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An approach of extrapolation methods for

the solution of nonlinear
Volterra—Fredholm integral equations of
the second kind

H. Safdari, M. Moradkhani* and M.T. Dastjerdi

Abstract

This study presents the process of using extrapolation methods to solve
the nonlinear Volterra—Fredholm integral equations of the second kind. To
do this, by approximating the integral terms contained in equations by a
quadrature rule, the nonlinear Volterra—Fredholm integral equations of the

second kind are reduced to a set of nonlinear algebraic equations. Then,
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the solution of the corresponding system of nonlinear equations is approxi-
mated by an iterative method, and finally, these iterations are accelerated
by an extrapolation method. We demonstrate the effectiveness of the pro-

posed approach by solving some numerical examples.
AMS subject classifications (2020): Primary 45G10; Secondary 65B05, 65B99.

Keywords: Volterra—Fredholm integral equations; Extrapolation methods;

Tterative methods.

1 Introduction

The modeling of many mathematical, physics, biological, and engineering
problems has led to the formation of a group of integral equations in the form
of Volterra—Fredholm integral equations [30, 12]. Our focus is on the non-
linear Volterra—Fredholm integral equation of the second kind, represented

as

t b
z(t) = f(t) +/ g(t, s, x(s))ds +/ k(t, s, x(s))ds, t € [a,b], (1)

where f, g, and k are known and analytic functions, and x is the unknown
function to be determined. The existence, uniqueness, and other properties
of the solution of equation (1) are presented in [24].

Since these equations cannot be solved exactly, it is important to find
their approximate solutions using some numerical methods. There have been
various suggested numerical methods for approximating solutions to nonlin-
ear Volterra—Fredholm integral equations, such as radial basis functions [17],
combination of the modified Adomian decomposition and method and the
quadrature (trapezoidal and Weddle) rules [22], approximation collocation
methods [11], Taylor polynomial methods [33], triangular functions methods
[19], homotopy perturbation method [13], rationalized Haar functions meth-
ods [23, 1], wavelet methods [34], modification of hat functions [21], and many
other methods.

In various science and engineering fields, it is essential to determine the

limits or approximations of limits for sequences. For instance, approximations
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derived from fixed-point iterations of linear or nonlinear equation systems.
Unfortunately, many of these sequences have slow convergence rates, making

them expensive to use.

An effective solution to overcome this problem is to use extrapolation
methods (or convergence acceleration methods) for the desired sequence.
These methods use the original sequence to produce a new sequence that
converges to the same limit as the original one but faster [29]. There exist
many methods for accelerating the convergence of a sequence, such as the
scalar Shanks transformation for transforming a sequence of numbers, which
was introduced by Shanks [28], and Wynn [31] implemented it using the scalar
e-algorithm (SEA).

In 1962, Wynn [32] generalized the SEA to accelerate sequences of vec-
tors. The vector e-algorithm (VEA) was introduced using an algebraic theory
similar to that of the scalar method. Brezinski extended the SEA to a topo-
logical vector space and created the Shanks topological transformation, which
is implemented through a recursive algorithm in two classes [4]. The rules of
these algorithms were later simplified and named the first simplified topolog-
ical e-algorithm (STEA1) and the second simplified topological e-algorithm
(STEA2) [8]. The topological Shanks transformation and the topological e-
algorithm (TEA) have been used for solving linear and nonlinear equations,
computing eigenelements, Pade-type approximations, matrix functions, ma-

trix equations, the Lanczo method, and more [9, 15, 5, 14, 25, 10].

Our study aims to show how we can use extrapolation methods to solve
Volterra—Fredholm integral equations. Because these methods are defined
without needing specific information about the sequence’s generation, they
can be directly utilized to solve linear and nonlinear systems. In this arti-
cle, we find an iterative method to solve the system of nonlinear equations
that result from using a quadrature method on the integral expressions of
the Volterra—Fredholm integral equation. Then, we use extrapolation to ac-
celerate the convergence of the sequence resulting from the iterative method
and get an approximate solution to the integral equation. Section 2 presents
a review of e-algorithms and introduces the sequence transformations em-
ployed to accelerate the sequence produced in Section 3. In Section 3, we

approximate the integral utilizing a quadrature method and then utilize the
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Picard iterative method to approximate it again. Additionally, we introduce
an algorithm for accelerating the sequence produced by the iterative method.

In Section 4, some numerical examples prove the efficacy of our method.

2 A review of e-algorithms

2.1 The SEA

The Shanks transformation, proposed by Shanks in 1955, utilizes a recursive
method to transform scalar sequences. If (x,) is a scalar sequence and z is
its unknown limit, applying the Shanks transformation converts the sequence
into a set of sequences (z,,) — {(ex(x,))} that can be represented as a ratio

of two determinants,

Tn PN Tn+k

Az, ... Azxpip

Az +k—1 .- Az +2k—1
er(zy) = nl nl , k,n=0,1,....

Az, ... Azpyg

ATpyp_1 ... ATpiop_

In fact, for k = 1, Shanks transformation is the same as the Aitken’s A2

process.

Theorem 1. For all n, ex(x,) = z if and only if there exist ag, ..., ar, with
apar # 0 and ag + - - - + ax # 0, such that

ap(zy, —x) + -+ + ag(Tpyr — ) = 0.
Proof. See [7]. O

The Shanks transformation can be performed recursively by Wynn’s SEA

[31], whose rules are
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5 An approach of extrapolation methods for the solution of nonlinear ...
™ =0, n=01,...,
E(()n)::L‘n, n=0,1,..., (2)
5,(:21 =t ) iy — 01,
Wynn has shown that for all k£ and n, 5;? = ex(z,) and 552)“ =

1/ex(Axy,), where the forward difference operator A is defined by Az, =

Tl — Tn [29].
The quantities e,(en) are usually displayed in a two-dimensional array

known as the e-array (Table 1).

Table 1: e-array

E_Oi =0
E(()O) =X
a_li =0 e®
E(()l) = séo)
6_2% =0 egl)
662) = T2
: : 0)
: . X0
: (()%71) = Tap_1 ;
(2k) (2k—1)
571 — 0 1
(2k) _
€o T2k

Only the values in the even columns, that is, the columns containing

quantities with an even lower index, are interesting and directly related to

the scalar Shanks transformation eéz) = er(zp).

The values of the initial scalar sequence are saved in column 0. Thus,
having 2k + 1 terms of a sequence in column 0, that is, 5(()i) = x; for i =
0,...,2k, we are able to complete the e-array up to the vertex sg;g. With one

difference in the calculation of the elements of column 1, we use this formula

n n+1 n)y—
e = (e — el
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When dealing with a large initial sequence, it may be recommended to
stop the computations before completing the entire e-array up to its vertex,

and once a certain even column (Maxcol) is reached (Table 2).

Table 2: e-array with a certain even column

E(Oi =0
8(0) =T
0 — +0
571% =0 {0
4, 0
572% =0 (M .
6(()2) = T2 eg\el)azcol
(1)
eMazcol
(2)
EMazcol
e = wapa : & e
6(_2{“) =0 sg%_l) :
: (2k) : : (4)

€0 = T2k . . €Mazcol

Although the easiest way to implement the e-algorithm is to calculate
the columns one by one from the first column, in this case, if we want to
add a new term of the scalar sequence, all the calculations must be done
again, which causes problems in computation time and storage space. To

overcome these problems, Wynn proposed a method called moving rhombus

(n)

[31] because, as we can see in (2), the expressions involved in calculation e,

are located in the four corners of a rhombus as Table 3.

In this method, we proceed with ascending diagonals. Each diagonal will
be a scalar vector, and we utilize the previous diagonal to calculate the next
diagonal (Table 4).

For example, in ascending diagonal 2, quantities 5(()1) and 550) have already

been calculated and stored. In the calculation of the ascending diagonal 3, by
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Table 3: Rhombus rule

81(:)

Table 4: e-array with a certain even column

column 1 column 2 column 3 column 4

diagonal 1 5(()0) =9
1 e
diagonal 2 {-:él) = N 6%0)
Egl) 1 a§0>
diagonal 3 5(()2) =T Eél) N 5510)
552) sgl) 1
diagonal 4 &) = a4 el e
3 Egz) !
diagonal 5 584) =24 gé*?’) Ef)
554) €§’3) !
diagonal 6 585) = x5 654)
entering the quantity 5((]2) = x5 from the original scalar sequence and using

the diagonal 2, we calculate the quantities 551) and 6(20). Now, diagonal 3

containing quantities 582), Egl), and Ego) is replaced the diagonal 2, and this

process continues.
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2.2 The VEA

When the elements of the sequence (z,,) are vectors, the VEA can be uti-
lized. This algorithm is an extension of the SEA and is designed for vector
sequences [32]. If we define the inverse of a vector x as ™! = x/(z, z), where
(+,-) represents the typical inner product, the rules for the vector algorithm
are identical to those of the scalar algorithm. Additionally, the scheme and

implementation are quite similar.

2.3 The TEA

In 1975, Brezinski [4] introduced the topological Shanks transformation,
which is a more comprehensive approach as it deals with sequences of el-
ements from a topological vector space E on R or C. This transformation
has two classes and two different algorithms for implementation. The idea
was based on the definition of the inverse of a couple (x,y) € E x E* defined
asz t =y/(y,z) € E* and y~! = 2/ (y,z) € E, where E* is the algebraic
dual space of F and (,-) is the duality product between E and E*. Both al-
gorithms need to perform operations involving elements of the algebraic dual
space E* and E. These algorithms involve two different rules for the even
lower index terms and the odd ones. The first TEA (TEA1) for computing
the quantities of the first topological Shanks transformation, éx(z,) € E [4]

is presented as

g —0eE, n=01,...,
%n):xneE, n=0,1,...,
2n)  _ An+l) Yy . _
Cakt1 T Cak—1 T 7T o © E*, n,k=0,1,...,
<y782k — S >
An+1) _ An)
~n)  _ ~An+1) Eok — €9 B
Eokta = €3 T D ) D N € E, nk=0,1,....
€ok+1 T C2kt+10C2k T E2k
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The quantities €x(x,) € F of the second topological Shanks transforma-
tion can be recursively computed by the second TEA (TEA2) [4] as

g =0eE*, n=01,...,

Ef)"):mneE, n=0,1,...,

) _ D) y . B
Eokg1 = Eop—1 t ) o\ © E*, nk=0,1,...,
<y’52k — &gk >

~(n+1) _ g(zz)

=(n) _ Ant1) ok _
€9kt = € T i) o) 2 D\ € E, nk=0,1,....
Cok+1 — Cokt10%2k T Ca2k
Proposition 1. For k,n =0,1,..., we have
e = Gi(zn), (3.85)) = enlly, zn)),

E =y (. an(Aan)), B, = y/en((y, Azy)).

~(n)

These relations are also true for the £,"’s and €’s; see [4].

Brezinski [4] investigated the convergence and acceleration results of TEA,
and he and Redivo-Zaglia [8] introduced some other convergence and accel-
eration results that would not have been easily obtained directly from the
rules of the TEA.

2.4 The STEA

In simplified versions of TEA1 and TEA2, STEA1 and STEA2, we have one
rule instead of two, the functional y is utilized in the initialization of the
algorithm, the storage is reduced, and the numerical stability can be partly
controlled. These new algorithms also allow for the proof of theoretical results

on the convergence and acceleration of the transformation [8]. The rule of
the STEAL is

L) Ak, oz = Eoh ) n)) ()

€okt+2 = Eak + :4_1 n (€2k; — &gk )7 ka n= 07 17 SER) (3)
( ) (n)
€ T Eok
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(n),

ZTn,m=0,1,..., where ¢,

with & A( ) = s are obtained by using Wynn’s SEA

to the sequence ((y,x,)) and ?g,z) = é;(xy). Note that (3) can be written as

) _ Eokao — Eoi é{n+1) _ Copgo T ok 2(n)
2k+2 T Lt () (1) (n) C2k
Eok Eok Eop T Eok

RONENO)

_ An) 2k+2 2k ~(n+1) ~(n)

=&y t+ Gnt1) _ (n) (2 ),
2%k

and we have the following property:

Property 1. For all n, the computation of gg’;)ﬁ is stable if there exists My,
independent of n, such that
(n) (n) (n+1)

(n)
€ —¢ € —¢
(Q:LQ) 2(1:1) + ‘ 2?71121) 2k(n) < M. (4)
Eop T &gk Eop T Egp

Theorem 2. Let r,g") (5;7,?4_2 sgfcﬂ))/(sézﬂ) (n)) From (3), we have

~(n) nt1)
H52712+2 *€2k | .y (n)| 5)
ERREE AT

If lim,, 0o §(2k) = x and if there exists M such that for alln > N, |rk )| <
M, then
n)

lim 5( =ux.
n—o00 2k+2

Proof. The relation (3) can be shown as

n n n+1 n n
e = (L r{MER) —rVe). (6)

By the assumption on 7“,(6”) and since the two scalar coefficients in the right-

hand side sum up to 1, the conditions of the Toeplitz theorem for summation

processes are satisfied, which proves the result [4]. O

The STEA2 with the same implementation as the first can be imple-

mented in the following form:

(n) _ _(n+1)
~(n) 1) Cort2 — Cok

~(n+2 n+1
€2k+2_€2k W(E: ) g{2k )), ]C,?’L:O,l,..., (7)
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11 An approach of extrapolation methods for the solution of nonlinear ...

with ég") =x,,n=0,1,... and aén)’s are the same for the STEA1 and, we

get Eé’,? = exn(zn).
Note that there are several possibilities for choosing the linear functional
y € E*, since now, with the STEA, it appears only in the initialization terms

of the SEA. When E = C", we can choose it as the usual inner product
y:z, €C" — <y7mn> = (Y, Tn).
When EF = C"*" we may set
y:xn € CV" = (y,xy,) = trace(zy).
When E = C™"*™, we may choose a matrix Y € C"*™ and define
y:x, € CM = (y,x,) = trace(Y x,).

We can also define y by (u,z,v), where u € C" and v € C™ [§].
Brezinski [4] investigated the convergence and acceleration results of

STEA for a sequence in vector space.

3 Numerical method based on acceleration method

In this section, to accelerate the iterative method for solving the nonlinear
Volterra—Fredholm integral equation of the second kind, we suggest utilizing
STEA. The first step involves converting the integral equation into a discrete
form, followed by solving the system of equations using the Picard iteration
method. Lastly, to accelerate this process, we suggest employing the STEA1

and STEA2 convergence acceleration methods.

3.1 The approximation of the integral term

It is an obvious numerical method for solving integral equations to approx-
imate their integral term using a quadrature rule. If we initially ignore the
error, then the integral equation (1) will be replaced by the approximation

equation. Choose a regular mesh in ¢,s. Let A = {a =1¢,...,t, = b} be an
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Safdari, Moradkhani and Dastjerdi 12
equidistant partition of [a,b], with the partition’s discretization parameter,

h=tit1—t;, i=0,...,p— 1. Now if we take A on [a, b], we have

t; b
(ti) :f(ti)+/ g(ti,S,x(s))der/ k(ti, s,2(s))ds. (8)

By partitioning A as above with h = s;41 — s;, ¢ = 0,...,p — 1 and also
the known weights w;;, j = 0,...,i for the intervals [a,t;], i =0,...,p and

wy, 1=0,...,p for the intervals [a, b], equality (8) can be written as

o(t;) = ft:) + Zwijg(ti, sj,x(s;)) + Y wik(ti, s, x(s),  i=0,....p.

9)

So, weset t; =s;, i =0,...,pand z; = z(t;), x = x(s1), z; = z(sj), fi =
f(t:), i = 0,...,p for simplicity and we find approximate values z;, i =
0,...,p as the solution of the system of p + 1 nonlinear equations

i D
xz:fi+zwijg(ti7tj7xj)+Zwlk(ti,tl,1‘l)7 1=0,...,p. (10)
=0 0

This method is called the quadrature or Nystorm method [12].

3.2 The iterative technique

In order to solve the system of nonlinear equations (10) that implicitly de-
fine x;, we suggest an iterative approach. Typically, this involves employing
simple iteration techniques, such as the fixed-point iteration process (Picard
iteration). This approach yields a sequence of values J:( m) ,n=0,1,..., which

hopefully converges to a unique solution. So, applying process (10), we have

2 = f+2wl (tity, 2" +Zwlk (tot,x™),  i=0,...,p, (11)
=0

or generally, relaxation process

2 = ) a{ Zwl (t; tj7xjn))
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3 (m)
= wik(ti t, ) b, i=0,...,p, n=12,..., (12)
=0

where xl(-o),i = 0,...,p, is the initial approximation of the solution at the
points t;, which is mostly taken as 0, 1, or t. The parameter «, which is
different from 1, is used to adjust the convergence of the iterative method, and
we choose its value experimentally. However, when implementing the desired
extrapolation method, the convergence of the resulting sequence from the
iterative method is not necessary. When a = 1, the Picard iteration method
diverges, but it may also converge at times. In various iterative methods,
the value of o has been examined. For instance, in Mann’s iterative method
[20], the value of « changes in each iteration and is replaced by a sequence
of au,. Another method to find the appropriate value of the o parameter is

dynamic relaxation [16], which is used in many other fixed-point methods
[6, 18, 26, 3].

In short, we have a two-step approximation method that is supposed
to yield the exact solution of x. First, we apply the Nystorm method to
approximate the exact solution x at the points t;, i = 0,...,p then obtain
the approximate approximation by iterating z(™ = (mén), ... ,gc,()")). The
iterative method described above may not converge, or its convergence may
be very slow. However, the vector sequence (™ can be directly accelerated by

an appropriate method, and we want to accelerate it by STEA1 and STEA2.

3.3 Implementation the algorithms of STEA1 and
STEA2

In order to implement STEA1 and STEA2 to approximate the solution of
the Volterra—Fredholm integral equation (1), we approximate the occurring

integrals by the trapezoidal rule with h = (b — a)/p and t; = a + ih for

1=1,...,p, giving the following nonlinear system of equations
h =
To = fO + 5 k(tov th .130) + 2 Z k(t07 tla .13[) + k(t07 tpa 'rp):l 3
I=1
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i—1
= fit g [ (ks to,0) + gtisto, ) +2 3 (k(tisty, ) + gltist, )
p—1 -
=+ 2k(ti7tj7zi) + g(tivtjrxi) +2 Z k(tiytjﬁzj) + k(ti,tp,iEp)}
j=i+1
i=1,...,p—1,
h =
Tp = fp+ 9 [(k(tpathxO) + g(tpvtOwTO)) +2 Z (k(tpvtjvxj) + g(tp,tj,xj))
j=1

+ (k(tp, tp, zp) + g(tp, tp, a:p))]

Hence, a system of p+ 1 nonlinear equations is created, and we want to solve

it by an iterative process (12).

These iterations can be written as

() = p(g)

?

starting z(®) = 1.

The STEA1 and the STEA2 will be applied to the sequence of vectors
() = (x(()")7 . ,x,(,n))T and the SEA to the sequence of scalars (y, z(™). We
set y in two ways: it is randomly chosen in [—1, 1], or it is set to (1,...,1)7.
The value of « is chosen experimentally to induce the convergence of the
iterations [3]. To apply the algorithms, we first fix the even column and want
to reach in the e-array, say 2k. Then, we compute 2k +1 terms of the original
sequence and, using, for example, the STEA1, we obtain the values of the
array in the order ?éo), 581), 5(20), 5(21), . ,5(2%). The following Table 5 shows a

scheme of the method.

4 Numerical examples

Some examples of the use of STEA1 and STEA2 to accelerate the iterations
(12) for the calculation of an approximate solution of the Volterra-Fredholm
integral equations of the second kind are presented in this section. The exact
solutions for these examples are available. To demonstrate the accuracy and

effectiveness of the proposed method, we have compared the exact solution
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Table 5: Implementation of STEAs

Choose 2k and x°.
Forn=1,2,...
compute x".
Apply the STEAL to 2°, 2%, 22, ... and compute the sequences of
2(0) 0 (1) A0) A1) 2(0) A1) «(2)

extrapolated values €y = x°,€y7 85 ,Eg ", Eo1 »Eok 1Eqg s -+ -

and similar quantities by the STEA2.

end.

with the approximation obtained from the Picard iterative method and the
approximations obtained from the convergence acceleration methods STEA1
and STEA2. For each example, we have drawn five figures corresponding to
the y vector selection. These figures include the exact solution and approxi-
mate solutions computed by using STEA1 and STEA2, the Euclidean norm
of the errors, and the Euclidean norm of the differences.

Here, sol and x represent the exact solution and its approximation using
the Picard iteration method, while epsl and eps2 are approximate solutions
computed by using STEA1 and STEA2 in accelerated Picard iterations, re-
spectively. To stop the use of STEA1, we use the following inequalities as a
condition:

IESTY = FEST) > Llgsy — FER)I
or

I8 — FES| < .

These relations are also considered for STEA2, where L and § are user-
defined, and F' is previously defined.

To evaluate the convergence of the proposed method to the solution of
the fixed-point problem, we compare the approximate values obtained from
the convergence acceleration methods STEA1 and STEA2 with the values
obtained from applying the function F' to them.
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Example 1. Consider the following nonlinear Volterra—Fredholm integral

equation with the exact solution z(t) =t [27]:

11 ! !
x(t) = Et + ite_t2 —l—/o tse " (9)ds —I—/O tx?(s)ds, t €10,1].

For starting, we consider 2(?) = 1 as the initial vector and we take o = 0.1,
2k = 8, and p = 12. In Figure 1, we see the exact solution and approximate
solutions obtained from acceleration methods STEA1 and STEA2. Also, we
see the errors and differences in Figures 2 and 3 with 50 iterations. We get
the results on the left of the figures with y = (1,...,1)T and on the other

hand with y random.

- sal sl

12 o epst ] 12 o epsl

+  eps2 + eps2
1 E 1

. L
08 T 4 08 .
4 -
. .
06 . 1 08 .
_.'.‘ '
0.4 L B 04 A
e £
K &

02 e 1 02 .

. -
i, e L L L L L L L L oy L L L L L L L L

01 02 03 04 05 06 07 08 09 | 01 02 03 04 05 06 07 08 08 1

Figure 1: Exact solution and approximate solutions obtained from acceleration methods
STEA1 and STEA2 for Example 1 with y = (1,...,1)T (left) and with y random (right).

The exact solution is z(t) = t.

Table 6 shows the errors obtained by the iterative method, STEA1, and
STEA2 for 50 iterations and different values of «, p, and 2k.

According to the definition, we expected STEA2’s performance to be bet-
ter than STEA2’s as seen in Table 6. Also, the data in Table 6 obtained by
choosing random y show better results. Table 7 shows the difference between
the solution obtained from the iterative method and F' applied to it and those
obtained from STEA1 and STEA2 and F applied to them for 50 iterations

and different values of «, p, and 2k.

Example 2. Consider the following nonlinear Volterra—Fredholm integral

equation with the exact solution z(t) = e? [2],
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llx-solll

Ihe-solll
—==Ileps1 - soll
-+ lleps2 - sall

Figure 2: Errors for Example 1 with y = (1,...,1)7 (left) and with y random (right).
We take a = 0.1, 2k = 8, and p = 12.

F Gl TN el B
llep=1-F eps 1)) TR lleps1-Fieps1)l T
lleps2-F (eps2)| lleps2-Fieps2)l !

Figure 3: Difference for Example 1 with y = (1,...,1)T (left) and with y random (right).
We take o = 0.1, 2k = 8, and p = 12.

yc(t)et(l1t)+Ztttanl(etw/olt tx(5)5>ds+/01tsetx(s)ds, te0,1].

1+ 22(s)
For starting, we consider 2(?) = 1 as the initial vector, and we take o = 0.05,
2k = 8, and p = 12. In Figure 4, we see the exact solution and approximate
solutions obtained from acceleration methods STEA1 and STEA2. Also, we
see the errors and differences in Figures 5 and 6 with 50 iterations. We get
the results on the left of the figures with y = (1,...,1)7 and on the other

hand with y random.
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Table 6: The errors between the exact solution and the solution obtained from the
iterative method, as well as between the exact solution and those obtained from the
acceleration methods STEA1 and STEA2. The exact solution is displayed with sol, the
solution obtained from the iterative method is displayed with z, and those obtained
from acceleration methods STEA1 and STEA2 are displayed, respectively, with epsl
and eps2. With o = 0.5 and p = 50, the iterations stopped at 28 since § = 10—8, L=20.

a p 2k y lx — sol|]  |lepsl — sol|| |leps2 — sol]|
0.1 12 (1,...,1H)T 966x1072  1.10x10=*  1.12x1073
0.1 12 random  9.66x1072  1.43x107%  1.34 x10~3
0.1 12 (1,...,1)T 9.66x10"2 221 x1073  1.81x1073
0.1 12 random 9.66x 102 3.59%x1073 2.96 x1073
0.1 12 (1,....,H)T 9.66x1072  1.90x1072  1.51 x1072
0.1 12 random  9.66 x1072  1.05 x1072  8.68 x1073
0.5 50 (1,...,1)T  1.06x107%  6.87x107>  6.87x107°
0.5 50 random  6.45x107*  6.86x107°  6.86x107°
0.5 50 (1,...,1)T 566x1073  2.85x1074 2.85%x10~4
0.5 50 random  7.33x107%  2.84x107*  2.85 x107*
0.1 50 (1,..., )T 9.72x10"%2  2.72x10~*  1.75x10~*
0.1 50 random 9.72x1072  1.45x10~*  9.88 x107°

Table 8 shows the errors obtained by the iterative method, STEA1, and
STEA2 for 50 iterations and different values of «;, p, and 2k.

Table 9 shows the difference between the solution obtained from the itera-
tive method and F applied to it and those obtained from STEA1 and STEA2
and F applied to them for 50 iterations and different values of «, p, and 2k.
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Table 7: The difference between the solution obtained from the iterative method and F
applied to it and those obtained from STEA1 and STEA2 and F applied to them for 50
iterations and different values of o, p, and 2k. With a = 0.5 and p = 50, the iterations
stopped at 28 since § = 10~8, L=20.

a p y |z —F(z)]l [lepsl — F(eps1)|| |leps2 — F(eps2)|
0.1 12 (1,...,0T  8.99x1073 5.70x107° 3.66x107°
0.1 12 random  8.99x1073 5.86x107° 3.82 x107°
0.1 12 (1,...,1)T  8.99x10~3 3.08x1074 2.23x1074
0.1 12 random  8.99x1073 1.99x10~4 1.46 x10~*
0.1 12 (1,...,1)T  899x1073 3.84x1073 3.08 x1073
01 12 random  8.99 x10~3 3.11x1074 2.56 x1074
0.5 50 (1,...,0)T 9.72x10~* 1.35%x1077 7.77x107°
0.5 50 random 5.66x1073 6.15x10~8 4.28x107°
0.5 50 (1,...,1)T  1.27x1073 5.34x1078 6.36x107°
0.5 50 random  1.67x1073 5.29%x10~8 6.58 x107?
0.5 50 1,..., )T 5.66x10~* 2.52x1078 6.12x107°
0.5 50 random 4.32x10~4 1.08x10~8 8.81 x10~°
(a) (b)

Figure 4: Exact solution and approximate solutions of STEA1 and STEA2 for Example
2 with y = (1,...,1)T (left) and with y random (right). The exact solution is z(t) = e.
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sl
= lleps - sol|
Jleps2 - sol| |3 10

|
/

LY

PR

(a)

(b)

Figure 5: Errors for Example 2 with y = (1,...,1)7 (left) and with y random (right).

We take aw = 0.05, 2k = 8, and p = 12.

Fodl
pei-Fepst)]
lleps2-F(eps2)]|

Figure 6: Differences for Example 2 with y = (1,.
(right). We take oo = 0.05, 2k = 8, and p = 12.

5 Conclusion

(b)

.., DT (left) and with y random

In this study, we employed simplified topological epsilon algorithms to accel-

erate the convergence of the relaxed Picard iteration scheme. We achieved

this by discretizing the integral terms using a quadrature formula and ob-

taining a system of nonlinear equations. We also tested some examples and

performed error analysis to verify the efficiency of our approach. After com-

paring the approximate solution obtained from the Picard iteration method

with the values obtained from the convergent acceleration methods STEA1
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Table 8: The error between the exact solution and the solution obtained from the
iterative method, as well as between the exact solution and those obtained from the
acceleration methods STEA1 and STEA2. The exact solution is displayed with sol, the
solution obtained from the iterative method is displayed with z, and those obtained

from acceleration methods STEA1 and STEA2 are displayed, respectively, with epsl

and eps2.
e! p y ||z — sol]| |lepsl — sol|| |leps2 — sol||
0.05 12 (1,..., )T 1.54x10°  4.03x1072  4.00x1072
0.05 12 random  1.54x10°  4.00x1072  3.99 x10~2
0.05 12 (1,...,1)T  1.54x10°  3.78x1072  3.74x1072
0.05 12 random  1.54x10°  4.00x1072  3.99 x10~2
0.05 12 (1,..., )7 1.54x10°  5.24x1072  5.11 x1072
0.05 12 random  1.54 x10° 3.73 x1072  3.73 x10~2
0.05 20 (1,...,0)7  1.93x10°  1.83x1072  1.80x1072
0.05 20 random  1.93x10°  2.11x1072  2.08x1072
0.01 12 (1,...,0)T 3.08x10° 2.57x107!  2.47x107!
0.01 12 random  2.82x10°  9.40x1072  9.15 x10~2
0.01 20 (1,..., )7 393x10°  1.94x107'  1.87x107!
0.01 20 random 3.86x10°  3.23x107! 3.19x107t

and STEAZ2, it is evident that the approximate solution obtained from the
convergent acceleration method is more precise and closer to the actual so-
lution. It is suggested to use convergence acceleration methods STEA1 and
STEA2 in achieving the desired approximate solution of multiple and multi-

variable integral equations.
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Table 9: The difference between the solution obtained from the iterative method and F
applied to it and those obtained from STEA1 and STEA2 and F applied to them for 50

iterations and different values of o, p, and 2k.

a p 2k y |z — F(z)|| [lepsl — F(eps1)|| |leps2 — F(eps2)||
005 12 8 (1,....,0)T 240x1072 1.02x107% 7.87x107°
005 12 8  random  2.40x1072 1.03x10~* 9.04 x107°
005 12 6 (1,...,1)7 2.40x1072 9.42x10~4 8016x 1074
0.05 12 6  random  2.40x1072 9.80x107° 8.90 x10~°
005 12 4 (1,....,0)T 240x1072 7.75x107* 6.94 x1074
005 12 4  random 240 x1072 7.99 x10~* 7.26 x10~*
005 20 8 (1,...,1)7 2.98x10~2 9.16 1073 7.03x107°
0.05 20 8 random  2.98x107?2 9.83x107° 8.74x107°
001 12 8 (1,...,1)T 9.19x1073 2.37x1073 2.27x1073
001 12 8  random  8.48x1073 6.65x1074 6.64 x1074
0.00 20 8 (1,...,0)T 1.18x1072 1.49%x1073 1.42x1073
001 20 8 random  1.16 x1072 9.32x1074 9.18x1074
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