
∗

∗



ut + g(u)x = f(u),
u0(x) = u(x, 0), x ∈ I,

g(u) f(u) u I

P1 : ut + g(u)x = 0,
P2 : ut = f(u).

P1 P2

P1

P2
P2

P1





P1 P2

P1 P2

d

dt
u∗(t) = L

�
t, u∗
�
(t), tn < t ≤ tn+1, u∗(tn) = un,

d

dt
u∗∗(t) = F

�
t, u∗∗

�
(t), tn < t ≤ tn+1, u∗∗(tn) = u∗(tn+1),

un u(tn) L
�
t, u(t)

�
F
�
t, u(t)

�
un+1 := u∗∗(tn+1) [tn, tn+1]

P1 P2
O(∆t) ∆t

d

dt
u∗(t) = L

�
t, u∗
�
(t), tn < t ≤ tn+ 12 , u

∗(tn) = un,

d

dt
u∗∗(t) = F

�
t, u∗∗

�
(t), tn < t ≤ tn+1, u∗∗(tn) = u∗(tn+ 12 ),

d

dt
u∗∗∗(t) = L

�
t, u∗∗∗

�
(t), tn+ 12 < t ≤ tn+1, u

∗∗∗(tn+ 12 ) = u
∗∗(tn+1),

L
�·, u(·)� F

�·, u(·)�
un+1 = u∗∗∗(tn+1) O(∆t2)

P1
∆x = xj+ 12 − xj− 12

xj = j∆x j = 1, 2, ..., N
xj+ 12 = xj +

∆x
2

duj(t)

dt
= − 1
∆x

�
fj+ 12 − fj− 12

�
,

fj± 12 un+1j

tn+1

f̂j± 12
u
�
xj± 12 , t

�
tn



βl k = 3, 4, 5

k β−5 β−4 β−3 β−2 β−1 β0 β1 β2 β3 β4 β5

− 1
140

5
84

− 101
420

319
420

107
210

− 19
210

1
105

1
630

− 41
2520

199
2520

− 641
2520

1879
2520

275
504

− 61
504

11
504

− 1
504

− 1
2772

61
13860

− 703
27720

371
3960

− 7303
27720

20417
27720

15797
27720

− 4003
27720

947
27720

− 17
3080

1
2310

O(∆x5)

f̂j+ 12 =
1

60

�
2gj−2 − 13gj−1 + 47gj + 27gj+1 − 3gj+2

�
.

2k + 1

f̂j+ 12 =

k�
l=−k

βlgj+l, k = 3, 4, 5,

βl

f̂j+ 12

f̂j+ 12

n

�
z1, z2, ..., zn

�
= s.min

� | z1 |, | z2 |, ..., | zn | �,



s =
1

2

�
(z1)+ (z2)

�
×
����12� (z1) + (z3)

�
...
1

2

�
(z1) + (zn)

����� .�
min(z1, z2, ..., zn),max(z1, z2, ..., zn)

�
I
�
z1, z2, ..., zn

�
.

dMMj+ 12
=

�
dj, dj+1

�
,

dj = uj+1 − 2uj + uj−1.

n unj
uj

uj ≤ f̂j+ 12 ≤
uj+1 un+1j

uj−1 uj
f̂j+ 12 uj uUL

uUL = uj + α
�
uj − uj−1

�
,

α ≥ 2
I[uj , u

MP ] uMP

uMP = uj +
�
uj+1 − uj , α

�
uj − uj−1

��
.

f̂j+ 12
I[uj , u

MP ] �
f̂j+ 12 − uj

��
f̂j+ 12 − u

MP
� ≤ µ,

µ = 10−10 f̂j+ 12 ∈ I[uj , uMP ]

I[uj , uj+1] I[uj , u
UL] I

�
uj, uj+1, u

MD
�

I
�
uj , u

UL, uLC
�

uMD =
1

2

�
uj + uj+1

�− 1
2
dMMj+ 12

,

uLC =
1

2

�
3uj − uj−1

�
+
4

3
dMMj− 12 .



I
�
uj, u

UL, uLC
�

I
�
uj , uj+1, u

MD
�

I[uj, u
UL]

I[uj , uj+1]
dMM
j+ 12

dM4
j+ 12

dM4j+ 12
=

�
4dj − dj+1, 4dj+1 − dj , dj , dj+1

�
.

I[umin, umax] I[uj , u
UL, uLC ] I[uj, uj+1, u

MD]

umin = max
�
min
�
uj , uj+1, u

MD
�
,min

�
uj , u

UL, uLC
��
,

umax = min
�
max

�
uj , uj+1, u

MD
�
,max

�
uj , u

UL, uLC
��
,

I[umin, umax]

fj+ 12 = f̂j+
1
2
+

�
umax − f̂j+ 12 , u

min − f̂j+ 12
�
.

−



ν ≤ 1
1+α ν

uj−1 ≤ f̂j− 12 ≤ uj , uj ≤ f̂j+ 12 ≤ uUL
(uUL − uj−1) ≤ (α+1)(uj − uj−1)

(uUL − uj−1) ≤ (α+ 1)(uj − uj−1)

0 ≤ (f̂j+ 12 − f̂j− 12 ) ≤ (u
UL − uj−1) ≤ (α+ 1)(uj − uj−1).

−ν uj

(1− ν(1 + α))uj + ν(α+ 1)uj−1 ≤ u∗ ≤ uj ,

u∗ = uj−ν(f̂j+ 12 − f̂j− 12 )
uj−1 ≤ u∗ ≤ uj uj−1 ≤ (1− ν(1 + α))uj + ν(α+ 1)uj−1

ν(α+ 1)(uj − uj−1) ≤ (uj − uj−1).

ν(α + 1) ≤ 1
uj

u∗(tn+1)
ν(α + 1) ≤ 1

u∗∗(tn) = u∗(tn+1)

ν ≤ 1
1+α

O(∆t3) +O(∆x5).
un

u∗(tn+1) O(∆t3) + O(∆x5)



O(∆t3)

O(∆t3) +O(∆x5)

u∗(tn) = un [tn, tn+1]
[tn, tn+1]

u∗∗(tn) = u∗(tn+1)

u(x, t)
t ≥ 0

ν ≤ 1
1+α .

t > 0
u∗(tn) = un ≥ 0 [tn, tn+1]

ν ≤ 1
1+α

[tn, tn+1]
u∗∗(tn) = u∗(tn+1)

un+1 := u∗∗(tn+1) ≥ 0

ν ≤ 1
1+α



ν ≤ 1
1+α

ut + f(u)x = η uxx,

f(u) η

u∗t + f(u
∗)x = 0, tn ≤ t ≤ tn+1, u∗(x, tn) = u(x, tn),

u∗∗t = η u
∗∗
xx, tn ≤ t ≤ tn+1, u∗∗(x, tn) = u∗(x, tn),

u∗ u∗∗



α = 4 µ = 10−10

ut +
�
au
�
x
= −βu, a = 1 β = 1, 0 ≤ x ≤ 1,

u0(x) = sin
4
�
πx
�
,

u(0, t) = u(1, t)
tf = 1.

∆t
∆x

∆t
∆x = 0.4

∆t
∆x = 0.4

ut +
�
au
�
x
= −βu, a = 1 β = 10, 0 ≤ t ≤ 1

2
,

u0(x) = 1000 cos
�
πx
�2
,

tf =
1
2 N = 40

∆t
∆x
= 0.4



ut +
�
au
�
x
= −βu, a = 1 β = 1,

u0(x) =
�
sin
�
πx
��100

,

tf =
2 N = 64

∆t
∆x
= 0.2

ν ≤ 1
1+α

x

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

u
(x

,t
)

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Numerical solution

Exact solution

tf = 2 N = 64 ∆t
∆x
= 0.2



ut +
�
au
�
x
= −βu, a = 1 β = 1,

u0(x) = (x),

[0, 2]
tf = 1

ut +
�
au
�
x
= u
�
1− u�, a = 1,

u0(x) = exp
�− 0.01x2�,

[0, 2]
∆t
∆x =

0.4 tf = 1 N = 100
tf = 1 N = 100

un+1j − unj
φ(∆t)

+
unj − unj−1
φ(∆x)

= unj−1
�
1− un+1j

�
,

φ(h) = exp(h) − 1, ∆t = ∆x

ut +
�1
2
u2
�
x
= u
�
1− u�,

u0(x) =

�
0.1 + 0.1 sin

�
2πx
�
, 0 ≤ x ≤ 1,

0.1, ,



[0, 2]
tf = 1.5

x

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

u
(x

,t
)

0

1

2

3

4

5

6

7

Numerical solution

Exact solution

x

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
u
(x

,t
)

0

1

2

3

4

5

6

7

Numerical solution

Exact solution

tf =
1
2

N = 40 ∆t
∆x
= 0.4

2 2

N ∆t
∆x = 0.05

∆t
∆x = 0.4

2 2 2 2

− −
− −
− −
− −

ut +
�1
2
u2
�
x
= η uxx, η = 1,

u0(x) = sin(x),



2 2

N ∆t
∆x = 0.05

∆t
∆x = 0.4

2 2 2 2

− −
− −
− −
− −

x

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

u
(x

,t
)

-0.6

-0.4

-0.2

0

0.2

0.4

Numerical solution

Exact solution

tf = 1 N = 200 ∆t
∆x
= 0.4

u(−4, t) = u(4, t) = 0
[−4, 4]

∆t
∆x
= 0.4 tf = 4 N = 100

ut + u
β(u)x − ηuxx = 0, 0 ≤ x ≤ 1, t ≥ 1, β = 2,



u(x, t0 = 1) =
x

1 + 1c e
x2

4η

, t ≥ 1, 0 ≤ x ≤ 1, 0 ≤ c ≤ 1,

u(0, t) = u(1, t) = 0,ux(0, t) = ux(1, t) = 0,
uxx(0, t) = uxx(1, t) = 0.

P1 P2

P1 : ut +
�
uβ+1

β+1

�
x
= 0,

P2 : ut = ηuxx.

[0, 1]
∆t = 0.01 ∆x = 0.0625 η =

0.01 c = 0.5 tf = 2

∞
2

∞ 2

∞ 2

S∆t 7.4741e− 04 3.2033e− 04
7.5978e− 04 3.4748e− 04
2.2677e− 04 1.4944e− 04



x

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

u
(x

,t
)

0.985

0.99

0.995

1

Numerical solution

x

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

u
(x

,t
)

0.985

0.99

0.995

1

Numerical solution

tf = 1 N = 100



x

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

u
(x

,t
)

0

0.1

0.2

0.3

0.4

0.5

0.6

Numerical solution

Reference solution

tf = 1.5 N = 100 ∆t
∆x
= 0.4



x

-4 -3 -2 -1 0 1 2 3 4

u
(x

,t
)

-0.05

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

Numerical solution

Reference solution

tf = 4 N = 100 ∆t
∆x
= 0.4








