) = %@(m) a.e. in Q. (39)

Assuming yq € L>=(0,T;L?*(Q)), we have § — ys € L>(0,T; L*(Q)). Ac-
cording to LadyZenskaja et al., if the dimension N satisfies N/4 < 1, then
@ € L*(Q). Consequently, & € L>(Q), and problem (PL) admits an opti-
mal triple (@, 7, ¢) satisfying (37), (38), and (39) for dimensions N = 1,2, 3,
as established by Casas.

In contrast, for the optimal control of a bilinear system, as discussed in
Section 3, we have an optimal triple (@,9,¢) € L?(Q) x C([0,T]; L*(£2))?
solving problem (P,4). To prove that @ solves problem (P), we must show
that @ € L=(Q).

The dynamics of @ are given by —¢ = Ap + L*(up) + (§ — yq). For a given
o € L*>(Q), we have L*(iip) + (§ — ya) € L*(Q). Again, by LadyZenskaja
et al., a solution to (38) has the regularity € L>=(Q) if 1/2+ N/4 < 1.

Therefore, we can solve problem (P) only in the one-dimensional case.
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Our study has focused on optimal bilinear control with a basic differential
operator (Laplacian) and a trivial external forcing f. However, the problem
can be explored for a wider class of reaction-diffusion systems. Specifically,

consider a differential operator:
N
Ay = — Z 8CE]' (azj(x)axly)7
i,j=1

satisfying
a;; € L*°(2) and there exists m > 0 such that

N
Z aij(z)&& > ml¢?,  for all € € RY, for all 2 € Q,
ij=1

and a Carathéodory function f = f(x,t,y) : Q x R of class C! with respect
to y, where f(-,-,0) € LP(Q), satisfying

there exists Cy € R s.t. ?(x,t,y) <Cy, forallyeR,
Y

0
for all M > 0, there exists Cyp > 0 s.t. lai/c(x,t,y)‘ < Cym, forall |yl <M.

We can then consider the evolution problem

v+ Ay =ulL(y) + f(x,t,y) in Q,

% =0 on 09,
y(0) = vo,
with the associated variational formulation:
N
// (— yo + Z aij(x)axiyamjv)dxdt :// (uL(y)v + f(y)v)dxdt
Q ij=1 Q

+ /Q yov(0) dz.

Assuming the other conditions remain unchanged, we can follow the same
approach to deduce that this state equation has a unique solution y, €

W(0,7) N C(Q). Referring to Troltzsch [33, Ch.V] and Theorem 2, we can

establish the existence of an optimal control. Furthermore, we can deduce

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 570-599



595 Bilinear optimal control of a reaction-diffusion equation ...
that for each solution @, there exists a pair ¢, € W(0,T) N C(Q) satisfying
the following system:

y+Ay=uL(y)+ f(.y) in Q,

% =0 on 09,

9(0) = yo,

—p+ Ao =L*(u@) + fy(-,, 7))@+ (I — ya) in Q,
a"a =0 on 09,
(T) =0,

// 7)@ + e sgn(a) |aP~ )(h—a)dxdtzo,

and
i(w,t) = - BLDD ot aein @
gp—1
Here, f, (-, -, 7) represents the derivative of f with respect to the second vari-
able evaluated at .
These generalizations demonstrate the versatility of our approach, allowing
for application to a wider class of reaction-diffusion systems while maintain-

ing the key insights gained from the simpler model.

6 Conclusion

In this paper, we have presented a comprehensive study of the optimal
control of reaction-diffusion systems subject to essentially bounded func-
tions. Our primary findings include the proof of existence of optimal controls
and the derivation of their first-order optimality conditions. We also illus-
trated the theoretical results with numerical examples for both one- and

two-dimensional cases, demonstrating the applicability of our approach.

A key contribution of this work is the introduction of a novel formula-
tion for the optimal control problem that does not require a priori bounds
on the admissible controls. This approach effectively addresses a significant
challenge in practical applications, where defining control bounds in advance

is often difficult and potentially leads to suboptimal solutions. By working
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in the L>®(Q) space, we have established an equivalence between the origi-
nal problem and an auxiliary optimization problem in L?(Q), proving that
solutions to the auxiliary problem are inherently essentially bounded.

The results presented here contribute significantly to the theory of bilinear
optimal control. They provide a robust framework for practical applications,
particularly in scenarios where traditional bounded control approaches are
limiting. Our findings are expected to have broad relevance, particularly in
areas where control bounds are not easily determined.

This work also opens several promising directions for future research.
One potential extension is to analyze the problem in an infinite horizon set-
ting. Additionally, exploring the sensitivity of optimal control strategies to
changes in system parameters or initial conditions could yield valuable in-
sights. Investigating alternative cost functionals may offer the opportunity
to tailor control characteristics for specific applications. Furthermore, the
development of more efficient numerical methods to solve the optimality sys-
tem could enhance the practical implementation of this approach. Lastly,
this framework could be adapted and applied to other types of partial differ-
ential equations involving bilinear control terms, broadening its applicability

across various domains.
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