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Abstract
In this paper, we study wavelet approximation of the Chebyshev polyno-

mials of the first, second, third, and fourth kinds. We estimate the wavelet

approximation of a function f having bounded first derivatives.
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1 Introduction

In recent years, wavelets have found their way into many different fields
of science and engineering, particularly, in signal analysis, time-frequency
analysis, and fast algorithms. Wavelets allow an accurate representation of
several functions. The wavelet approximation technique is a new tool for
finding and analyzing unexpected seismic signal processing changes. There
is scarcely any area of numerical analysis where Chebyshev polynomials do
not drop in like surprise visitors, and indeed there are now a number of
subjects in which these polynomials take a significant position in modern
developments including orthogonal polynomials, polynomial approximation,
numerical integration, and spectral methods for partial differential equations
(see [4, 6]).
In Table 1, we have Chebyshev polynomials on the trivial [—1,1].

Table 1: Chebyshev polynomials

Chebyshev Polynomials | Shifted Chebyshev | w (weight) | w* (shifted weight)
T.(x) =cos n@ TH(z) =T,(2z — 1) 11712 11712
Un(z) = W Ui(z) =U,(2z —1) 1—2? x —a?
Valo) = 20| V() = V(20 - 1) = =
Wi (z) = % W(z) = Wi (22 — 1) e Lz

With above definition, we obtain the fundamental recurrence relation:
Whai(x) =22Wy(z) = Wy_1(z), n>2, Wyx)=1, Wi(z)=2z+1

In Table 2, we have Chebyshev wavelets, for k¥ € N, m > 0, and n =
0,1,2,...,2%.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 1, 2024, pp 315-329



317 Wavelet approximation with Chebyshev wavelets

Table 2: Chebyshev wavelets

Sequences Chebyshev Polynomials Wavelet Chebyshev

I 25T, (25 —n), te |2, 5,
0 otherwise.

o {ﬁm@%—m te (s, B,
0 otherwise.

v {QSWﬂﬂ%—nL te (s,
0 otherwise.

W {ﬂWMﬁtn)tE@ﬂ;L
0 otherwise.

In the following, we suppose ¥y m = Ty m; Un,m, Va,m, Wnm. A function
f € L?[0,1) is expanded by wavelet series as

FO=>3" com®nm(t),

n=0m=0
where

Cnm = /01 f(t)wn,m(t)w;,m(t)dta

and wy, , is the weight function of pseudo Chebyshevs. Also,

1
/0 (Yo (@) (e = L,

where
37 m:”a¢:T7U,
L= 0, m#”aw:Tav[/,Ua‘/a
m, m=mn, p=V,W,
e We=T
V1i—t2 ifp=U,
Wnm(t) =

= ify=V,
=oify =W
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Definition 1 (Multiresolution analysis). A sequence of closed subspaces {V;}
of L2(R) (inner product space), j € Z, is called a multiresolution in L?(R) if

it satisfies the following conditions:
(i) V; C Vit;
(ii) f(z) eV, <= f(2z) € Vj41;
(iii) f(x) e Vo <= (z+1) € Vp;
(iv) U>V; is dense in L?((R), and N>V, = {0};

(v) There exists a function ¢ € V; such that the collection {¢(x—k) : k € Z}

is a Riesz basis of Vj.

Definition 2. Let P,(f) be the orthogonal projection of L?([0,1]) onto V.
Then

Pnf = ZGTL,k¢n,k7 n= 172a3a"'7

where
ank = (f Pnk)-
Thus -
Po(f) =D i bnn)bnr, n=123,...,

Definition 3. The wavelet approximation of Chebyshev polynomial is de-
fined by

1

Bu(f) = |f Pulf)]l2 = / (F(B)-Pu(f)(£))2dt = O(6(n)),

a

where

f(t) - Z Z Cn,mVnm’L(t)

n=0m=0

or

FO=>">" camWam(t).

n=0m=0
If E,.(f) = 0 as n — oo, then E,(f) is called the best approximation of f
(see [1, 2, 3]).

We conclude this section by a list of known lemmas.
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319 Wavelet approximation with Chebyshev wavelets

Lemma 1. [5] Let f € L?([0,1]) be a continuous function such that for
constant P > 0, |f7(x)] < P. If f(t) =Y 00 o oo _o Cnm Vium (t) is expanded
in terms of Chebyshev polynomial of the third kind. Then the Chebyshev
wavelet approximation Eyx () of f by (2%, 1)th partial sum

2k=2 pmr—1

82k—27M(t) - Z Z Cn,mz/}n,m(t)a (1)

n=1 m=0
of its Chebyshev wavelet series in L2,,[0,1] is given by

1
2 . .

I|f — sar—2 a5 = 0(72%(]\4 3 ). M >1 (M is resolution)
Lemma 2. [5] Let f € L*([0,1]) be a continuous function such that for con-
stant P > 0, [f7(z)| < P. If f(t) = D00 Dm0 CnumWam(t) is expanded in
terms of the Chebyshev polynomial of the fourth kind. Then the Chebyshev
wavelet approximation Eyr (t) of f by (2¥,1)th partial sum

2k=2 pr—1
SQk*Q,M(t) = Z Z Cn,mwn,m(t)a (2)
n=1 m=0
of its Chebyshev wavelet series in L2,,[0,1] is given by
1
2 —
Eoe 1y = O(W)

2 Main results

In this section, we consider wavelet approximation in Chebyshev polynomials
of first, second, third, and fourth kinds and Haar wavelet. We estimate the

wavelet approximation of a function f having bounded first derivatives.

Theorem 1. Let f € L%([0,1]) be a continuous function and let for constant
P>0,|f'(z) <P

1) I ) =00 Doy enmTn,m(t) is expanded in terms of Chebyshev
polynomial of the first kind. Then the Chebyshev wavelet approxima-
tion Eor (t) of f by (2%,1)th partial sum is
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0o 0o
Sok_1 = E E Cn,an,mv

n=2k-141m=l

and
P

(+1)2

EQk,l(f) =|f- 52’6,5”% =0O( )-

(i) If f(t) = Do Dm0 CnmUnm) is expanded in terms of Chebyshev
polynomial of the second kind. Then the Chebyshev wavelet approxi-
mation Eor 1.:(t) of f by (2571 1)th partial sum is

00 0o
Sok_1 = E E Cn,mUn,mv

n=2k-141m=I
and

P%( 2 +4
25 — 1 (+1)(1+3)

[N

Ear_1,(f) = If— sgk-11]l2 = O( )?).

(iil) If f(t) = D070 Dom—o Cnim Va,m(t) is expanded in terms of Chebyshev
polynomial of the third kind. Then the Chebyshev wavelet approxima-
tion Eyx ;(t) of f by (2%,1) th partial sum is

oo

Sok_1, = E E Cn,mVn,mv

n=2k—141m=0
and

l 1 27 1 1

EaealF) = W =sanalls = O(~#(in (+1)(I+3) I1+1 81+ 2_7))'

(1v) IE f(8) = 30 0 >y CnymWa,m () is expanded in terms of Chebyshev
polynomial of the fourth kind. Then the Chebyshev wavelet approxi-
mation Fak ;(t) of f by (2% 1)th partial sum is

o

Sok_1] = E E Cn,mWn,ma

n=2k-141m=0
and

1 1 1 5 l
E? =02 T (——— -+ + 51 :
281, (27 (4(1+1) I 1+3 3 nl+3)>
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321 Wavelet approximation with Chebyshev wavelets

Proof. (i) We have

Cnm*<f nm>wl

— 23 / FO) T (28t — n)wy (kt* — n)dt

w\x«

1
/ f( COSQ—Fn)Tm(COSH)isianH

V1 —cos?0
= %/ £( M)Cos(mg) do
k cosf +n 1 . .
:22[(f(T)(*Esmm0))|o
1 T o, cos0+n., . .
+%/O f(T)Smﬁsm(mG)d@]
_ ok 1 T, cosf+n. .
=2 [ka/o 1y ok ) sin 8 sin(m6)d6)
<23 P /7r in @ sin(m@)d)
< m |, sin @ sin(m
k P 1 1 [7
<22 (——)[——si 5 T ) 3
<22 2km)[ mblnGCOb(m0)|0 m/o cos(mb) cos(6)d0]
<= (/ cos(mf) cos(0)db).
2z2m? Jo
Therefore
P s
lenm| = = |/ cos(m) cos(0)do)|
22m2 Jo
P ™
< ki/ | cos(mb)|| cos(0)|d6
22m?2 Jo
Pr
< %
22m?
P22
lenml® < ez

For T;, p,
1
| T2 = 2’“/ T, (25t — )| 2wy (25t — n)dt
0

1
< 2ok / T (26t — n) 2wy (25t — n)dt
-1

— Tok
2

— 7_(_2]671,
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and
E;"—l,l =|f- 52k—1,1||§

SIS 00 l

=122 > enmTam = D 3 enmTuml3
n=0m=0 n=2k—141m=0
21

= || Z Z cman,mH%
n=0 m=Il+1

2k_1

Z Z |Cn,m|2HTn,mH%

n=0 m=I+1

2k_1

SiZZPQQ

n=0 m=I[+1

2F—-1 oo

:P2SZZ

n=0 m= l+1

It is follows that
P

Eai_q, = O(W

).

(ii) We have
1
U2 = 2k/ U (2t — 1) Pwa (28 — n)dt

1
= 2" / U (28t — n)%wy (25t — n)dt

= r2k-1,
Also,

/ FOUm (28t — n)wy (2%t — n)dt

m\w

w\?s-

0
/ fl—— COS + n U, (cos 6)sin 6 sin 6d0

sin’0de

B %/ fCOSH+n)81n(m+1)9
B 2k sin ¢
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323 Wavelet approximation with Chebyshev wavelets

m\x‘

/ 1 Cos;gﬁ)sm(m—i—l)esm&l&

m\r

28 [ (5 S os(mb) — cos(m + 2)0)d9

m\?s-

/ f( Cosgﬁ)(cos(mé)) — cos(m + 2)0)db

k 0+n
- 25*1[f(7cos2k+ )(% sin(mf) —

1 T, cos0+n. 1
+ﬁ/o f (T)sme(E sin(mf) —

1
5 sin(m +2)Jf

1
5 sin(m + 2))df

T 1. .
< 2§+1/0 Slnﬁ(asm(me)— 2s1n(m+2))d9
o1 1 ﬂ
= QQT[SIDH(W cosmf + CEDE cos(m + 2)0];
4 1 1
+2§+1/0 COSG(WcosmG—&—mcos(m+2)9)d9.
Therefore
len,m| < ki\/ cos@(icost—i—;cos(m+2)0)d0|
= gl ), 0 (m+ 2
P T 1 1
Sﬁ ; \COSH|(W|cosm9|+m|cos(m+2)|(9)d9
P T o1 1
< — — 4+ ———)df
- Q%H/O Gz ™ (m+2)2)
and
Egkel,l =|f- 32’€—1,l||§
oo 00 0o l
=12_ 2 camlam= > > camTuml
n=0m=0 n=2k—141m=0
2k 1
—”Z Z Cnym nm||2
n=0 m=I[+1
2k 1
= Z Z ‘Cnm| HUanQ
n=0 m=[+1
2k 1
< — )
3t 2
n=0 m=I[+1 m m+2)
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2k—1
P 204+4
<
= 9k+1 ;::O((H—I)(H—S))
P XL 244
< .
~ 9k+1 ;((l—i—l)(l—i—?u))
Therefore
P3 20+4 1
E _ = — . :O 2).
2k 1,1 | f — sk 1,l||2 (25 _1((l—|—1)(l+3)) )
(iii) We have
=< f nm >w
= %/ F) Vi (2Kt — n)wy (2%t — n)dt
_ ok / fCOSGJrn Cosm+ \/mSI 040
COS 1—cosé
cos9+n cos(m+ )0 [2cos?(§) 6
= 2sin — do
0 f( ) cos(g) 2s1n2(g) Sm2COS2

k cosf +n 0
_22/0 f(T)Zcos(m+§)Hcos§d9

& 0
—2§/0 f(%#)(cos(m—i—l)@—i—cosm@)d@

k.. cosl+n 1
= 2

cos0+n sin 6 1
/ 1 2k ) 2k (m+1

1
sin(m + 1)0 + — sinm#0)|j
m

1
sin(m + 1)6 + - sinm#)df

NF

k COSH—l—ﬂ sin 0 1 . 1 .
/ F( o ) ok (m+1s1n(m—|—l)9+gsmm9)d9

1
sin(m + 1)0 + — sinm#))df

m—+1 m

< 2_5P/ sin 6(
0

_k 1

4 1
—2’§’1P/ cos 6(
0 m+1

1P/ﬂ(

= _%_IP/ 51nm0+sin(m—|—2)9)

1
sinfsin(m + 1) + — sin 0 sin m)|j
m

1
sin(m + 1)6 4+ E(sin mb)do

m\x-

2-

1
cos@sin(m + 1) — — cos 0 sinmb)
1 m
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325 Wavelet approximation with Chebyshev wavelets

— 5 (sin(m — 1)0 + sin(m + 1)9))d6

k 1

) N Rl =] P — - 2
[ 3l Jrl)cosm9 CE Jr2)cos(m—i— )0

—&—# cos(m —1)0 +

Sm(m — 1) cos(m + 1)0|5

m(m+ 1)

= 2*§*IP[ (cosmm — 1)

“2m(m + 1)
1

—m(cos(m + 2)7'(' — 1)
—&—;(cos(m —r—-1)+

Sm(m —1) (cos(m + 1)m — 1)],

m(m + 1)

and

len.m| = 2_%_1P\ b cos(mm — 1)

m(m + 1)
1

fm(cos(m +2)mr—1)

—l—;(cos(m —Dr—=1)+

Sm(m = 1) (cos(m + 1)m — 1)|

m(m + 1)
_k_1q 1 2 1 2
R T R T (e BT T T T

ke 1 4 1
lenml* = 27" 2P2((m2(m—|— 1)2 * (m +1)2(m + 2)2 * m2(m — 1)2
4 2 1
T 2 T mm ) m 2 T mEm - Dm = 1)
2 2
2 m 12 mmt Dm—1)(m+2)
n 4 n 2
m(m+2)(m+1)2  m?2(m—1)(m+1)
4 n 1
(m+1)2(m+2)2  m2(m—1)2
6 6
im0 T mm 2 (m+ 1)2
n 3 n 2
m2(m+1)(m—-1) m@m+1)(m—1)(m+2)

1 1 1 1 1 1
= 10— +4— +10 8 —
mJr m2Jr m—l—ljL (m+1)2 6m-1

)

— 27k72p2(

)

1 23 1

+W%JP_?m+2

For V,, ,, we have
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Therefore

Egk—l,l =|f- 52k—1,z||§

co 00 0o l
=122 camVam= > D cnmVamllz

n=0m=0 n=2k-141m=0
21
= | Z Z CmmVn,m”g
n=0 m=I+1
2F_1
= Z Z |Cn’m|2||Vn,m||g
n=0 m—H—l

k

1
<2727 10— 4— 107
< ﬂ'le;H + + m1

1 1 n 1 10 1
(m+1)2 m-1 (m-—1)2 m+2

+8

k
2

=272 17(-101 - ——— +101 2
7(=101In(l + 1) 2(l+1)+ 0ln(l +2)
27 1 1
Inl— - —In(l
g Ty~ inl+3).
:2_5_171'(10111 ! 1 —g 1 —1)

I+0)(I+3) 1+1 81+2 I

Therefore

l 1211 _5
I+1)(1+3) I+1 8l1+2 1”7

B}y, =02 % '(In

(iv) We have

= %/ (25— )y 2
1) "Wty
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ok / fCOSH—i—n sin(m+3)0 [1—cosf .

sin
sm(%) 1+ cosé

/ £( cos@—i—n bln(m—|— Do [2sin?(
sin(%) 2 cos?(

. 2 1 0
72%/0 f(msé#)2sin(m+§)98in§d9

. [T 0 +
— 9% /0 f(coséikn)(_ cos(m + 1)0 + cosmb)df

cosf +n 1 . 1 . .
—25[f( oF )(_m ) sin(m + 1)60 + Esmm@)]o

cosf +n . sinf 1 . 1 .
/ =) 5n (=g sin(m + 1)0 + — sinmf)df

0 0 1 1
_ %/ 7 cos k+n)812r; (’m+1sm(m+1)9+ESinm9)d0

1 1
<27 2P/0 s1n0(m 1 sin(m + 1)0 + - sinm#))de

1
sinfsin(m + 1)6 + - sin 0 sin m0)|§

1
275 P
m+1
T 1
—2_%_1]—7/ cos 0(
0 m+1

2*3*113/( L
0 m+1

-1 " 1 . .
P/o (m(81nmﬁ+81n(m+2)¢9)

sin(m + 1)0 + i(sin mb)do
m

1
cos @ sin(m + 1) — — cos f sinmb)
m

—%(sm( —1)0 +sin(m + 1)0))do

k 1 1
=9 s lpl_ =  cosmfh— —M—_ cos 20
2 [ Sm(m T 1) cosm (m+1)(m+2)cos(m+ )
1 1
-1+ ———= 1)0)5
+2m(m Y cos(m —1)0 + mm D) cos(m + 1)6]
k 1 1
) - A =] F— - 2
3 [ Sm(m + 1) cos mm mrDm T2 cos(m + 2)w
1
—_— -1 _— 1)m|.
+2m(m Y cos(m — 1) + mm 1) cos(m + 1)7]
Therefore
len.m| = 2_%_1P\ - écosmﬁ - ;cos(m—i—Q)ﬁ
o 2m(m + 1) (m+1)(m+2)
1
S D 1
Sm(m = 1) cos(m — 1) + mm 1) cos(m + 1)7|
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3 1 1

k
<2727'p
= om0 T D) T 2mm = 1))
k 1 1 1 1
<2 27lp(— -
- (2m+2(m+1)+m—1 m—|-2)
1 1 1 1
. 2 — 27k72p2
[enm| Gz P i Yoz T oy
SR R T —
2m(m+1)  mim—-1) mm+2) (m+1)(m-—1)
1
+ +
(m+1)(m+2) (m—l)(m—i—Z))
1 1 1 1
_ 9—k—2p2
Gz P i Yo T oy
+§ 1 § 1 )
3m—1 3m+2”
Egk—u = ||f - 32’&'7171”%
S SIN) oo l
=122 camVam = 30 D cnmWamll
n=0m=0 n=2k—-141m=0
21 o
= || Z Z cn,mWn’mH%
n=0 m=I+1
21
= Z Z |Cn,m|2HWn,mH§
n=0 m=[+1
sk = 1 1 1 1
<272 3pp?
= LAY e T g s Ay By s
m=Il+1
+§ 1 § 1 )
3m—1 3m+2
3k 1 1 1 5 l
=272 3pp? - =1 .
Pl it el
Therefore
: 1 1 1 5 l
E —0@2 T3 (-t = =1 .
210 = O T R I e Ry 2
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