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Abstract

Fuzzy multiobjective linear bilevel programming (FMOLBP) problems are
studied in this paper. The existing methods replace one or some determin-
istic model(s) instead of the problem and solve the model(s). Doing this
work, we lose much information about the compromise decision, and it does
not make sense for the uncertain conditions. To overcome the difficulties,
Zadeh’s extension principle is applied to solve the FMOLBP problems. Two
crisp multiobjective linear three-level programming problems are proposed
to find the lower and upper bound of its objective values in different levels.
The problems are reduced to some linear optimization problems using one
of the scalarization approaches, called the weighting method, the dual the-
ory, and the vertex enumeration method. The lower and upper bounds are
estimated by the resolution of the corresponding linear optimization prob-
lems. Hence, the membership functions of compromise objective values are
produced, which is the main contribution of this paper. This technique is
applied for the problem for the first time. This method applies all informa-
tion of a fuzzy number and does not estimate it by a crisp number. Hence,
the compromise decision resulted from the proposed method is consistent
with reality. This point can minimize the gap between theory and practice.
The results are compared with the results of existing approaches. It shows
the efficiency of the proposed approach.
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1 Introduction

A bilevel multiobjective programming problem (BL-MOPP) is applied to
model decentralized decision problems that contain the objectives at the
upper level, called leader, and the objectives at the lower level, called the
follower. The decisions are made in a hierarchical order from the upper
level to the lower level. The decision-makers in each level try to optimize
their objective functions. However, the decision in a level may be affected
by the objective values in another level. The objectives in both levels may
have confliction objectives, which should be optimized simultaneously. The
coefficients in the objective functions and constraints are determined by ex-
perts; see [3, 46]. In the most real-world situations, the possible values of the
coefficients are usually estimated imprecisely or vaguely by experts. These
values cannot be presented in terms of crisp values because we miss much
information. The most appropriate form to express the values is fuzzy sets.

Many researchers have been studied bilevel programming problems since
it was introduced by Von Stackelberg [36]. A class of algorithms and ap-
proaches was well designed to solve the problem like the Kuhn—Tucker method
[7, 8,9, 16], the vertex enumeration method [9], the K-best approach [9, 2],
and the branch and bound procedure [14]. The BL-MOPPs were studied to
formulate the problems of the real-world, for example, the location planning
problem for stone industrial parks; see [5]. Their coefficients are expressed
by crisp numbers. On the other hand, the coefficients cannot usually be
expressed in terms of a real number in the uncertain conditions. Also, mul-
tilevel programming problems (MLPPs) in [15, 35, 34] were discussed for
hierarchical decentralized planning problems. An overview of bilevel pro-
gramming problem was provided by Colson, Marcotte, and Savard [13]. The
fuzzy approach for MLPP in [34] was extended to solve bilevel and three-level
nonlinear multiobjective programming problems by Abo-Sinna and Baky [2].
Interactive fuzzy programming was developed to solve fuzzy multilevel linear
programming problem in [29]. The balance space method was proposed for
the nonlinear multiobjective bilevel programming problem in [2]. The fuzzy
goal programming (FGP) algorithm was used to solve BL-MOPP in [6]. An
algorithm was designed based on FGP to solve MLPP in [9]. An FGP model
was proposed to solve BL-MOPP by Pramanik and Dey [4]. This model does
not follow the hierarchical structure of bilevel programming and does not
consider the upper level decisions, and it is as a single-level multiobjective
programming problem. In bilevel programming problems, the decisions of
leader should be dominant over that of followers. Mohamed [5] well devel-
oped an efficient method to solve the multiobjective programming problems
using FGP approach. Moitra and Pal [15] then extended the concept of FGP
approach to finding a satisfactory solution for bilevel programming problems.
Moreover, FGP approach was extended to solve a deterministic decentralized
BL-MOPP in [6] and MLPP in [4]. Due to the existence of uncertainty in
real-world situations, some or all parameters in objective functions and/or in
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constraints of the leader and/or the follower can be described by fuzzy num-
bers. Budnitzkia [5] designed a solution procedure to solve the linear fuzzy
bilevel programming using a-cuts of the fuzzy polytopes. Zhang and his
colleagues [17, 35, 37] utilized the extended solution concept and theorems
of bilevel programming and presented procedures to solve the fuzzy linear
bilevel programming (FLBP) in special cases of membership functions such
as the triangular and the general form [42, 43, 44, 45]. When the leader, the
follower, or both of them have multiple objectives, the fuzzy set technique
was applied to investigate FLBP problems by Zhang, Lu, and Dillon [46].
They also extended their previous research to the fuzzy multiobjective linear
bilevel programming (FMOLBP) problem and developed an approximation
branch-and-bound algorithm to solve the FMOLBP problem; see [46]. A new
definition proposed in [32, 35] implies that the upper level constraints con-
taining the second variable move to the lower level. This point changes the
nature of the problem; see [1, 8]. On the other hand, the method given in
[46] solves several crisp multiobjective nonlinear programming problems along
with many crisp objectives and constraints by the approximation branch and
bound method until the termination criterion holds. Hence, it will have high
computational complexity and we have to check the complementary slackness
conditions in each of the iterations, which is time-consuming.

Toksari and Bilim [13] focused on decentralized bilevel multiobjective frac-
tional programming problems (DBL-MOFPPs) with a single decision-maker
at the first level and multiple decision-makers at the second level, where the
coefficients are crisp numbers. They presented an FGP based on Jacobian
matrix for DBL-MOFPP. In the approach, membership functions of fuzzy
goals are constructed for all objectives at two levels, and they are linearized
by using the Jacobian matrix. Then the FGP approach is applied to ob-
tain the highest degree of each of the membership goals by finding the most
satisfactory solution for all decision-makers. This algorithm was applied for
the crisp problems based on FGP. Peric, Babic, and Omerovi [15] studied a
similar problem with crisp coefficients and presented a method based on the
FGP. The approaches fail to solve the proposed model of this paper due to its
fuzzy coefficients. Liu and Yang [18] proposed an interactive programming
method to obtain the compromise optimal solution of the multilevel multi-
objective linear programming problem with crisp parameters. The resolution
process is done in two stages: analysis and decision-making. If the objective
values were not satisfactory, then the decision-maker improves the values by
giving a concession to the unsatisfied values. When the satisfactory degree
in upper levels is mat, the problem of lower levels will be solved. The pro-
posed method in [18] was designed for the case that the coefficients are crisp
numbers. The proposed method cannot be applied to the proposed model
with fuzzy coefficients. Kamal et al. [19] applied crisp bilevel multiobjective
programming for production planning problems. Then an FGP algorithm
was designed to solve the problem. This approach cannot also be applied
to solve FMOLBP due to fuzziness of its coefficients. Abdelaziz and Mejri
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[23] formulated a shared inventory model as a bilevel programming problem.
Both emergency and backorders are considered in the model. The interaction
between decision-makers is done in an uncertain environment of probability
type. They designed a decentralized bilevel programming problem, where
the leader has multiple objectives. The numerical study was focused on the
simulation. We cannot use the approach to solve the proposed model with
fuzzy coefficients because the approach in [23] discusses with the uncertainty
of the probability type. Baky Eid, and El Sayed [3] extended the FGP to
solve BL-MOPP with fuzzy demands that are given as triangular fuzzy num-
bers. The FGP algorithm is applied to attain the highest degree of each of
the membership goals by minimizing their deviational variables and does not
present the membership functions of the objectives of leader and follower,
completely. In this paper, we will answer the following questions about the
proposed method in [3]:

1- How can we find the membership functions of objectives of leader and
follower instead of obtaining the highest degree of each of the membership
goals?

2- Finding the required goals is not always easy, especially, when the di-
mension of the problem increases. How can we overcome these difficulties?

The answers to the above questions are the motivations of this paper. In
this paper, we will consider the FMOLBP problem in a general case, where
all coefficients are fuzzy numbers. Zadeh’s extension principle [6, 40, 41] is
applied to solve the problem. In this approach, a pair of crisp multiobjective
linear three-level mathematical programming problem is formulated to com-
pute the lower and upper bounds of the a-level of the objective values. Then,
one of the scalarization methods, called weighting method, dual theory, and
vertex enumeration approach are applied to solve the crisp multiobjective
linear three-level programming problems. Finally, the membership function
of the fuzzy compromise objective value is derived numerically by enumer-
ating different values of . This is the first contribution of the paper. In
this approach, the KKT conditions are not used because of its nonlinearity
nature. When the constraint functions at the upper level have an arbitrary
linear form, the K-best algorithm cannot always find the optimal solution;
see [31]. Hence, the most suitable method will be the vertex enumeration ap-
proach along with the weighting method and dual theory. These techniques
preserve the linearity property of the problem. In addition, the results of the
proposed approach are compared with the results of existing approaches. It
shows the efficiency of the proposed approach with respect to the existing
methods. This point is the second contribution of the paper.

The organization of this paper is as follows: Section 2 is formed of three
subsections. The notations and properties of fuzzy numbers are reminded.
Also, the weighting method is reviewed to solve multiobjective linear pro-
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gramming problem in the second subsection. In the third subsection, the
multiobjective linear bilevel programming problem is formulated and an ap-
proach is presented to solve it based on the weighting method, dual theory,
and vertex enumeration approach. Section 3 is divided into two subsections.
The first subsection formulates the FMOLBP problem. The second sub-
section designs a solution procedure to solve the problem based on Zadeh’s
extension principle. Section 4 designs an efficient algorithm to solve the prob-
lem of FMOLBP based on the results of Section 3. A numerical example is
presented to illustrate the algorithm in Section 5. Section 6 presents a com-
parison among the proposed algorithm and the existing methods to show the
efficiency of the proposed algorithm. Conclusions are presented in Section 7.

2 Preliminaries

This section provides the required preliminaries in terms of three subsections.
The preliminaries are about fuzzy numbers, weighting method in multiobjec-
tive linear programming problem, and multiobjective linear bilevel program-
ming.

2.1 Fuzzy numbers

Let R be the set of all real numbers, let R™ be n-dimensional Euclidean

space, and let = (z1,...,2y),y = (Y1,...,Yn) € R™ be two vectors, where
zi,y; € R, i =1,...,n. For any two vectors x,y € R", we write z > y if
and only if z; > y;, for alli =1,...,n. The notation “o” displays the zero

vector. Its dimension is determined in the context.

Assume X C R. In this paper, it is supposed that the set X is equal to R
or [0,1]. If @ is a fuzzy subset of X with membership function uz : X — [0, 1],
then the a-level set of @ is as 4, = {zx € X | pa(z) > a} for all « € (0, 1] and
ao = cl({x € X | pa(z) > 0}).

Definition 1. (a) Assume that FN(X) is the set of all fuzzy subsets a of X
with pg satisfying the following conditions:

(i) There exists € X such that ps(z) = 1;

(ii) pa(Az + (1 = A).y) > min{ua(z), pa(y)} for all z,y € X and X € [0,1];
(iii) {x € X | pa(z) > a} = a4 is a closed subset for each a € (0, 1J;

(iv) The 0-level set ao is a compact subset of X.

(b) A triangular fuzzy number is a fuzzy number that is presented by a =
(a1,as,a3), where a; < as < ag and its membership function is as follows:
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r—ay :
P if a1 <2 < ao,
J— a3 —T :
wa(x) = P if ag <z <as,
0 otherwise.

With regard to Definition 1, the a-level set a can be written as a, =
[al,al]; see [40]. In the triangular case, the a-level set a is as a, = [a1 +

(as — a1).a,a3 — (a3 — az).). If @ is a crisp number with the value m, then
its membership function is as follows:

a(z) = {1 if x =m, (1)

0 otherwise.

The set of all finite fuzzy numbers on R is denoted by FN*(R).

Definition 2. Let a; € FN(R) for i = 1,...,n. We define a = (a1,...,a,)
and pgz : R” — [0,1] by pa(z) = I{lin pa,; (z;), where x = (z1,...,2,) € R™,

.....

and a is called an n-dimensional fuzzy number on R™. If a; € FN*(R),
i =1,...,n, then a is called an n-dimensional finite fuzzy number on R".
Let FN(R™) and FN*(R™) be the set of all n-dimensional fuzzy numbers
and the set of all n-dimensional finite fuzzy numbers on R"™, respectively.

2.2 Weighting method in multiobjective linear
programming (MOLP) problem

Consider a multiobjective linear programming (MOLP) problem

min  z2(z) = (z1(x),. .., 2zx()), (2)
st. zeX CR", (3)

where x € R™ and X denote the decision-making variables and feasible set,
respectively. Moreover, Z : R” — R* and zi(x),i=1,...,k, are real-valued
functions over X.

Definition 3 ([17]). The vector z* is said to be a Pareto optimal solution
(or compromise solution) if and only if there does not exist another x € X
such that z;(z) < z;(z*) for all i and z;(z) # z;(z*) for at least one j.

The weighting method for obtaining a Pareto optimal solution is to solve
the weighting problem formulated by taking the weighted sum of all of the ob-
jective functions of the original MOLP (1)—(3). Thus, the weighting problem
is defined by
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k
min W.z(z) = Z w;.zi(x), (4)
i=1
k
st. x€X, sz‘ZL w; >0, for i=1,...k, (5)
i=1
where W = (wq,...,wy) is the vector of weighting coefficients assigned to
the objective functions, and it is assumed that W = (wy, ..., wg) > o. The

following theorem presents a relationship between the Pareto optimal solution
of problem (1)—(3) and the optimal solution of problem (2)—(5).

Theorem 1 ([17]). If 2* € X is an optimal solution of the weighting problem
(2)—(5) for some W > o, then z* is a Pareto optimal solution of the MOLP
(1)-(3). Conversely, if 2* € X is a Pareto optimal solution of the MOLP
(1)—(3), then z* is an optimal solution of the weighting problem (2)—(5) for
some W = (wy,...,wg) > o.

2.3 Multiobjective linear bilevel programming(MOLBP)

First of all, throughout this paper, we assume that X = {z € R"|z > o} and
Y = {y € R™|y > o}. The MOLBP problem is formulated as follows:
Forz€ XCR™, yc Y CR™ F:XxY — R, and f: X x Y — R, we
define

/! / U U
Z(Cl,... ,Cs,dl,. .. ,dS,Cl,...,Ct,dl,.. .,dt7A17Bl7A27BQ7]€17k2)

= ;1161)1(1 F(z,y) = (ci.x +dyy, ..., cox +dsy)T, (6)
sit. Aj.x+ Bry < ki, (7)
znei{/lf(x,y) = (hx+dyy,... co+d.y)T, (8)
s.t. Ag.x+ Bo.y < ko, 9)
where
ci = (Clir--sCni)y G =(Chjso-scpy) ERY i=1,...,8j=1,...,1,
di = (dviy ... ), dy = (... ) ER™, i=1,....s j=1,... .t

klla"'7kpl) € RP, ko = (klg,...,qu) € RY, A = [aij] S Rpxn,
B, = [bij] S Rpxm’ Ay = [eij] S qun’ and By = [SU] € RIxm,

Let S = {(z,y) € X xY|A1.x + Bi.y < k1,A42.x + Bo.y < ko} and
S(x)={y €Y | Ba.y < ka — As.xz}. Denote by R(x) the set of the Pareto
optimal solutions of the lower level problem for any fixed . Then we have
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the following definitions.

Definition 4 ([8]). For a fixed (x,y) € S, if y is a Pareto optimal solution to
the lower level problem, then (x,y) is a feasible solution to problem (6)—(6).

Definition 5 ([8]). If (z,y) is a feasible solution to problem (6)—(6) and x is
a Pareto optimal solution to the upper level problem for fixed y, then (z,y)
is a Pareto optimal solution to problem (6)—(6).

We now apply the weighting method and rewrite problem (6)—(6) as fol-
lows:

/ / / !
Z(Cl,...,Cs,dl,...,dS,Cl,...,Ct, 17"'adtaAlaB17A27B27klak2)

— min W.F - i(cia + diy), 10
min (z,9) ;w (i + diy) (10)
s.t. Al.w—i—Bl.ygkl,Zwi:l,wiZO, for i=1,...,s, (11)
i=1
t
in W' = t(ch. d.. 12
min f(z,y) ;w (i@ +di.y), (12)

¢
s.t. Ag.:v—i—Bg.ygkg,Zw;:l,wl’»ZO, for i=1,...,t,. (13)
i=1

For some fixed x > o, the compromise solution of the lower programming can
be found by solving the following linear programming with a given weight
W’ > o.

t
min Z wi.(ch.x + di.y), (14)
Y
i=1
s.t. BQy S kQ - AQ.(E, (15)
t
ngzl,wZ’-ZO, for i=1,....t,y>o. (16)
i=1
Since c.z, for i = 1,...,t, are constant, we can ignore the terms. Hence, a

dual multiplier w; is considered for each constraint (15), the primal variables
are in terms of the vector of y, and other expressions are considered as con-
stant. Thus, we can get the dual of problem (14)—(16) according to the dual
definition for linear programming problems in [40] as follows:
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max (kg — Az.2)" ., (17)
t
st. BIu> ng.dg, (18)
i=1
t
ng:l’ w, >0, for i=1,...,t, u>o, (19)
i=1

where u € RY is the dual multipliers. The following theorem converts
MOLBP problem (6)—(6) to a one-level programming problem with one ob-
jective function.

Theorem 2. The pair (z*,y*) is the compromise solution of problem (6)—
(6) if and only if there exists u* such that (z*,y*,u*) is the solution of the
following program:

min F(z,y) = Z w;.(¢;.x + di.y), (20)
i=1
st. Aj.x+ Byy <k, (21)
¢
Bf > ng.dg, (22)
i=1
¢
> widiy) — (ky — Ap.w) =0, (23)
i=1
¢
S wi=1w; >0, for i=1,...,t, x,y,u>o. (24)
i=1
Proof. The proof is similar to the proof of Theorem 1 in [33]. O

Let U = {u|Bf.u > Zle wi.d;, u > o} denote the feasible region to linear
programming (17)—(19). If U # (), then the set U has at least one vertex and
at most finite vertices. Moreover, if there is an optimal solution to the linear
programming (17)—(19), then it must be one of the vertex points of set U (see
[28]). With attention to the above results, we can convert problem (20)—(24)
to a series of the following linear programming problems by obtaining all
vertices of U, denoted by U? = {u',u?,...,u"}, according to the method in
linear programming problem from [28].



10 Abbasi Molai

LP(uP): min F(z,y) =Y wi.(ci.z+di.y), (25)
oY i=1
st. Aj.x+ Byy <k, (26)
t
Zw;(d;y) — (kg — Ag.x)T P =0, (27)
i=1

¢
ngsz;zo, for i=1,...,t, z,y>o. (28)

i=1

We can solve the above LP(uP) forp=1,...,7. Let I C {1,...,r} denote
the Indices of problems that LP(u?), for i € I, has an optimal solution. For
i€ 1,let (2°,y") be the optimal solution for problem LP(u?) and F(x*, y*) =
min{F(z%,y")|i € I}. Therefore, we have the following theorem.

Theorem 3. The pair (z*,y*) is an optimal solution for problem (20)—(24)
and a Pareto optimal solution for problem (6)—(6).

We are now ready to formulate and solve fuzzy multiobjective linear
bilevel programming.
3 Fuzzy multiobjective linear bilevel programming

In this section, the FMOLBP problem is formulated and a procedure is de-
signed to solve the problem based on Zadeh’s extension principle [6, 40, 41].

3.1 The formulation of FMOLBP

ForxeXQR”,erng,F:XXY—>FN*(RS)7andf:X><Y—>
FN*(R?), the problem of FMOLBP is formulated by

Z = ng)rg F(z,y) = (&x+dyy,... éex+dsy)T, (29)
st. A+ By <k, (30)

mi}r} flz,y)= (@ x+dy,... ¢c+d.yT, (31)
S

s.t. Ag.x+ Bay < ky, (32)
x>0, y>o, (33)

where

Ci:(aliv"'aéni)vé_/j:(&aj;"'vé/ )GFN*(RH), i=1,...,8, j=1,...,¢,

nj
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di = (dvi, ..., dpi) dj = (d},....d,,;) € FN* ( M i=1,...,8 j=1,...,t,
@:(&h”w@ﬂeFNWWﬂ = (k12, ..., kg2) € FN*(RY),
Ay = [aijlpxn, @ij € FN*(R), By = [b; ]pxm bw € FN*(R),

1212 = [éij]an, éij (S FN*( ), and Bz = [S”]qu, SU S FN*(R)
The feasible solution set of FMOLBP is defined as follows:

S={(z,y) e X xY|A.x + By < ki, Ap.x + Byy < ko}.  (34)

In an FMOLBP problem, for each (x,y) € S, the value of the objective func-

tions F(l‘,y) = (Fl(may)v s aFS(xvy)) and f(xa y) = (fl(xa y)a ) ft(xvy)>
of leader and follower is s-dimension and ¢-dimension fuzzy vectors, respec-
tively.

3.2 The solution procedure for the problem (29)—(33)

We will now consider problem (29)—(33). Let

Heris -« o5 Héney Mo M, Ky, ""Md~mi’Mli’lj""’”tiinj’izl""’s’ j=
1,...,t,,u,~€i1,ul;j2,i Lo.opi=1...¢pa;t=1...,p,=1...,n,
1, » i =1,...,p,5 = 1,....m, pg,,, i =1,...,q,5 = 1,...,n, and ps,,,

i = 1,. ..,qj = 1,...,m, denote the membership functions ¢y, - - -, Cni,
~/ 7 31 31 . s 7. 7
Clj""’ n], dlz7"'7dmi7 dl]""7dm]’ 1,...,8,] = 1,...,t, ki17 kjg,

i=1, =1, Ay i =1, 0 =1, b, i =1, p, =
1,...,m, &5, it=1,...,¢,=1,...,n,and §;;, 1 =1,...,¢,j = 1,...,m,
respectively.

We have © = {(v,u3(v)) | v € S(9)}, where © is one of the parameters
Eu,...,éni, Ellj,..., ngo dh,... dmza dl]""7d;n_]’7’: 1,...,S,j: 17...,t,
ki, kjo, i = 1,...,p,5 = 1,.00,q, @igy i = 1,..0,p,5 = 1,...,m, by, i =
L...,pj=1,....m, ¢, 1=1,...,¢,7 = 1,...,n, 8§, ¢ = 1,...,¢,5 =
1,...,m, and S() is the support of ¥. Denote the a-cuts of ¥ by

(5)a = [(0)E, ()Y] = [min{o € S3) | pz(v) > 0},
max{v € 5(0) | ps(v) > a}],  (35)

where ¥ is one of the above fuzzy parameters. These intervals show that the
coefficients of objective function and constraints in problem (29)—(33) lie at
the a-level set. Here, we intend to obtain the membership function Z. To do
this, Zadeh’s extension principle [6, 40, 41] is used. Based on the extension
principle, p 5 can be written by
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Kz (Z) = sup min{ﬂéu (Cli)ﬂ sy Hey,, (Cni)ﬂ /f“E’U (Cllj)v ey M »(C;zj)v

nj

K, (dli)7 sy (dml)v 'ud~,11 (dig)a s nud’ (dl )a HE,. (kil)a
1., (Kj2), pa, (aiz), i, (big), v, (€ij); s, (Szj)a for all 4,7 |

= Z(Cl,...,Cs,dl,...,ds,Cll,...,Ci, ?La"'7d:£aAlaBlaA27B27k17k2)}7
(36)

where matrices ¢; = [Clz’]lxn, i = [dilixn, di = [dis]ixm, 45 = [d'1j]1xm,
i = 17 S] - 1 T kl - [kll]PXIJ k2 - [kj2]q><17 Al - [az_]]pxn7
B, = [bw]pxm, Ay = [ew]qxn, and By = [sw]qu, are the supports of
cz,c dz,dj,i—l ;8,7 =1,....1, k1, ko, Ay, B, As, and Bg,respectlvely
AISO Z(Cl, .. Cs,dl, . ,ds,c’l, ce ,C;, /1, . ,d;,Al,Bl,AQ,BQ,kl,k‘Q) is de-
fined as follows:

Z(Cl,... Cs,dl,...,ds,cll,...,ci, /1,...,d;,Al,Bl,Ag,B%kl,kg)
—ml)rle(x y) = (cr.x+diy, ... cox+doy)T,
re

s.t. Ay.x+ Br.y < ky,
min fx,y) = (cl.x+dyy, ... chat+d.y)T,
ye

If the a-cuts of Z at all a values are converted to the same point, then the ob-

jective functions are crisp numbers. Otherwise, they are fuzzy numbers. Ac-
cording to (36), p1; is the minimum of p;(v) for v = cl, c iy df ki, ko, i, big,

19 j’
eijs Sij, for all 4, 5. Weneed 3 (v) > a, forv = ¢;, ¢, dz,dj,kzl,kjg,aij,bij,eij,
sij, for all 4, j, and at least one uz(v) > «, forv—cl,c dl,dj,kll,kjg,aij,bij,
eij, Sij, for all i,j,equaltoasuchthatz—Z(cl,... cs,dl,.. yds, Cly .o,

di,...,d;, A1, B1, As, Bo, k1, ko) to satisfy p1;(z) = o. To compute the mem-
bership function i, we intend to compute the left and right shape function
of pz. It is equivalent to finding ZE and ZU of the a—cuts of Z. Since ZL is
the minimum of Z(ey,...,¢s,d1,...,ds,c},. .., c,dy, ... d}, Al, Bl, A, Bg,
k1, ko) and ZO[{ is the maximum of Z(cq, . .. ,cs,dl, . ,ds,cl, co Ceydyy L dy
Al, Bl, AQ, BQ, kl, kg), we have

~L . / /gt !
Za :mln{Z(cl,...,cs,dl,...,ds,cl,...,ct, 1,...,dt,Al,Bl,AQ,BQ,kl,k2>

~\L ~\U / !

| (D) v < (0)g,where v=—cii,...,Cniydiiy oy dmis Cljs -5 Chiy
/ ! ..
Lis s Do Qigy bigs €35, iy ks Ko, for all 4,5} (38)

and
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7U / /gl U
Za :max{Z(cl,...,cs,dl,...,ds,cl,...,ct, 1,...,dt,Al,Bl,Ag,Bg,kl,kg)

/

~L ~U _ /
| Uy < v <0y, where v =ci,...,Cni,diis oy iy Chjy - ooy Criy

Ilja .. -7d;njaaij7bijveij78ija kila kaa for all Za]} (39)

They can equivalently be rewritten as two problems below:

min(cix + dyy, ..., csx + dsy)T,

reX
~r . s.t. Arx+ Bry < kq,
Zy = min . / / Ys
ML < v < (®)Y, where min(cix + dyy, ..., c;x + dyy)*,
V= Clis s C:iz/iv 1zv'é/"dmiv yey
ey, Crirdii mi’
ai‘;,bij,cijj, s”ljkll kj2,]for all 4, j. s.t. Agx + B2y < k27
(40)
and
min(c;z +d csw +dgy)”
wex 1 1Y,---5Cs sY)
SU s.t. Alx + Bly < kl,
Z, = max o ' / 1 NT
L <v < @Y, where min(ciz + dyy, ...,z + dyy)",
v =i enis i dms yey
Cljr Chir A5 s .
a.,,;j', bijs CZ] s,ij{k“, kj;r,ufor all 4, 5. s.it. Aoz + Bay < k.
(41)

We can use the weighting method for the problem to find the compromise
solutions of problem (40). Hence, we can rewrite problem (40) as follows:

S

S
min z; w;(¢;.x) + z; w;(d;.y),
1= 1=

s.t. Alx + Bly S kl,

Zw’i:17wi207fori:17""s7

=L i=1
Z, = max I ¢
(f’)é <wv < (i)g, where . 1/ 1 17 3
v= 611’,--/-,Cn/iydhw--/-,dmiy min 'UJl(Cl.T) + E wi(di.y),
STEREES an‘dlj ,,,,, dmj’ yey 1 1
@i, bijseijysij, ki1, kjo, for all 4,j. 1= 1=

s.t. AQLC + BQy S kQ,

t
ngzl,wgzo,forizl,...,t.
i=1

(42)
Since model (42) finds the minimum of all minimum objective values, we
should consider the objective function of leader in the best case, that is, we
set ¢; and d; to their lower bound, in other words, (¢;)% and (d;)%, for each
i, respectively. Therefore, we can rewrite problem (42) as follows:
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—=L
Z, = Jmax
L
(0)g <v < (v)a ,where
e ’
v=ch, .., cnj,dlj ..... i
a'i]vb'z €ijsSigs ki1, kj 2 for all 4, j.

Notation 1. Assume that A =
ponents. Then (A)L =

[e3

[(@i5) 5] mxn and (A)Y =

Abbasi Molai
min

Ewc Ewd
rzeX 7,1 l

S.t. Alx—l—Bly < kl,
S
Zwizl,wizo,forizl,...,s,

i=1
wi(ch.x) —I—Zw di.y

=1
s.t. Asx + Boy < kz,
t

ngzljw; >0,fori=1,...,t
i=1
(43)

min
yey

[@ij]mxn is a fuzzy matrix with fuzzy com-

[(dij)g]mxn'

To obtain the minimum objective value, we should consider the values

of Al,Bl,AQ,Bg,kl, and kg in (Al)g, (Bl)

U, (A2)Y, (B2)Y. (k1)k, and (k2)L,

respectively, because we can obtain the largest feasible solution set, in this
case. Hence, the least value is found for the objective function. To this end,

problem (43) is converted to the

TL
Z, = mln
L
ML <v< (1;) ,where
v / ’
V=g cn dy s dingo
for all j.

following problem.

Zwl cl —I—sz
(A Jax + (Bl)ay S (k)&

Zwizl,wizo,forizl,...,s,
min

i=1
!
erl 1w c .z —I—Zw d
s.t. (AQ) £C+(BQ) yg(kQ)aﬂ
t

> wi=1w; >0, fori=1,...t

=1

min
zeX

s.t.

(44)

With regard to Theorem 2, we can write the inner problem as follows:
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mmeZ ((é)k +sz
s.t. (Al) x—|—(Bl) yS(/ﬁ)a,

Zwizl,wizo,forizl,...,s,
i=1
t

Z, = min =~ =
“ % <v<@®Y, Zw;(d;y) — ((k2)5 — (A2)J2)"u =0,

where v = (,/1 ,,,,, Cnjo
t
(B2 u > wid,
=1

Ay dj, ;. forallj.

(45)
Or equivalently, we can rewrite problem (45) as follows:

=min Z wi((&)E.x) + Z w; (( (i (46)

s.t. (Al) Yz 4+ (B)Yy ,(kl)ﬁa (47)

wadz.y) ~ ((Ra)li = (A =0, (49)

((B)D)T > Zw ., (49)

(dHEk < d, < (d')a, foralli=1,...,t, (50)

s t
Zwizl,ngzl,wi,wQZO,for i=1,...,8 j=1,...,t,

i=1 i=1
T,Y,u > o. (51)

We can now remove the constraint (50) and equivalently rewrite problem
(46)—(51) as follows:
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Z —min 3 wi((@)5.0) + 3 wil(d)E-p), (52)
sit. (AN + (B)Ty < (k)E, (53)

Zwé((d’i)ﬁ-y) < ((k2)g — (A2)d2)" u < Zwé((cz’i)g-y), (54)

(B2)g) " u> Zwé-(czé)g, (55)

s t
S wi=1,3 wi=lLw,wy>0,for i=1,...,5, j=1,...,1,
=1 =1

ZT,Y,u > 0. (56)

t

Let U = {u>o| ((By)Y)T.u > Zw;((i;)g} Assume that the vertex points
i=1

of U are denoted by the set as UY = {u!,... ,u"}. Hence, we should solve at

most r linear programming problems as follows:

LP(H) : Z e =min Y wi(@)ha) + Y wil(d)h ), 67)
st (e + (B)y < (k) 59

t

Yo wil(@)gy) < ((ke)i = (A2)d2) " < wil(d)d ).

i=1 i=1
(59)
s t
Zwi = 1,211}; =1, w;, wj >0,
i=1 i=1
for i=1,....8, =1,...,t, x,y > o, (60)
where k = 1,...,r. Solving r linear programming problems LP(u*), we can

find the optimal solution of the problem for each « € [0, 1] as it was mentioned
in Subsection 2.3. Finding the optimal values of variables  and y for each
a € [0,1], we can estimate values (¢)E.z + (d;)L.y for cach o € [0,1] and
i=1,...,s. Hence, we can obtain ZOLC

We now focus on obtaining the Z~0’{ . To do this, the weighting method is

applied to the problem. Thus, problem (41) can be rewritten as follows:
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S
grcrél)r%Zwl C;.T -|- ;wi(di~y)a
s.t. Alx + By < ky,
S

Zwizl,wiz(),forizl,...,s

—=U i=1

Za = gnax
@)L <v < @Y, where U
o Leri e i dgni min wi(ch.z) + E wi(dry
€14 cnj‘dlj ,,,,, dm~, yeyz 1

s.t. Asx+ Boy < k27
t

Zw;:Lw;ZO,fori:l,...,t

i=1

(61)
Since model (61) finds the maximum of all minimum objective values, we
should consider the objective function of leader in the worst case, that is,
we set ¢; and d; to their upper bound, in other words, (&)Y and (d;)Y,
respectively.

s

=1 i=

s.it. Ajxz+ By < kq,
S

Zwi::l?wi 207f07"i:1,...,87

—=U i=1

Z, = max
(L <v < @®Y, where U
v el i min » wi(c.xz) —I—Zw d;.y
ijobijreijrsijs kil kjo. for all 4, 4. yey «

=1
s.t. Asx+ Boy < k27
t

Zw;:Lw;ZO,fori:l,...,t

i=1

(62)
To obtain an upper bound (or a maximum) for the minimum objective value,
we should consider the values of components of the matrices Ay, By, Az, Ba, k1,
and ko in (A1)L, (B1)E, (A2)E, (Bo)L, (k1)Y, and (k2)Y, respectively, because
we can find the bmallebt feablble region, in this case. Hence, the upper bound
is obtained for the objective function. Doing this work, problem (19) is con-
verted to the following problem.
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max
@k Se<@ )U,whcrc

vfrlj s nJ 10

for all j.

Abbasi Molai

fés%sz 2 sz
(Al)a'm + (Bl)oc'y < (kl)av

s.t.

i=1

d/
irg}l 1w c x —I—Zw
s.t. (Az)a.ﬂf—F(BQ)a- < (k2)Y,
t
ngzlngzo,forizl,...,t
i=1

(63)

We apply Theorem 2 for problem (3) and rewrite the problem as follows:

Let U =

points of set U are denoted by a set U Vo= {ut,

max
k< v < (u)U
where v = Cl

’
dl d

PR e forallj.

{u>ol (B

mlnE wi( cl

s.t.

—|—sz

(Al)a-x + (Bl)a'y < (k1)Y,
Z wi(dhy) — ((k2)Y — (A)E )T u =0,
((B2)5)"u > Zwé-déa
s t =t
Zwi = I,ng =1,
i=1 i=1
wi,w; >0, fori=1,...,s, j=1,...,1,

T,Y,u > o.
(64)
)Y}, Suppose that the vertex

Zw

’
u” }. Hence, we should

solve at most r’ linear programming problems as follows:
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LP(u") Z,, = min 3" wi((@)7) + 3" wil(d)] ) (65)
st (A)ka+(B)ky < (k)Y (66)

Eyé@ﬁyﬁﬂhﬁ—@%ﬁﬂrfS}:%@ﬁy, (67)

s t
E wizl,g w; = 1w, w; >0, fori=1,...,s, =1,...,t,
i=1 i1

T,y > o, (68)
where k = 1,...,7". Finding the optimal values of variables 2 and y for each
a € [0,1], we can estimate values (&){.x + (d;)J.y for each a € [0,1] and
i=1,...,s. Hence, we can obtain Z{. Having ZL and ZY, we can easily

compute the compromise vector Z. We will illustrate the process of obtaining
ZE ZU and Z by a numerical example, in Section 5.

Remark 1. As it was considered the formulation of FMOLBP in Subsection
3.1 and the solution procedure for problem (29)—(33) in Subsection 3.2, the
fuzzy numbers can be arbitrary according to Definition 1(a) and there is
no restriction on the fuzzy number type. The solution procedure does not
depend on the form or type of fuzzy numbers.

In the next section, we design an efficient algorithm to solve the problem
of FMOLBP using the points in this section.

4 An algorithm for resolution of the problem of
FMOLBP as (29)—(33)

An efficient algorithm is designed to solve problem (29)—(33). This algorithm
produces the fuzzy compromise objective values of the problem as fuzzy com-
promise objective values in the leader and follower and fuzzy optimal weighted
objective value. The step-by-step algorithm is as follows:

Step 1. Determine the weight vectors W = (wi,...,ws) and W' =

s t

(wh,...,w};) such that Zwl = 1, Zw; =1, and w; > 0,w} > 0, for
i=1 i=1

i=1,...,8 j=1,...,t

Step 2. Determine the fuzzy parameters o = {(v,us(v)) | v € S(0)} of

problem (29)-(33), where ¥ is one of the parameters ¢, ..., Cpi, €, - -, Cpj,

Jliv"'admi7 d/lj""’J;nj’ Z = 1,...,57]' = 1,...,t, dijv Z = 1,...,p7j =

..., by, i =1,...,p,5 =1,...0m, &;,1=1,...,¢,7 = 1,...,n, 5j,
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i=1,...,q,5=1,...,m, ki, kjo, i =1,...,p,j = 1,...,q, and S(?) is the
support of v.
Step 3. Create a-cuts of the fuzzy parameters ¥ as follows:

(0)a = [(0)5, (0)g] = [min{v € S(@) | ps(v) > a},
max{v € 5(0) | pa(v) > a].

Step 4. Create the following system:

(B u =Y wi(d))d,

u > o.

Step 5. Select some discrete points for « from [0,1] as ¢ = 0.1 x ¢ for
t=0,1,...,10 or ay = 0.25 x t for t = 0,1,2,3,4. The selection depends on
the decision-maker or the required accuracy (it can be selected one of them
or another partition from [0, 1] for choosing the values of « ).

Step 6. Compute the vertex points of the system of Step 4 for values a; of
Step 5. Denote the vertex points by Uy = {ubee . u™*}. If the system
of Step 4 is empty for each « € [0,1], then problem (29)-(33) has no com-
promise solutions. The feasible solution set is empty. End.

Step 7. Create the linear programming problem (57)-(60), for Uy, =
{ub . u™*} and value ay. Solve r linear programming problems and
select the minimum objective value among them.

Step 8. Find the lower bound of a-cut of the fuzzy compromise objective
values of leader and follower or the fuzzy optimal weighted objective value
using Step 7, for values «y’s of Step 5.

Step 9. Create the following system:

t

(B)E)T > wi(d)y,
i=1

u > o.

Step 10. Compute the vertex points of the system of Step 9 for values «; of
Step 5. Denote the vertex points by (U")7, = {(u/)b, ..., (w)"t}. If the
system of Step 9 is empty for each « € [0, 1], then problem (29)—(33) has no
compromise solutions. The feasible solution set is empty. End.

Step 11. Create the lincar programming (65)—(68), for (U”)3, = {(v/)">, ...
(v )T/’af} and value ;. Solve 7’ linear programming problems and select the
maximum objective value among them.

Step 12. Find the upper bound of a-cut of the fuzzy compromise objective
values of leader and follower or the fuzzy optimal weighted objective value
using Step 11, for values ay’s of Step 5.

Step 13. Create the fuzzy compromise objective values of leader and follower
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or the optimal weighted objective value by two Steps 8 and 12.
Step 14. End.

Some numerical examples are presented to illustrate the algorithm and
compare it with other existing approaches, in Sections 5 and 6. The compar-
ison shows the efficiency of the proposed algorithm.

5 Numerical example
In this section, we illustrate the proposed algorithm in Section 5 to solve
FMOLBP by a numerical example.

Example 1. Consider the following problem:

7 =min F(x,y) = (@10 + dv.y, G20+ da-y) 7

sit. Az + BM} < ];‘1,
ye

st Agx+ Bg.y < /~€2,

Vyhere 61~ = [Cll] = [(172 ) [dll] = [( 1 1 2)]7 [612] = [(2a3a5)]a
dy = [d12] = [(47576)]7 Cll = [Cll] [( )] d/ = [dlll] = [(?’7475)]7
% = Bl = (L0, & = [l = [15,23.35), 4 = (3] -
(=3,-2,-1)\ » _ (bu\ [ (-1,0,1) \ 5 _ (kn\ _ ((5,6,7)
( (—2,-1,0) ) Br= (621) - ((1.5,2.5,3.5))’ h = 1;21> - ((6 7,9) )
d

Ay = [en] = [(1,1,1)], Ba = [511] = [(2.2,3.4,4.6)], an

Step 1. The weight vectors are wy = we = w} = w) = 0.5.

Step 2. The fuzzy parameters ¢ = {(v, u5(v)) | v € S(0)} of problem (29)-
(33) for this example are given above.

Step 3. The a-cuts of the fuzzy parameters of © = (v1, v, v3) can be com-
puted the following formulas: (9), = [(9)%, (9)¥], where (3)L = v;+(va—v1 )
and (9)Y = v3 — (v3 — v2)av.

Step 4. The system corresponding to this step for this example is
U={u>o0|(4.6—-12a)u>wi(5—a)+wh3.5-1.2a)}.

Step 5. The selected values for a are as 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7,
0.8, 0.9, and 1.

Step 6. The vertex points of set UY are easily obtained for each o =
0,0.1,...,1as u, = 0'5(5_‘22;2'?5’5)_1'20‘). Moreover U? is singleton for each
a.

Step 7. The linear programming problem (57)—(60), for UZ, and the value
L

o is created and the problem related to Em i is as follows:
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LP(u") :Z o1 = min(wi (1 + @) + w2 (2 + @)z + (wi(—1+ 2a) + w2(4 + a))y,

st. ((_(1_;)‘1)> o+ (((_;a:?,g)) v = (EZ N g%) ’

(wi (3 + ) + wh(1.5+0.80))y < ((5+ @) — 2)uq
< (W) (5 — ) + whH(3.5 — 1.2a))y,
T,y > o.

Step 8. The lower bound of a-cut of the fuzzy compromise objective values
of leader using Step 7, for values ay’s of Step 5, is solved. Its results display
in Table 1.

Step 9. The system corresponding to this step for this example is
U={u>o0|(22+12a)u>wi(5—a)+wh3.5—12a)}.

Step 10. The vertex points of set (U’)Y are easily obtained for each a =

0,0.1,...,1 as u), = 0'5(5_?2)2115?0'(5)_1'2“). Moreover (U')Y is singleton for

each a.
Step 11. The linear programming problem (65)—(68), for (U’)Y, and the
U

()

value « is created, and the problem related to Ea, i is as follows:

LP(u*) :

Zor = min(wr.(3 — @) + wa.(5 — 2a)).x + (w1.(2 — @) + w2.(6 — &)).y,

(
s (G e () v=(§2am),
(W, (3 + ) + wh(1.5 + 0.80))y < (8 — 20) — ).l

< (W) (5 —a) + wy(3.5 — 1.2a))y,
T,y > o.

Step 12. The upper bound of a-cut of the fuzzy compromise objective values
of leader using Step 11, for values a;’s of Step 5, is solved. Its results display
in Table 1.

Step 13. The fuzzy compromise objective values of leader by two Steps 8
and 12 are created in Table 1. End.

Figure 1 displays the fuzzy objective values of leader using the data of Table
1. Using the data of columns 1, 2, and 3, the fuzzy objective values of follower
can be easily computed.

In the next section, the fuzzy compromise objectives of leader and follower,
for an example from [3] as a benchmark, are computed and compared with
other existing methods. It shows the efficiency of the proposed algorithm in
this paper.
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Table 1: Estimation of compromise vector 7 = (21,22) using (Z) and (Z)g, for
i = 1,2, with different a-level values.

@ (z*,y*) optimal | (z*,y*) optimal 7 Zs
of problem re- | of problem re-
lated to Z.(; lated to Z,;
~ T — U — L — U
(), - (%), - (2), - (), -
N\L . \U - \L v \U
(E|)§1~+(d|) Y ([1)2 1'+(d|) y ((tz)ﬁ.’L’Jr(dg) y ((12)5\ 1'+<d2) y
o o o o
0 | (0.1.087) (0,3.636) 1.087 7972 1348 21.816
0.1 | (0,1.138) (0,3.362) -0.9104 6.3878 4.6658 19.8358
0.2 | (0,1.193) (0,3.115) -0.7158 5.607 5.0106 18.067
0.3 | (0,1.25) (0,2.891) -0.5 4.9147 5.375 16.4787
0.4 | (0.1.311) (0,2.687) -0.2622 4.2992 5.7684 15.0472
0.5 | (0.1.375) (0.2.5) 0 3.75 6.1875 13.75
0.6 | (0,1.443) (0,2.329) 0.2886 3.2606 6.6378 12.5766
0.7 | (0,1.516) (0,2.171) 0.6064 2.8223 7.1252 11.5063
0.8 | (0,1.593) (0,2.025) 0.9558 2.43 7.6464 10.53
0.9 | (0.1.676) (0,1.89) 1.3408 2.079 8.2124 9.639
1.0 | (0,1.765) (0,1.765) 1.765 1.765 8.825 8.825
't[,
v, 7 B
10 4 2
T ] [ [hd [l T 1 [ 1 T ] [ I i T ] [l 1 [ [ | T ] [
i i i i i i i i i i i i i i i i i i i i ! i P i
' e gl ! ! ! . e Ll A
i i i i i i i i i i P i i i i 1 i i i i i i i i
i i ng ile i i i i P i A i i ; H i ; i i i ;
i 1 i 1 i i 1 i 1 i 1 i i i 1 1 i i i i ! i 1 i
T ST - AN P N A NS N A N N N N N N I NN O N A O Y
i i i i i i i i i i i i i i i i i i i ! i i i
HER~ IR RN R RN RN R R
[ 1 | 1 i [ 1 [ 1 [ 1 [ [ [ i 1 ' ' ] [ ' [ 1 '
Pligd i i i i
i B ol i i [l T i i i T T i T T T i i T i T T T i
[ T R T T T O A O I B T T O T T A O A O I
Lt | 4 —~ ! ! ! I I cl
IRk
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T3 N L T T A A T O A T IV A (O T O T T O O I IO
T P i i i i ol i i i i i i i i i H i i ! i i i
R B
i i J i i i i i | e i i i i i i ' i i i i ! i i i
i ] i i i i I ] i i i i i i i i i i i ! i i i
KPR RO 0 0 0P 0 0 0 IOV 0 0 0 Y g
-2 - 0 E 2 3 4 5 6 7 9 10 11 12 13 14 15 16 17 18 19 20 21 22

Figure 1: Membership function of compromise vector 7 = (21, 22), where Z; and Zs
are computed by ((21)2 , (ZQZ) and ((Zg)i , (22)5), respectively.
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6 Comparison with other existing methods

In this section, we present an example from [3, 4] as a benchmark to show the
efficiency of the proposed method in this paper with the existing methods.

Example 2. Consider the following problem:

fu(w) = (z1+ 3:”62 + §~x3 + f’>~x4)
min | fio(z) = (221 + 922 + 323 + Say)
1,22 5 ~ ~ ~

f13( ) = (31‘1 + 99 + 923 + 114)

f21( ) (6331 +f’)$2 +él‘3+él‘4))
s.t. min - ~ . -
(fzz( ) = (5z1 + 9x2 — 9z3 + 624)

s.t. gl‘l — X9 + X3+ 3334 < 4~8,
Q:L‘l + 41:1,‘2 + Q[Eg — QZL‘4 < 3~5,
T+ ng —x3+ x4 < 3~O,

Z1,%2,23, T4 > 0.

Xr3,Taq

The fuzzy numbers in [3, 4] are assumed to be triangular fuzzy numbers and

glven as follows: . . ) .

2 - (07273) 3 - (2 :)1)4)74 = (35455255 = (45556)56 = ~(55657)7 8 =

(6,8,10),9 = (8,9,10), 30 = (28,30, 32), 35 = (33, 35,37), and 48 = (45, 48, 49).
L U

The problems related to Ea and Ea are as follows:

LP(u") : Eik =min %(1 + (2a)+ 2+ @)z + %((2 +a)+(8+a)+ (8+a))r
+ %((200 +2+a)+ 8+ a))rs+ %((2 +a)+@d+a)+ 1)z,
s.t. 0.5((2a) + (—8 — a))z3 + 0.5((2c) + (5 + @) w4
< ((45 4 30) — (4 — a)zy + z2)ub
+((33+2a) — (3 — @)1 — (5 — a)za)us
+ ((—32 + 2a) + 21 — (—2a)x2)ub
<05((B—a)+ (—8—a))zs +0.5((3 —a) + (7T — @)z,
x1, T2, T3, T4 2> 0,
where u*’s are the vertex points of the set

U={u= (u,ug,u3) > o | u +(3—a)uy+ug > —-25—a,4 - a)u; +
(—2a)uz —uz > 5 — a} and
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k.50 1
LP(u™): Z, :m1n§(1—|— B-—a)+(d—a))n

£ 2= a) + (10 a) + (10~ o))z
é((g —a)+ (4—a) + (10 — )z
%((4 —a)+ (6 — ) + 1)y,

s.t. 0.5((=10+ 3a)x3 + (5 + 3a)z4)
< ((49 — a) — (2 + a)z; + x2)ub
+ ((37 — 2a) — 2a.z1 — (34 @)xo)ul
+ ((—28 — 2a) + 1 + (3 — )x2)
<0.5((—5 — 2a)xs + (10 — 2a)x4),

T1,T2,T3,T4 2 O)

where u*’s are the vertex points of the following set:

U= {u=(ur,uz,uz) >o|us+ (20)uz + us > —2.5 — a, (2 + a)us + (=3 +
a)ug —uz > 5 — al.

In the above models, « € [0, 1} wy = we = w3 = =, and wj = wh = 0.5. The
compromise values fll, f12, fis, f21, and f22 are computed using the values
of (fll)av (fll)ou (f12)a7 (f12)a ) (f13)a7 (f13)a7 (f21)a7 (f21)a ) (f22)a7 (f22)a )
and z} obtained from solving two models LP(u*). The optimal solutions
of problems related to Zoe and ZaU for different values « are presented in
Table 2. The values of leader and follower objectives for different values «
are showed in Tables 3 and 4, respectively.

Table 2: Optimal solutions of problems related to Zf; and ég for different values o.

a z* optimal of prob- | z* optimal of prob-
lem related to Z- lem related to ZY

0 (11.25,0,0,0) (24.5,0,0,0)

0.25 | (12.2,0,0,0) (21.66667,0,0,0)

0.5 (13.28571,0,0,0) (19.4,0,0,0)

0.75 | (14.53846,0,0,0) (17.54545,0,0,0)

1 (16,0,0,0) (16,0,0,0)

A comparison among the proposed method and the methods in [3, 4] is
presented in Table 5.

As it is shown in Table 5, the results obtained from the proposed method
in terms of fuzzy numbers are more accurate than methods of finding a so-
lution with the highest membership degree. In the proposed method, the
decision-maker can consider all of the solutions in all the membership de-
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Table 3: Values of leader objectives for different values c.
o . Ju1 . . fi2 . . f13 .
(fll)a (fll)a (f12)a (f12)0¢ (le)a (f13)a
0 11.25 24.5 0 73.5 22.5 98
0.25 12.2 21.66667 6.1 59.58334 27.45 81.25001
0.5 | 13.28571 194 13.28571 48.5 33.21428 67.9
0.75 | 14.53846 | 17.54545 | 21.80769 | 39.47726 | 39.98077 | 57.02271
1 16 16 32 32 48 48
Table 4: Values of follower objectives for different values a.
«@ - J21 - . J22 -
o) | o) | )| ()
0 56.25 171.5 45 147
0.25 64.05 146.25 51.85 124.5834
0.5 | 73.07141 126.1 59.7857 106.7
0.75 | 83.59615 | 109.6591 | 69.05769 | 92.11361
1 96 96 80 80
' | "
’ ] .'c
f o\ 2 by 7. ;

=

Figure 2: Fuzzy compromise objective values of leaders by the proposed approach

Table 5: Comparison among the proposed method and two other methods.

The method of The method of The proposed method
Baky Eid, and El Pramanik and Dey
Sayed, in [3] in [4]
fi1=29 i =1 f11 =37 w11 = 0.902 fi1 in Figure 2
fi2 = 70.9483 | 1o = 0.917 f12 =90 w12 = 0.815 fi2 in Figure 2
f1s =88.2743 | p13 = 0.821 | fi3 = 108.25 | p13 = 0.692 fi3 in Figure 2
21 = 80.912 | oy = 0.527 21 = 78.25 | po; = 0.496 fo1 in Figure 3
f22 = 111.27 H22 = 0.81 f22 =105.5 M2 = 0.795 f22 in Figure 3
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Figure 3: Fuzzy compromise objective values of followers by the proposed approach

grees. Moreover, the method of Pramanik and Dey in [4] did not follow the
basic concepts of bilevel programming. Also, the obtained compromise solu-
tions improve the compromise solutions in [3] for degrees 1, 0.917, 0.821, and
0.81, considerably. Moreover, the obtained compromise solution covers the
compromise solution in [3] for degree 0.578.

7 Conclusion

This paper showed how Zadeh’s extension principle can be efficiently applied
to solve the FMOLBP problem. Using the structure of bilevel programming
and concept of extension principle, two crisp multiobjective linear three-level
programming problems were designed to compute the lower and upper bound
of the a-level of the compromise objective value. Due to the strongly NP-
hardness and high computational complexity of the problem, there is no
efficient algorithm to solve it. The developed methods cannot completely
solve the problem. To overcome the deficiencies, a pair of crisp multiobjec-
tive linear three-level programming problems was proposed to construct the
compromise fuzzy objective functions of leader and follower. The main ad-
vantages of this method are access to fuzzy compromise objectives of leader
and follower with less computational complexity with respect to approaches
based on the rejection of solution and resolve model successively until find-
ing a satisfactory decision or based on FGP. The proposed method is based
on the weighting method, dual theory, and vertex enumeration approaches
that preserve the linearity of the model. A comparison among the proposed
method and the methods of Pramanik and Dey [4] and Baky Eid, and El
Sayed, [3] showed the efficiency of our method.
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