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R Rn n
x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn

xi, yi ∈ R i = 1, . . . , n x, y ∈ Rn x ≥ y
xi ≥ yi i = 1, . . . , n

X ⊆ R X R
[0, 1] ã X µã : X → [0, 1]

α ã ãα = {x ∈ X | µã(x) ≥ α} α ∈ (0, 1]
ã0 = cl({x ∈ X | µã(x) > 0})

FN (X) ã X
µã

x ∈ X µã(x) = 1
µã(λ.x+ (1− λ).y) ≥ min{µã(x), µã(y)} x, y ∈ X λ ∈ [0, 1]
{x ∈ X | µã(x) ≥ α} = ãα α ∈ (0, 1]

ã0 X
ã =

(a1, a2, a3) a1 ≤ a2 ≤ a3



µã(x) =


x−a1
a2−a1 a1 ≤ x ≤ a2,
a3−x
a3−a2 a2 ≤ x ≤ a3,
0 otherwise.

α ã ãα =
[ãLα , ã

U
α ] α ã ãα = [a1 +

(a2 − a1).α, a3 − (a3 − a2).α] ã m

µã(x) =

�
1 x = m,

0 otherwise.

R FN∗(R)

ãi ∈ FN (R) i = 1, . . . , n ã = (ã1, . . . , ãn)
µã : Rn → [0, 1] µã(x) = min

i=1,...,n
µãi(xi) x = (x1, . . . , xn) ∈ Rn

ã n Rn ãi ∈ FN∗(R)
i = 1, . . . , n ã n Rn
FN(Rn) FN∗(Rn) n

n Rn

min z(x) = (z1(x), . . . , zk(x)),

s.t. x ∈ X ⊆ Rn,

x ∈ Rn X
Z : Rn −→ Rk zi(x) i = 1, . . . , k

X

x∗

x ∈ X
zi(x) ≤ zi(x∗) i zj(x) �= zj(x∗) j



min W.z(x) =

k�
i=1

wi.zi(x),

s.t. x ∈ X,
k�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , k,

W = (w1, . . . , wk)
W = (w1, . . . , wk) ≥ o

x∗ ∈ X
W > o x∗

x∗ ∈ X
x∗

W = (w1, . . . , wk) ≥ o

X = {x ∈ Rn|x ≥ o}
Y = {y ∈ Rm|y ≥ o}
x ∈ X ⊆ Rn y ∈ Y ⊆ Rm F : X × Y −→ Rs f : X × Y −→ Rt

Z(c1, . . . , cs, d1, . . . , ds, c
�
1, . . . , c

�
t, d
�
1, . . . , d

�
t, A1, B1, A2, B2, k1, k2)

= min
x∈X
F (x, y) = (c1.x+ d1.y, . . . , cs.x+ ds.y)

T ,

s.t. A1.x+B1.y ≤ k1,
min
y∈Y
f(x, y) = (c�1.x+ d

�
1.y, . . . , c

�
t.x+ d

�
t.y)

T ,

s.t. A2.x+B2.y ≤ k2,

ci = (c1i, . . . , cni), c
�
j = (c

�
1j, . . . , c

�
nj) ∈ Rn, i = 1, . . . , s, j = 1, . . . , t,

di = (d1i, . . . , dmi), d
�
j = (d

�
1j , . . . , d

�
mj) ∈ Rm, i = 1, . . . , s, j = 1, . . . , t,

k1 = (k11, . . . , kp1) ∈ Rp, k2 = (k12, . . . , kq2) ∈ Rq, A1 = [aij] ∈ Rp×n,
B1 = [bij] ∈ Rp×m, A2 = [eij] ∈ Rq×n, B2 = [sij] ∈ Rq×m

S = {(x, y) ∈ X × Y |A1.x + B1.y ≤ k1, A2.x + B2.y ≤ k2}
S(x) = {y ∈ Y | B2.y ≤ k2 − A2.x} R(x)

x



(x, y) ∈ S y
(x, y)

(x, y) x
y (x, y)

Z(c1, . . . , cs, d1, . . . , ds, c
�
1, . . . , c

�
t, d
�
1, . . . , d

�
t, A1, B1, A2, B2, k1, k2)

= min
x∈X

W.F (x, y) =

s�
i=1

wi.(ci.x+ di.y),

s.t. A1.x+B1.y ≤ k1,
s�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

W �.f(x, y) =
t�
i=1

w�i.(c
�
i.x+ d

�
i.y),

s.t. A2.x+B2.y ≤ k2,
t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t, .

x ≥ o

W � ≥ o

min
y

t�
i=1

w�i.(c
�
i.x+ d

�
i.y),

s.t. B2.y ≤ k2 −A2.x,
t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t, y ≥ o.

c�i.x i = 1, . . . , t
ui

y



max
u
(k2 − A2.x)T .u,

s.t. BT2 .u ≥
t�
i=1

w�i.d
�
i,

t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t, u ≥ o,

u ∈ Rq

(x∗, y∗)
u∗ (x∗, y∗, u∗)

min F (x, y) =

s�
i=1

wi.(ci.x+ di.y),

s.t. A1.x+B1.y ≤ k1,

BT2 .u ≥
t�
i=1

w�i.d
�
i,

t�
i=1

w�i.(d
�
i.y)− (k2 −A2.x)T .u = 0,

t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t, x, y, u ≥ o.

U = {u|BT2 .u ≥
�t
i=1 w

�
i.d
�
i, u ≥ o}

U �= ∅ U

U

U Uv = {u1, u2, . . . , ur}



LP (up) : min
x,y

F (x, y) =

s�
i=1

wi.(ci.x+ di.y),

s.t. A1.x+B1.y ≤ k1,
t�
i=1

w�i.(d
�
i.y)− (k2 − A2.x)T .up = 0,

t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t, x, y ≥ o.

LP (up) p = 1, . . . , r I ⊆ {1, . . . , r}
LP (ui) i ∈ I

i ∈ I (xi, yi) LP (ui) F (xk, yk) =
min{F (xi, yi)|i ∈ I}

(xk, yk)

x ∈ X ⊆ Rn, y ∈ Y ⊆ Rm F̃ : X × Y −→ FN∗(Rs) f̃ : X × Y −→
FN∗(Rt)

Z̃ = min
x∈X

F̃ (x, y) = (c̃1.x+ d̃1.y, . . . , c̃s.x+ d̃s.y)
T ,

s.t. Ã1.x+ B̃1.y ≤ k̃1,
min
y∈Y

f̃(x, y) = (c̃�1.x+ d̃
�
1.y, . . . , c̃

�
t.x+ d̃

�
t.y)

T ,

s.t. Ã2.x+ B̃2.y ≤ k̃2,
x ≥ o, y ≥ o,

c̃i = (c̃1i, . . . , c̃ni), c̃
�
j = (c̃

�
1j , . . . , c̃

�
nj) ∈ FN∗(Rn), i = 1, . . . , s, j = 1, . . . , t,



d̃i = (d̃1i, . . . , d̃mi), d̃
�
j = (d̃

�
1j , . . . , d̃

�
mj) ∈ FN∗(Rm), i = 1, . . . , s, j = 1, . . . , t,

k̃1 = (k̃11, . . . , k̃p1) ∈ FN∗(Rp), k̃2 = (k̃12, . . . , k̃q2) ∈ FN∗(Rq),
Ã1 = [ãij]p×n, ãij ∈ FN∗(R), B̃1 = [b̃ij ]p×m, b̃ij ∈ FN∗(R),
Ã2 = [ẽij]q×n, ẽij ∈ FN∗(R), B̃2 = [s̃ij]q×m, s̃ij ∈ FN∗(R)

S = {(x, y) ∈ X × Y |Ã1.x+ B̃1.y ≤ k̃1, Ã2.x+ B̃2.y ≤ k̃2}.

(x, y) ∈ S,
F̃ (x, y) = (F̃1(x, y), . . . , F̃s(x, y)) f̃(x, y) = (f̃1(x, y), . . . , f̃t(x, y))

s t

µc̃1i , . . . , µc̃ni µc̃�1j , . . . , µc̃�nj µd̃1i , . . . , µd̃mi µd̃�1j
, . . . , µd̃�mj

i = 1, . . . , s, j =

1, . . . , t µk̃i1 µk̃j2 i = 1, . . . , p, j = 1, . . . , q µãij i = 1, . . . , p, j = 1, . . . , n

µb̃ij i = 1, . . . , p, j = 1, . . . ,m µẽij i = 1, . . . , q, j = 1, . . . , n µs̃ij
i = 1, . . . , q, j = 1, . . . ,m c̃1i, . . . , c̃ni
c̃�1j , . . . , c̃

�
nj d̃1i, . . . , d̃mi d̃

�
1j , . . . , d̃

�
mj i = 1, . . . , s, j = 1, . . . , t k̃i1 k̃j2

i = 1, . . . , p, j = 1, . . . , q ãij i = 1, . . . , p, j = 1, . . . , n b̃ij i = 1, . . . , p, j =
1, . . . ,m ẽij i = 1, . . . , q, j = 1, . . . , n s̃ij i = 1, . . . , q, j = 1, . . . ,m

ṽ = {(v, µṽ(v)) | v ∈ S(ṽ)} ṽ
c̃1i, . . . , c̃ni c̃

�
1j, . . . , c̃

�
nj d̃1i, . . . , d̃mi d̃

�
1j , . . . , d̃

�
mj i = 1, . . . , s, j = 1, . . . , t

k̃i1 k̃j2 i = 1, . . . , p, j = 1, . . . , q ãij i = 1, . . . , p, j = 1, . . . , n b̃ij i =
1, . . . , p, j = 1, . . . ,m ẽij i = 1, . . . , q, j = 1, . . . , n s̃ij i = 1, . . . , q, j =
1, . . . ,m S(ṽ) ṽ α ṽ

(ṽ)α = [(ṽ)
L
α, (ṽ)

U
α ] = [min

v
{v ∈ S(ṽ) | µṽ(v) ≥ α},

max
v
{v ∈ S(ṽ) | µṽ(v) ≥ α}],

ṽ

α Z̃

µZ̃



µZ̃(z) = sup
ci, c

�
j , di, d

�
j ,

k1, k2, A1, B1,
A2, B2.

min{µc̃1i(c1i), . . . , µc̃ni(cni), µc̃�1j (c�1j), . . . , µc̃�nj (c�nj),

µd̃1i(d1i), . . . , µd̃mi(dmi), µd̃�1j
(d�1j), . . . , µd̃�mj (d

�
mj), µk̃i1(ki1),

µk̃j2(kj2), µãij (aij), µb̃ij (bij), µẽij (eij), µs̃ij (sij), i, j |
z = Z(c1, . . . , cs, d1, . . . , ds, c

�
1, . . . , c

�
t, d
�
1, . . . , d

�
t, A1, B1, A2, B2, k1, k2)},

ci = [cli]1×n, c�j = [c�lj ]1×n, di = [dli]1×m, d�j = [d�lj ]1×m,
i = 1, . . . , s, j = 1, . . . , t k1 = [ki1]p×1, k2 = [kj2]q×1, A1 = [aij]p×n,
B1 = [bij]p×m, A2 = [eij]q×n, B2 = [sij]q×m,
c̃i, c̃

�
j, d̃i, d̃

�
j, i = 1, . . . , s, j = 1, . . . , t k̃1, k̃2, Ã1, B̃1, Ã2, B̃2,

Z(c1, . . . , cs, d1, . . . , ds, c
�
1, . . . , c

�
t, d
�
1, . . . , d

�
t, A1, B1, A2, B2, k1, k2)

Z(c1, . . . , cs, d1, . . . , ds, c
�
1, . . . , c

�
t, d
�
1, . . . , d

�
t, A1, B1, A2, B2, k1, k2)

= min
x∈X
F (x, y) = (c1.x+ d1.y, . . . , cs.x+ ds.y)

T ,

s.t. A1.x+B1.y ≤ k1,
min
y∈Y
f(x, y) = (c�1.x+ d

�
1.y, . . . , c

�
t.x+ d

�
t.y)

T ,

s.t. A2.x+ B2.y ≤ k2.

α Z̃ α

µZ̃ µṽ(v) v = ci, c
�
j , di, d

�
j , ki1, kj2, aij, bij,

eij, sij, i, j µṽ(v) ≥ α v = ci, c
�
j, di, d

�
j , ki1, kj2, aij, bij, eij,

sij, i, j µṽ(v) ≥ α v = ci, c
�
j , di, d

�
j , ki1, kj2, aij, bij,

eij, sij, i, j α z = Z(c1, . . . , cs, d1, . . . , ds, c
�
1, . . . , c

�
t,

d�1, . . . , d
�
t, A1, B1, A2, B2, k1, k2) µZ̃(z) = α

µZ̃
µZ̃ Z̃Lα Z̃Uα α Z̃ Z̃Lα

Z(c1, . . . , cs, d1, . . . , ds, c
�
1, . . . , c

�
t, d
�
1, . . . , d

�
t, A1, B1, A2, B2,

k1, k2) Z̃Uα Z(c1, . . . , cs, d1, . . . , ds, c
�
1, . . . , c

�
t, d
�
1, . . . , d

�
t,

A1, B1, A2, B2, k1, k2)

Z̃Lα = min{Z(c1, . . . , cs, d1, . . . , ds, c�1, . . . , c�t, d�1, . . . , d�t, A1, B1, A2, B2, k1, k2)
| (ṽ)Lα ≤ v ≤ (ṽ)Uα , where v = c1i, . . . , cni, d1i, . . . , dmi, c�1j, . . . , c�nj ,
d�1j , . . . , d

�
mj , aij, bij, eij, sij, ki1, kj2, i, j}



Z̃Uα = max{Z(c1, . . . , cs, d1, . . . , ds, c�1, . . . , c�t, d�1, . . . , d�t, A1, B1, A2, B2, k1, k2)
| ṽLα ≤ v ≤ ṽUα , where v = c1i, . . . , cni, d1i, . . . , dmi, c�1j, . . . , c�nj ,
d�1j , . . . , d

�
mj , aij, bij, eij, sij, ki1, kj2, i, j}.

Z̃Lα = min
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c1i, . . . , cni, d1i, . . . , dmi,

c�1j , . . . , c
�
nj, d

�
1j , . . . , d

�
mj,

aij , bij , eij , sij , ki1, kj2, i, j.



min
x∈X
(c1x+ d1y, . . . , csx+ dsy)

T ,

s.t. A1x+B1y ≤ k1,
min
y∈Y
(c�1x+ d

�
1y, . . . , c

�
tx+ d

�
ty)
T ,

s.t. A2x+B2y ≤ k2,

Z̃Uα = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c1i, . . . , cni, d1i, . . . , dmi,

c�1j , . . . , c�nj, d�1j , . . . , d�mj,
aij , bij , eij , sij , ki1, kj2, i, j.



min
x∈X
(c1x+ d1y, . . . , csx+ dsy)

T ,

s.t. A1x+ B1y ≤ k1,
min
y∈Y
(c�1x+ d

�
1y, . . . , c

�
tx+ d

�
ty)
T ,

s.t. A2x+B2y ≤ k2.

Z̃
L

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c1i, . . . , cni, d1i, . . . , dmi,

c�1j , . . . , c
�
nj, d

�
1j , . . . , d

�
mj,

aij , bij , eij , sij , ki1, kj2, i, j.



min
x∈X

s�
i=1

wi(ci.x) +
s�
i=1

wi(di.y),

s.t. A1x+B1y ≤ k1,
s�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t�
i=1

w�i(c
�
i.x) +

t�
i=1

w�i(d
�
i.y),

s.t. A2x+B2y ≤ k2,
t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t.

ci di (c̃i)
L
α (d̃i)

L
α

i



Z̃
L

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c�1j , . . . , c

�
nj, d

�
1j , . . . , d

�
mj,

aij , bij , eij , sij , ki1, kj2, i, j.



min
x∈X

s�
i=1

wi((c̃i)
L
α.x) +

s�
i=1

wi((d̃i)
L
α.y),

s.t. A1x+B1y ≤ k1,
s�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t�
i=1

w�i(c
�
i.x) +

t�
i=1

w�i(d
�
i.y),

s.t. A2x+B2y ≤ k2,
t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t.

Ã = [ãij]m×n
(Ã)Lα = [(ãij)

L
α]m×n (Ã)Uα = [(ãij)

U
α ]m×n

A1, B1, A2, B2, k1, k2 (Ã1)
U
α , (B̃1)

U
α , (Ã2)

U
α , (B̃2)

U
α , (k̃1)

L
α , (k̃2)

L
α

Z̃
L

α = min
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c�1j , . . . , c�nj, d�1j, . . . , d�mj,

j.



min
x∈X

s�
i=1

wi((c̃i)
L
α .x) +

s�
i=1

wi((d̃i)
L
α.y),

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)Lα ,

s�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t�
i=1

w�i(c
�
i.x) +

t�
i=1

w�i(d
�
i.y),

s.t. (Ã2)
U
αx+ (B̃2)

U
α y ≤ (k̃2)Lα ,

t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t.



Z̃
L

α = min
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,

where v = c�1j , . . . , c
�
nj,

d�1j , . . . , d�mj, j.



min

s�
i=1

wi((c̃i)
L
α .x) +

s�
i=1

wi((d̃i)
L
α.y),

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)Lα ,

s�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,
t�
i=1

w�i(d
�
i.y)− ((k̃2)Lα − (Ã2)Uαx)T .u = 0,

((B̃2)
U
α )
T .u ≥

t�
i=1

w�i.d
�
i,

t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t.

Z̃
L

α =min

s�
i=1

wi((c̃i)
L
α.x) +

s�
i=1

wi((d̃i)
L
α .y),

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)Lα,

t�
i=1

w�i(d
�
i.y)− ((k̃2)Lα − (Ã2)Uαx)T .u = 0,

((B̃2)
U
α )
T .u ≥

t�
i=1

w�i.d
�
i,

(d̃�i)
L
α ≤ d�i ≤ (d̃�i)Uα , i = 1, . . . , t,

s�
i=1

wi = 1,

t�
i=1

w�i = 1, wi, w
�
j ≥ 0, for i = 1, . . . , s, j = 1, . . . , t,

x, y, u ≥ o.



Z̃
L

α =min

s�
i=1

wi((c̃i)
L
α .x) +

s�
i=1

wi((d̃i)
L
α.y),

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)Lα ,

t�
i=1

w�i((d̃�i)
L
α.y) ≤ ((k̃2)Lα − (Ã2)Uαx)T .u ≤

t�
i=1

w�i((d̃�i)
U
α .y),

((B̃2)
U
α )
T .u ≥

t�
i=1

w�i.(d̃
�
i)
U
α ,

s�
i=1

wi = 1,
t�
i=1

w�i = 1, wi, w
�
j ≥ 0, for i = 1, . . . , s, j = 1, . . . , t,

x, y, u ≥ o.

U = {u ≥ o | ((B̃2)Uα )T .u ≥
t�
i=1

w�i.(d̃
�
i)
U
α }

U UV = {u1, . . . , ur}
r

LP (uk) : Z̃
L

α,k =min
s�
i=1

wi((c̃i)
L
α .x) +

s�
i=1

wi((d̃i)
L
α.y),

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)Lα,

t�
i=1

w�i((d̃�i)
L
α .y) ≤ ((k̃2)Lα − (Ã2)Uαx)T .uk ≤

t�
i=1

w�i((d̃�i)
U
α .y),

s�
i=1

wi = 1,
t�
i=1

w�i = 1, wi, w
�
j ≥ 0,

for i = 1, . . . , s, = 1, . . . , t, x, y ≥ o,

k = 1, . . . , r r LP (uk)
α ∈ [0, 1]

x y
α ∈ [0, 1] (c̃i)

L
α.x + (d̃i)

L
α.y α ∈ [0, 1]

i = 1, . . . , s Z̃Lα
Z̃Uα



Z̃
U

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c1i, . . . , cni, d1i, . . . , dmi,

c�1j , . . . , c�nj, d�1j , . . . , d�mj,
aij , bij , eij , sij , ki1, kj2, i, j.



min
x∈X

s�
i=1

wi(ci.x) +

s�
i=1

wi(di.y),

s.t. A1x+ B1y ≤ k1,
s�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t�
i=1

w�i(c
�
i.x) +

t�
i=1

w�i(d
�
i.y),

s.t. A2x+B2y ≤ k2,
t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t.

ci di (c̃i)
U
α (d̃i)

U
α

Z̃
U

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c�1j, . . . , c�nj, d�1j , . . . , d�mj,
aij , bij , eij , sij , ki1, kj2, i, j.



min
x∈X

s�
i=1

wi((c̃i)
U
α .x) +

s�
i=1

wi((d̃i)
U
α .y),

s.t. A1x+ B1y ≤ k1,
s�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t�
i=1

w�i(c
�
i.x) +

t�
i=1

w�i(d
�
i.y),

s.t. A2x+B2y ≤ k2,
t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t.

A1, B1, A2, B2, k1,
k2 (Ã1)

L
α , (B̃1)

L
α , (Ã2)

L
α, (B̃2)

L
α, (k̃1)

U
α , (k̃2)

U
α



Z̃
U

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where

v = c�1j, . . . , c
�
nj, d

�
1j, . . . , d

�
mj,

j.



min
x∈X

s�
i=1

wi((c̃i)
U
α .x) +

s�
i=1

wi((d̃i)
U
α .y),

s.t. (Ã1)
L
α .x+ (B̃1)

L
α .y ≤ (k̃1)Uα ,

s�
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t�
i=1

w�i(c
�
i.x) +

t�
i=1

w�i(d
�
i.y),

s.t. (Ã2)
L
α .x+ (B̃2)

L
α .y ≤ (k̃2)Uα ,

t�
i=1

w�i = 1, w
�
i ≥ 0, for i = 1, . . . , t.

Z̃
U

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,

where v = c�1j , . . . , c�nj,
d�1j, . . . , d

�
mj, j.



min

s�
i=1

wi((c̃i)
U
α .x) +

s�
i=1

wi((d̃i)
U
α .y),

s.t. (Ã1)
L
α.x+ (B̃1)

L
α.y ≤ (k̃1)Uα ,

t�
i=1

w�i(d
�
i.y)− ((k̃2)Uα − (Ã2)Lα.x)T .u = 0,

((B̃2)
L
α)
T .u ≥

t�
i=1

w�i.d
�
i,

s�
i=1

wi = 1,
t�
i=1

w�i = 1,

wi, w
�
j ≥ 0, for i = 1, . . . , s, j = 1, . . . , t,
x, y, u ≥ o.

U = {u ≥ o | ((B̃2)Lα)T .u ≥
t�
i=1

w�i.(d̃
�
i)
U
α}

U UV = {u1, . . . , ur�}
r�



LP (uk) :Z̃
U

α,k = min

s�
i=1

wi((c̃i)
U
α .x) +

s�
i=1

wi((d̃i)
U
α .y),

s.t. (Ã1)
L
α.x+ (B̃1)

L
α .y ≤ (k̃1)Uα ,

t�
i=1

w�i(d̃
�
i)
L
α.y ≤ ((k̃2)Uα − (Ã2)Lα.x)T .uk ≤

t�
i=1

w�i(d̃
�
i)
U
α .y,

s�
i=1

wi = 1,

t�
i=1

w�i = 1, wi, w
�
j ≥ 0, for i = 1, . . . , s, = 1, . . . , t,

x, y ≥ o,

k = 1, . . . , r� x y
α ∈ [0, 1] (c̃i)

U
α .x + (d̃i)

U
α .y α ∈ [0, 1]

i = 1, . . . , s Z̃Uα Z̃Lα Z̃Uα
Z̃

Z̃Lα Z̃
U
α Z̃

W = (w1, . . . , ws) W � =

(w�1, . . . , w�t)
s�
i=1

wi = 1,

t�
i=1

w�i = 1, wi ≥ 0, w�j ≥ 0,
i = 1, . . . , s, j = 1, . . . , t

ṽ = {(v, µṽ(v)) | v ∈ S(ṽ)}
ṽ c̃1i, . . . , c̃ni c̃

�
1j , . . . , c̃

�
nj

d̃1i, . . . , d̃mi d̃
�
1j, . . . , d̃

�
mj i = 1, . . . , s, j = 1, . . . , t ãij i = 1, . . . , p, j =

1, . . . , n b̃ij i = 1, . . . , p, j = 1, . . . ,m ẽij i = 1, . . . , q, j = 1, . . . , n s̃ij



i = 1, . . . , q, j = 1, . . . ,m k̃i1 k̃j2 i = 1, . . . , p, j = 1, . . . , q, S(ṽ)
ṽ

α ṽ

(ṽ)α = [(ṽ)
L
α, (ṽ)

U
α ] = [min

v
{v ∈ S(ṽ) | µṽ(v) ≥ α},

max
v
{v ∈ S(ṽ) | µṽ(v) ≥ α}].

((B̃2)
U
α )
T .u ≥

t�
i=1

w�i.(d̃
�
i)
U
α ,

u ≥ o.
α [0, 1] αt = 0.1 × t

t = 0, 1, . . . , 10 αt = 0.25× t t = 0, 1, 2, 3, 4

[0, 1] α
αt

Uvαt = {u1,αt , . . . , ur,αt}
α ∈ [0, 1]

Uvαt ={u1,αt , . . . , ur,αt} αt r

α

αt

((B̃2)
L
α)
T .u ≥

t�
i=1

w�i.(d̃
�
i)
U
α ,

u ≥ o.
αt

(U �)vαt = {(u�)1,αt , . . . , (u�)r
�,αt}

α ∈ [0, 1]

(U �)vαt = {(u�)1,αt , . . . ,
(u�)r

�,αt} αt r�

α

αt



Z̃ =min
x∈X
F̃ (x, y) = (c̃1.x+ d̃1.y, c̃2.x+ d̃2.y)

T ,

s.t. Ã1.x+ B̃1.y ≤ k̃1,
min
y∈Y
f̃(x, y) = (c̃�1.x+ d̃

�
1.y, c̃

�
2.x+ d̃

�
2.y)

T ,

s.t. Ã2.x+ B̃2.y ≤ k̃2,

c̃1 = [c̃11] = [(1, 2, 3)] d̃1 = [d̃11] = [(−1, 1, 2)] c̃2 = [c̃12] = [(2, 3, 5)]
d̃2 = [d̃12] = [(4, 5, 6)] c̃

�
1 = [c̃

�
11] = [(2, 3, 4)] d̃

�
1 = [d̃

�
11] = [(3, 4, 5)]

c̃�2 = [c̃
�
12] = [(−1, 0, 1)] d̃�2 = [d̃�12] = [(1.5, 2.3, 3.5)] Ã1 =

�
ã11
ã21

�
=�

(−3,−2,−1)
(−2,−1, 0)

�
B̃1 =

�
b̃11
b̃21

�
=

�
(−1, 0, 1)
(1.5, 2.5, 3.5)

�
k̃1 =

�
k̃11
k̃21

�
=

�
(5, 6, 7)
(6, 7, 9)

�
Ã2 = [ẽ11] = [(1, 1, 1)] B̃2 = [s̃11] = [(2.2, 3.4, 4.6)] k̃2 = [k̃12] =
[(5, 6, 8)]

w1 = w2 = w
�
1 = w

�
2 = 0.5

ṽ = {(v, µṽ(v)) | v ∈ S(ṽ)}

α ṽ = (v1, v2, v3)
(ṽ)α = [(ṽ)

L
α , (ṽ)

U
α ] (ṽ)Lα = v1+(v2−v1)α

(ṽ)Uα = v3 − (v3 − v2)α

U = {u ≥ o | (4.6− 1.2α).u ≥ w�1(5− α) + w�2(3.5− 1.2α)}.
α

Uvα α =

0, 0.1, . . . , 1 uα =
0.5(5−α)+0.5(3.5−1.2α)

(4.6−1.2α) Uvα
α

Uvα

α Z̃
L

α,k



LP (uk) :Z̃
L

α,k = min(w1(1 + α) + w2(2 + α))x+ (w1(−1 + 2α) + w2(4 + α))y,

s.t.

�
(−1− α)
(−α)

�
.x+

�
(−α+ 1)
(−α+ 3.5)

�
.y ≤

�
(5 + α)
(6 + α)

�
,

(w�1(3 + α) + w
�
2(1.5 + 0.8α))y ≤ ((5 + α)− x)uα

≤ (w�1(5− α) + w�2(3.5− 1.2α))y,
x, y ≥ o.

α
αt

U � = {u ≥ o | (2.2 + 1.2α).u ≥ w�1(5− α) + w�2(3.5− 1.2α)}.
(U �)vα α =

0, 0.1, . . . , 1 u�α =
0.5(5−α)+0.5(3.5−1.2α)

(2.2+1.2α) (U �)vα
α

(U �)vα
α Z̃

U

α,k

LP (uk) :

Z̃
U

α,k = min(w1.(3− α) + w2.(5− 2α)).x+ (w1.(2− α) + w2.(6− α)).y,

s.t.

�
(−3 + α)
(−2 + α)

�
.x+

�
(−1 + α)
(1.5 + α)

�
.y ≤

�
(7− α)
(9− 2α)

�
,

(w�1(3 + α) + w
�
2(1.5 + 0.8α))y ≤ ((8− 2α)− x).u�α

≤ (w�1(5− α) + w�2(3.5− 1.2α))y,
x, y ≥ o.

α
αt



Z̃ =
�
Z̃1, Z̃2

� �
Z̃i
�L
α

�
Z̃i
�U
α

i = 1, 2 α

α (x∗, y∗)

Z̃
L

α

(x∗, y∗)

Z̃
U

α

Z̃1 Z̃2

�
Z̃1
�L
α
=

(c̃1)
L
α x+

�
d̃1
�L
α
y

�
Z̃1
�U
α
=

(c̃1)
U
α x+

�
d̃1
�U
α
y

�
Z̃2
�L
α
=

(c̃2)
L
α x+

�
d̃2
�L
α
y

�
Z̃2
�U
α
=

(c̃2)
U
α x+

�
d̃2
�U
α
y

Z̃ =
�
Z̃1, Z̃2

�
Z̃1 Z̃2��

Z̃1
�L
α
,
�
Z̃1
�U
α

� ��
Z̃2
�L
α
,
�
Z̃2
�U
α

�



min
x1,x2

 f̃11(x) = (x1 + 3̃x2 + 2̃x3 + 3̃x4)f̃12(x) = (2̃x1 + 9̃x2 + 3̃x3 + 5̃x4)

f̃13(x) = (3̃x1 + 9̃x2 + 9̃x3 + x4)


s.t. min

x3,x4

�
f̃21(x) = (6̃x1 + 3̃x2 + 2̃x3 + 2̃x4)

f̃22(x) = (5̃x1 + 9̃x2 − 9̃x3 + 6̃x4)
�

s.t. 3̃x1 − x2 + x3 + 3̃x4 ≤ 4̃8,
2̃x1 + 4̃x2 + 2̃x3 − 2̃x4 ≤ 3̃5,
x1 + 2̃x2 − x3 + x4 ≤ 3̃0,
x1, x2, x3, x4 ≥ 0.

2̃ = (0, 2, 3), 3̃ = (2, 3, 4), 4̃ = (3, 4, 5), 5̃ = (4, 5, 6), 6̃ = (5, 6, 7), 8̃ =
(6, 8, 10), 9̃ = (8, 9, 10), 3̃0 = (28, 30, 32), 3̃5 = (33, 35, 37), 4̃8 = (45, 48, 49).

Z̃
L

α Z̃
U

α

LP (uk) : Z̃
L

α,k =min
1

3
(1 + (2α) + (2 + α))x1 +

1

3
((2 + α) + (8 + α) + (8 + α))x2

+
1

3
((2α) + (2 + α) + (8 + α))x3 +

1

3
((2 + α) + (4 + α) + 1)x4,

s.t. 0.5((2α) + (−8− α))x3 + 0.5((2α) + (5 + α))x4
≤ ((45 + 3α)− (4− α)x1 + x2)uk1
+ ((33 + 2α)− (3− α)x1 − (5− α)x2)uk2
+ ((−32+ 2α) + x1 − (−2α)x2)uk3
≤ 0.5((3 − α) + (−8− α))x3 + 0.5((3 − α) + (7− α))x4,

x1, x2, x3, x4 ≥ 0,

uk

U = {u = (u1, u2, u3) ≥ o | u1 + (3 − α)u2 + u3 ≥ −2.5 − α, (4 − α)u1 +
(−2α)u2 − u3 ≥ 5− α}



LP (uk) : Z̃
U

α,k =min
1

3
(1 + (3− α) + (4− α))x1

+
1

3
((4− α) + (10− α) + (10− α))x2

+
1

3
((3− α) + (4− α) + (10− α))x3

+
1

3
((4− α) + (6− α) + 1)x4,

s.t. 0.5((−10+ 3α)x3 + (5 + 3α)x4)
≤ ((49− α)− (2 + α)x1 + x2)uk1
+ ((37− 2α)− 2α.x1 − (3 + α)x2)uk2
+ ((−28− 2α) + x1 + (3− α)x2)
≤ 0.5((−5− 2α)x3 + (10− 2α)x4),
x1, x2, x3, x4 ≥ 0,

uk

U = {u = (u1, u2, u3) ≥ o | u1 + (2α)u2 + u3 ≥ −2.5− α, (2 + α)u1 + (−3 +
α)u2 − u3 ≥ 5− α}.

α ∈ [0, 1] w1 = w2 = w3 = 1
3 w�1 = w�2 = 0.5

f̃11, f̃12, f̃13, f̃21, f̃22
(f̃11)

L
α, (f̃11)

U
α , (f̃12)

L
α , (f̃12)

U
α , (f̃13)

L
α , (f̃13)

U
α , (f̃21)

L
α, (f̃21)

U
α , (f̃22)

L
α , (f̃22)

U
α ,

x∗i LP (uk)
¯̃ZLα

¯̃ZUα α
α

¯̃ZLα
¯̃ZUα α

α x∗
¯̃ZLα

x∗
¯̃ZUα



α

α f̃11 f̃12 f̃13�
f̃11

�L
α

�
f̃11

�U
α

�
f̃12

�L
α

�
f̃12

�U
α

�
f̃13

�L
α

�
f̃13

�U
α

α

α f̃21 f̃22�
f̃21

�L
α

�
f̃21

�U
α

�
f̃22

�L
α

�
f̃22

�U
α

f11 = 29 µ11 = 1 f11 = 37 µ11 = 0.902 f̃11
f12 = 70.9483 µ12 = 0.917 f12 = 90 µ12 = 0.815 f̃12
f13 = 88.2743 µ13 = 0.821 f13 = 108.25 µ13 = 0.692 f̃13
f21 = 80.912 µ21 = 0.527 f21 = 78.25 µ21 = 0.496 f̃21
f22 = 111.27 µ22 = 0.81 f22 = 105.5 µ22 = 0.795 f̃22



α










