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This research paper deals with the numerical method for the solution of
high-order Fredholm integro-differential difference equations using Legen-
dre polynomials. We obtain the integral form of the problem, which is
transformed into a system of algebraic equations using the collocation
method. We then solve the algebraic equation using Newton’s method.
We establish the uniqueness and convergence of the solution. Numerical
problems are considered to test the efficiency of the method, which shows
that the method competes favorably with the existing methods and, in

some cases, approximates the exact solution.

AMS subject classifications (2020): 65C30, 65L06,65C03

Keywords: Collocation; Fredholm; Integro-differential; Linear and nonlin-

ear; Approximate solution.

1 Introduction

The theory of integral equations is one of the most important branches of
mathematics. Currently, considerable interest in mixed integro-differential
difference equations has been stimulated due to their numerous applications
in the areas of engineering, science, and medicine. In integro-differential dif-
ference equations, the unknown function appears to be under the integration
sign, and it may also include the derivatives and functional arguments of
the unknown function [28]. integro-differential difference equations can be
grouped into Fredholm integro-differential difference equations and Volterra
integro-differential difference equations. The upper bound of the integral
part of the Volterra type is variable, while it is a fixed number for that of the
Fredholm type [16].

Many numerical methods have been presented in open literature for solv-
ing integro-differential difference equations and integro-differential equations,
include the Adomian decompositions method by [19], the collocation method
[4, 2, 13], Hybrid linear multistep method [17, 6, 21], Homotopy analysis
method [18], Bernoulli matrix method [10], Differential transform method
[15], Shifted Legendre polynomials [23], Bernstein Polynomials Method [22],

Differential transformation [12], Chebyshev polynomials[24], Lucas series and
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polynomials [14], Optimal Auxiliary Function Method (OAFM) [30], Block
pulse functions operational matrices [26], and Spectral Homotopy Analysis
Method [8]. Ajileye and Aminu [5] presented the standard collocation method
to solve first-order Volterra integro-differential equations. Assuming an ap-
proximation solution, the class of integro-differential equations was restated
in terms of the derived polynomial. After solving for the unknown, we collo-
cated the resultant equation at many points within the range [0, 1], yielding a
system of linear algebraic equations. Ajileye et al. [7] introduced a collocation
method for the computational solution of the integro-differential equations
with Fredholm- Volterra fractional order. They first obtained the problem in
linear integral form, which they then converted into a set of linear algebraic
equations using standard collocation points.

This research paper considers the integro-differential difference equation
of the form

(e

M b
D Pu@y™ = Q@) y™ (z—7) +9g(x) +A/ K (x,t)y" (t —7)dr,
n=0 m=0 a
HAIS [avb] = [7171]7
(1)
with the initial condition

YV () = Y1, (2)

where g, P,Q € C([a,b,R), K € ([a,b]*,R), A and y,,,—; are known con-
stants. P, (z) =1, a > M.

2 Basic definitions

In this section, we define some basic terms that would be encountered in this

research.

Definition 1 (Integral equation [9]). Given an integral equation

v =u@)+ [ k(1) () ds, (3)
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then if

(i) k (t,8) = k(s,t), then it is symmetry.

(ii) k (t,s) = k(a+ b —t, a4+ b— s) is linear then the kernel is centrosym-
metric.

(iii) If k(t, s,y (s)) = k(t —s) g(s,y(s)) then the equation is called con-

volution integral equation and if g (s,y (s)) =y (s), it is called linear.

Definition 2 (Normed space [9]). Let X be a nonvector space over k. A

norm on x is a function ||-|| : X — X such that for all z,y € X and a € X
@) [lzll = o,
(ii) ||z|| = 0 if and only if x = 0,
(iii) [lax] = |af [l=],
(1v) [lz+yll < ll=ll + [lyll-

A vector space X on which there is a norm is called a normed space.
Definition 3 (Banach space [9]). Banach space is a complete normed space.

Definition 4 (Lipschitzian continuity [9]). Let (X, ||-||) be a normed space.
A mapping T : X — X is L-Lipschitz if there exists L > 0 such that
[Tz — Tyl <Lz -yl forall z,y € X.

Definition 5 (¢- contraction [9]). Let (X, ||-]|) be a normed space. The map-
ping T : X — X is a g—contraction if ||[Txy — Txs|| < qllz1 — 22| ,q €
[0,1) fixed for all z1,25 € X.

Definition 6 (Strict g-contraction [9]). Let (X, ||-||) be a norm space. The

mapping T : X — X is strict g-contraction when
|T"xy — T 2| < q" ||z — 22|, forall z;,20 € X. (4)

Definition 7 (nth integration [20]). Let u(x) be an integrable function; then

oI () = s [ (@ =0 e )

oIt (uP(2)) = u (@) - > Fu (a). (6)
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Definition 8 (Legendre polynomial [1]). Legendre polynomial on the interval
[—1,1] can be determined with the aid of the recurrence formulas

2n+1 (2) n
L, (x) —
n+1 n+1

Lpti(x) = Lp—1(x), n=12..., (7)

where Lo(x) = 1, L1 () = z. In order to use these polynomials on the interval
€ [0,1], shifted Legendre polynomial is then defined by the recurrence
formula

@)~ s (o), )

where pg = 1, p1(z) = 22 — 1. The analytical form of degree n is defined as

pn+1( )

z": )tk T+ k+1) ,

Tn—k+ Dkt 1)2" ©

k=0
Theorem 1 (Banach’s fixed point theorem [25]). Let (X, ||-||) be a complete
norm space; then each contraction mapping 7' : X — X has a unique fixed
point z of T in X, such that T (z) = z.

3 Methodology

This section considers the development of our method, which was achieved by
developing the integral form of the modeled (1) and obtaining the algebraic

equations using some lemmas.

Lemma 1. Let y € C([a,b],R) be the solution to (1) and (2), let K €
C ([a,b]*,R) , and let g and @ € C ([a,b],R). Then (1) and (2) are equivalent

to

o v )l (n)
o /( 2P, (1) 4™ (¢) dt
A ‘ a—1 b
+m /IO (x—1t) l ’ K (t,7)y"( )dT] dtM~ (10)

where
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a—1

1) =Y S+ o [ -0 g

n=0 0
Proof. Equation (10) can be written as

Y@ ( Z O (2) 4™ (2 Z Py () y™ (

Using [29] gives

where

Substituting (12) into (11) gives

M a—1
YD (@) = 3 Qu @)y (@) My — Y Pa(2) g™
m=0 n=0

b
—l—g(;v)—i—)\/ K (x,t)y" (t) atME,. (14)

Zo

Using (6) in (14) ,we have

n—1 J)i , 1 M T
ye) = 3T @+ g O [ =077 @ (0™ () My
i=0 m=0 " Zo

R T Y (n)
2 [ 0 ROy @
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+F?a)/ (z = )" Ver dT]dt‘MLﬂ

y(z)=H (z)+ ﬁ > / (=) Qu (t) ™ (t) dt M _,|
m=0" o
IEEEE U (n)
o _0/%< B Py (1) ™ (1) d

where )
— 7' 1 z o
H@) =Y Sut i | @0 gy
0 o
O
3.1 Method of solution
Let the solution to (10) be approximated by
y(z) =P(z)A, (16)
where
P(z)=1, Pi(z)==x
P(z) =[Py (z) P1(x)...Py(z)]
is the polynomial defined by
M m
(-D)"T(2n—-2m+1) gn—2m (17)

Pn(x):mzﬂJQ"F(m—&-1)F(n—m+1>r(”_2m+1) ’

where
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M
o (-1)™T(2n —2m + 1)
Q (n;m) 2nT (m+1)T(n—m+1)T(n—2m+1)’

m=0

M = floor (g) and A =[ag a;y ... ay]”

are constant to be determined.

Equation (16) can be written in the form

y(z) =X (z) DA, (18)

T
D (0;0) 0 0 0
D(2:1)  D(2:0) 0 0
Deven = . (19)
DY) DN ~1) DN ¥ -2) - D(V:0
(#4) when N is odd, we have
X@) =l 2® 2® . 2] n=00), 1 ()
T
D (1;0) 0 0 0
D(3;1)  D(3;0) 0
Doda = ) (21)
D (Ns552) D (N5 552) D (N: 252) - D (N0
Hence,
y) () =X () DA (22)
writing
P(z)=X(z)D. (23)
Lemma 2. Let y € C ([a,b],R) be defined by (18); then
I'(n+1) _
(m) _ n—m
y'"™ (z) T —m+ 1) T DA, (24)

Proof. Given
y(z) =z () DA,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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¥ (@) = 2 () DA
dz™ ’
Y™ (2) = d—mx"DA n=0(1)N.
dz™ ’

We prove by induction, when

Therefore, at

m=1, yM = nz" DA,

m =2, y? =n (n—1)z" 2DA,

m =3, y® =n(n—1)(n—2)z"">DA

m=n, y™ =mn-1))(n—2)---(n—m+1)z" ™DA
_ _ — — |
_n n=1)n—=2)---(n—m+1)(n m)'a:"_mDA
(n —m)!
I'(n+1) _
=——" "7 MDA 2
I'(n—m+ l)x (25)
which is the expected result. O

Lemma 3. Let y € C ([a,b],R) be defined by (18), let K € C ([a,b]?,R) be
defined by K (x,t) = 2't7, and let

V= /bK (z,t)y* (t — 7)dt; (26)

then (26) is equivalent to

where

Proof. Let

Using (18)

b
V (x;n) = / sHVUUTvvTu. .. UTV dt,

L times

V(z;n) =2" M_4|,U = DA.

b
Vi (@) :/ K (2,6) " (t — 7) dt.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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then
y(z—7)=X(x—7)DA =2"|M_41|/DA, n=0(1) N.

Hence
y" (¢ —7) = (¢ |M_,| DA)"
= (2" [M_1|DA)*, n=0(1)N
= (zM_;DA) (2 [M_{| DA)” (2" [M_{| DA) - - - (z" [M_;| DA)”,

L times

b
Vi (z;n) = / 2HVUUTvvTu .. UtV dt,

L times

where
V (z;n) =2™ |M_q|, U =DA.

Lemma 4. Let y(z) be approximated by (18); then (10) is equivalent to

[e3

T(k+1) ., -l Tk+1) 5,
;Pn(x)mx DA—mZ:OQm(m)mx M_.| DA

b
- A/ s HYVUUTvvVIU.. . UTVdt =g (z).

L times

Proof. Tt holds that
y(x—7)=X(z)M_1DA,

y(r —7)=2"M_DA, k=0(1)N,

and

y(z) = 2"DA, k=0(1) N.

Substituting y (z — 7) and y (x) in (1), we have

" P41 knpa N Phtl) 4o
;Pn(x)ml‘ DA—mz::OQm(x)mx IM_;|DA

b
- )\/ dOVUUTVVTU . UTVAE = g ().

L times

(27)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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Collocating (27) gives

- T(k+1) 4 - T(k+1) 4
P, (z;) =——————2"""DA — m (27) =—————2F=™ |M_;| DA
nz_% @) T o mz::OQ @) F et M-
b
- A/ 2 vuutvvrtu . Uutvdt = g (),
@ L times
F(z;) = W (z;) —g(v;) = 0, (28)
where
- L(+1) 4
= n A
W () ;)Pn(l)r(kfnﬂ)l D
M
C(k+1) ..
_%Qm(%)mxi IM_,| DA

b
- /\/ dHyuuTvvtu . UtV = g (z).

L times

3.2 Uniqueness of the method

In this section, we assume that the solution to (1) and (2) exists. We then
establish the uniqueness of solution and present solutions from the method

of solution.

Theorem 2 (Uniqueness theorem). Let T : C ([a,b] ,R) — C ([a,b] ,R) be a
mapping, let y € C ([a, b],R) be the solution to (10), and let C ([a,b] ,R) be

a Banach space.

In order to apply the uniqueness of solution, we have to establish the
following:

i. Continuity of T,

ii. T is a ¢ — contraction,

iii. 7' is strict contraction.
In order to prove the uniqueness theorem, we use the following hypothesis
[3):

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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Hiy sup | P, (
nZOIEJ
H, : —bup/ |K (t,s)|ds,
xcJ

Hy: @ —f§jsmme )|,

n= Owe‘]
Hy:o |y™ = yf™| < Ly = ol forall m >0,
Hs: |yt —ys| < H" [y1 — val,

Hg - sup‘yN ’ = Cms»
xeJ

Hy - Sup‘y%)‘ = Gn;
xzeJ
where J = [-1,1].

Theorem 3 (Continuity). Let T': C ([a, b] ,R) — C ([a,b],R) be a mapping,
let y € C([a,b],R) be a solution to (10) and let C ([a,b],R) be a Banach
space. If limp ooy () = y(z), then T is continuous on C ([a,b],R) if
| Tyn — Ty|l.. — 0 as h — oo.

Proof. It holds that

[(Tyn) (z) = (Ty) (z)]
Ao Lo -l
A

T(a) |4
—i—F)\(L)/ (z —1)" [/ K (¢, 9)] |y (s L(3)|d31dt’ML1"

Using hypothesis Hy, we have

0 Q% @) [un () =y @) dt] M|

[(T'yn) (fE) - (Ty) ()]

) TP (8)] [yn — vl dt

+ ﬁz) LZ_O/a (@ =" 1Qm ()] |yn —yldt} IM_, |

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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L
+';(Z)/ [/ K (8,9)] lyn () — y ()| ds | dt [M" .

Taking the supremum of both sides gives

Sup [(Tyn) () = (Ty) ()]

(x — )" sup [P, (t)|sup yn () — y (¢)| dt
x€J zeJ

04—1
r Z/ igg\Qm (t)\ilelg\yh (t) —y(t)ldt] M|

A H a1
L) /a(x—ﬂ [Z}ég/ [ (t,5)| sup lyn (5) = (8)|ds]dt|M£1|.

Using the hypothesis, we have

| Tyn — Tyl
Ly, P* ’ a—1
< Y — Y C>O/ x—t dt
T l | ’ (x —1)
L Q ’ a—1
— / (e~ 6" dt M|
() | \
HE )| L /
K* |yn —y| M
+ T (o) y\| 1|
(z —a)" P*Ly, (x —a)QP*Ly,
_— — -~ 7 " M_ _
HENE M2 )
T(a+1) Yh ~ Ylloo
1
<—— (P*L,, “IM_4| L, + H* |\ K* [ME -
= F(a+1)( +Q" | 1 + RY | —1|)Hyh Z/Hoo

Since limy,_, o yn — ¥, hence
| Tyn — Ty||, — 0 as h — oco.

Therefore, T is continuous. O

Theorem 4 (g-contraction). Let T : C ([a,b],R) — C ([a,b] ,R) be a map-
ping and let C ([a,b] ,R) be a Banach space. Then T is g-contraction if

(P*Lp+ Q* Ly IM_q| + H" |\ K~

q= ME ) < 1. (29)

I'a+1)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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Proof. Using Theorem 1, we have

1 XL e )
Ty(@) = @)+ g3 2 [ @0 Qu 3™ (M|
m=0" T0
R S Y L (n)
F L [ @0 A W

+F(Aa)/x l/KtT dr]dt|ML1|.

g™ (t)‘ dt [M_ |
o) [Z /| a0 B W1 ) - o8 ) dt]
+|;|(Z)L/ V K (£, 1)y () — mm]
\(Tyl)( ) — (Ty2) (2)]

ZL =) Qu ()] lyr — yo| dt M4
Z /IO (=t Py ()]l — yzldt]
+'?'<Zf/ V K (t,7)] |y (1) — (T)|dT] dt M, |

Taking the supremum of both sides gives

zeJ
Ly <& /7
< x— )7 sup |Qum (£)| sup [y — 2 dt [M_y|
F(a m2_20~/$0 ( xzeJ zeJ
L a—1 T
n a—1
+ / r—t sup | Py, ()| sup |y1 — yo| dt
F(O& nz::() wo( ) w€8| ()|wEJ| ! 2|

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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MNHE [* _
+ ‘ | / (x _ t)a 1
F (a) xo

1 P*L, . Lm
Sr<a+1><r<a>+Q T (a)

b
sup/ |K (¢, 7)|sup |y1 (7) — y2 (7)] dT] dt ‘Mfl‘
zedJ Ja zeJ

M|+ HY N K |M£1|) o — sell .

Since q is T contraction, then

1

m(P*Ln—i—Q*Lm IM_;| + HY |\ K* |[ME ) < 1. (30)

q:

O

Theorem 5 (Convergence of solution). Let (C ([a,b],R),||-||) be a norm
space, let y (z) and yx () be the exact and approximate solution of (10),
respectively. Then

[Hy = Hl| o + Gn P 4 6a @7, My

e (31)

lyny =yl <

where

1 . . *
q= F(T—i—l)(P L,+Q"L,, |M_y| + HX |\ K |M£1|)~

Proof. Let H (t),Q (t), and P(¢) be expanded in Legendre polynomial. Then

lyn (z) — y ()]
< [Hy (z) — H (z)|
a—1 T
n=0"9
1 L e
T > [ =0T QN @0 () - Qu (0™ ()] de M|
m=0"a
z b
+F|(Aa) <x—t>“1[ K (t,5)| [y () — " (s)yds] dt |ME |
< |[Hy (z) - H ()|
1 a—1 T ot - N
T Z/ (@ =1) ‘yzv (t)‘ [Py (t) — Py (t)| dt
n=0"9
+ F(la) Z/Z (&= 6)*" P (2)] ‘y(m) () —y™ (t)(dt

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



Pantuvo, Ajileye, Taparki and Aduroja 848

+ ﬁ i /x (z—1)*" ‘y}(?) (t)‘ QN (t) — Qu, (£)] dt [M_4|
+—Z/ (=) |Qm (1) I’y )‘dt|M N

+F|?oz)/ all/ |Kts\|yN (s)’ds dt|M£1|
< 1Hy (@) - |\+—Z/ 1 @12 (@) - Py )] dr
L & [° N-1
+ (@=t)" [P @]y~ (t) —y (¢)]dt
T (a) n=o/a YN Y
M x
i 3 @0 0] 1@ 0 - e @] arpa
Ly <& * a1
+ (=0 1Qm (O] |y~ (1) —y ()] dt [M_4]
o) mz_lo/a yn (t) —y
L b
+I{I(lz) / (- 1) [/ |K(t,5)||yN(5)y(s)|ds] dt [ME, | .

Taking supremum of both sides, we have

sup [yn (z) — y (v)]
z€eJ

<sup|Hy (z) — H (z)|
xzeJ

—|—F(1a)(§/z(ac—t) sup’yN
n=0"a

a—1
Ly, ’ a—1
—_— r—t sup | Py (t)|su t)—y(t)|dt
Fey 2 [ o0 sl (O sy (@) - ()

sup | Py (t) — P (1)] dt
e

1 M e - o )
+F(O‘)mzo/a (z—1) i‘elg‘yzv (t)‘ilelngn (t) = Qum (t)] dt |M_4|

£)" " sup [ Q@ (1) sup [yn (£) — y (£)| dt M4
zeJ zeJ

Li z b
+ AL H / (x—t)*" [/ |K(t,8)|21€lIJ)|yN (s) —y(5)|d3] dt’M£1|'

I'(«)

Therefore,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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CmP*/lc N-1
— <|Hy — H n —t dt
o = vl <Ny — Bl + 208 [ =t

Ly P |lyn — ¥l /"L a1
0 —t dt
T T L0

CnQ;ﬁn * N—-1
+F(a)/a (x — )N dt [M_y|

LnQ* ||yN - y” x a—1
o0 — ) ML
s [y
AN HE lyn — |
' (a)

OOK*/ (z — )" "dt|ME |,

Cm Py n Q@
||HN - H”oc + T(at1l) + m |M—1‘

Ly P* LnQ* A HEK~ '
1- T(a+1) T(at+1)  T(at1) M*1|

lyn =yl < (32)

Hence, simplification of (32) gives the required result as follows:

|Hy — Hl| o + CGn Py + @y IM_1 |
1—¢q ’

lyny =yl <

where

1

1= Tt (P*Ln + Q" Ly M1 + H" [N K* [ME, ).

3.3 Numerical examples

In this section, we present numerical examples to test the efficiency of the
method. The results are presented in tables as we consider Chebyshev’s

points.

Problem 1. [27] Consider a third order Fredholm integro-differential differ-

ence equations

Y@ (@) —ay (@) +y" (x = 1) — 2y (z — 1)

=—(ac+1)(sin(x—1)+cosx)—cos2+1+/ y(t—1)dt

-1

subject to

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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with the exact solution

y(x) =sinz.

To show g-contraction for Problem 1, we have

Ty(@) = i | @07 @tk s [0 @M
+F(1a>/0w(xt)o‘lty(t)dt|M_1|+F(1a)/Ow(l't)f(t)dt

T AU [ / 11y<s> ds} dt [M_|. (33)
Ty (z) = Fz)/o (=)t} (t)dt+F23)/Ox (e =)y (O dt M|
+Fz)/0$(x—t)2ty1(t)dt|M1|-|-F23)/0I($_t)f(t)dt

+% /O (z —t)N ! [/11 n (s)ds} dtM_4|, (34)
Ty, (z) = Fé)/j (x—)° tyh (t)dt—irrzg)/om (w— 1) gy (1) dt [M_4|
+F23)/:(x—t)2ty2(t)dt|M1|+F23)/0x(9€—t)f(t)dt

+ﬁ /OI (@ — 1)? Ull ys (s) ds] dt|M_,|, (35)

1 xT
[Tys = Tonl < g [ (=107 Il 13h () = o5 (0]
0
1 i
@07 0 = Ol
1 €T
g [ =07 el ) = g2 ()] de My
0
1 xT 9 1
] AR NTICETACIFH 1 Y
0 -1
Using Hy ygm) (t) — yém) (t)‘ < Ly |y1 — yo| gives

[Ty — Tyo|
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Sl)/:(x_t> [t] Lin [y1 — w2 dt
%/ (z = )° Ly [y1 — yo| dt [M_]|
Fé/ (z =) |t] [y (£) — wa ()] dt M|

Taking supremum of (37) gives

sup |Ty1 — Ty2|
xeJ
1 xT
—/ (= 1) sup ] sup 57 () = 53 (1)
() 0 zeJ x€
1
F(3/ (=17 sup ()= 93 (0] dt M|
1
ﬁ/ 2= )" sup | supun (8) ~ s ()] e M|
zeJ zeJ
—_— (x —1t) su s)|ds| dt|M_1]|, 38
vt |07 [ sl ) s a9

L, L
1Tyr — Tyal o < 1 — valloo + o Ny — y2ll oo M1
T (4) ) I'(4)

K
+7||y1 = Y2lloo Mot + = llv1 — ¥2/lo0 IM=1[(39)
I'(4) I'(4)
where )
K :/ |K (s,t)ds| = 2.
-1

Since K* = 2,

T = Toall < gt o ML+ 3 1Ml o = el

1
for ¢ — contraction ﬁLl + Lo M_1]+3|M_4| < 1. (40)

To show the convergence of solution for Problem 1, we have

Ty (0) = Hy () + 15 | @0Vt (1) dt
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1 * a—1 //
i | 0T v 0|

1 * a—1
+m/0 (x —1) tyn (t) dt M|

vt [ w0 [ v as| g

Tyn (2) = Ty ()| < |Hy (x) — H (z)]

(@ — )" |t] [y (1) — o/ (8)] dt

),
1 ’ 1 17

ﬂ/o (@ — 1)y (1) — " ()] dt M|
1 / (@ = )" [t lyn (£) =y (8)] dt M|

v @0t [ 11 v (5) = (9] s e M2

Using (Hy) ‘y(m) (m)’ < L Y1 — 2,

Tyy (&) - Ty ()] < |Hx (@) — H (@)] + FL(Q)/ (z— )" |t lyw — vl dt

po [t = ol M
t dt |M_
F3/ P Il — o dt ML

| @0 [/ |yN—y|ds]dt|M 0, (43)

sup [Tyy (z) — Ty ()]
xzeJ
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L ® o
<sup|Hy (z) — H (z)| + ! / (x —t)" sup |¢t|sup l[yny — y| dt
zeJ F(a) 0 zeJ zeJ
L, /lc 2
+ xr—1t) suplyny —y|dt |M_4
F(?)) 0 ( ) :I:EJ| | | |
1 ® 2
tor [ (@—1t) sup|t[sup |yy — y[dt [M_,]
F( ) 0 zeJ zeJ
1 T 9 1
+eo (x —1) sup |lyy — y|ds| dt | M_q], (44)
(3) 0 —1axed
lyn = ylloe < I Hy — Hll o + = lyn — yl
YN Yl = N S F(4) YN — Yl
ECE

1
— M_ _— - M_

K
— — M_ 4

1
K* :/ |K (s,t)ds| = 2,

-1

Ly Lo 3|M_4|
- —— - = 1| = — < —
1 Mol = S ey = vl < 1H ()~ H (@)
T4||Hy (z) — H (x

©=T4— L, — Ly|M_q| - 3|M_y|’

D) || Hy (2) - H ()| _ U'(4)[[Hny (z) — H (2)]|

lyn = yllo <

@) -T@e - TA0-o
|Hy () — H ()]
< =) : (46)

since ¢ < 1, |lyny —yl|, exists. Furthermore since H is not affected by the

approximate solution, this implies that Hy — H = 0. Hence,
lynv — yll., <0, which shows that it converges.

Solving Problem 1 numerically gives the following solution.

Solution 1. Comparing with (1),l=r=0,b=1, a = —1, we have

1, Py (z) =0, P (z) = —x,
QQ (CL‘) =1, Ql (:l?) =0, QO (:C) =,
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g(x)=—(zx+1)(sin(zx —1) 4 cos (z)) —cos2 + 1,
A=1, k(x,t)=1.

Using n = 3,
y®) (z) = MzanA, n=0(1)N, m=3,
—zy' (z) = —Imgc”mHDA, n=0(1)N, m=1.
Using Lemma 1,
Y@ (g - 1) = mx"—m IM_1|DA, n=0(L)N, m=2
oy (—1) = —LOFD  emi iz DA, n= 0N, m=1.

F'n—m+1)
Using Lemma 4, then

/11‘”(7_ 1)dtZ/lly(t)dtM_uDA
/

(z — )’ ¢"dt [M_,| DA,

_|EtD)
o= |y

IM_| DA
1

Tn+1) T(n+1)
BICET) F(n—|—2)( 1) |M_| DA.

Taking N = 3 for illustration,

A=lay a1 ay as]”, X(z)=[1 = 2% 2%, X(2;) =

— W w~ O

— ol O O
N N

= Rlo N~ o

_ = =

Using Lemma 2 with m = 3
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855
0006
0006
ae Z{OOOG}DA, " () = DA,
v (@) V)= 0006
0006
01 -2 3
01l _2 1
—zy (v) = [O —x 222 —31‘3} DA, ay' (z;) = ° 5 % | DA,
0-35-57%
0-1-2-3
002 —12
002 —8
"(@=1)=[0026z| DA, ¢ (z;—1)= DA,
yie=1) A Al PR
002 0
1 -2 4 -8
1 -4 16 —64
—zy(z—1)= [—.Z‘ —x? —23 —xq DA, zy(xi—1)= i g i 2
3 9 27 81
~10 0 0
8
228 4
1 228 4
/1y@—Uﬁ: ; DA.
1 2-238 -4
8
2284

Then
1

W =4 () — 2y (@) + o (21— 1) — ay (0 — 1) — / y(t—1)dt,

-1

4
-11 & -7
=5 17 =8 107
W = 3 9 27 81
—7 17 —28 485
3 9 27 81
-31 =8 7

3

Applying the initial conditions,
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100 0]
0100
WW — ,
0020
-8
—31387]
1T
GG = [0100.33554 .

For solving
F(A) = WWA - GG =0,

using Newton Raphson’s method gives

A=[010 ;o]

Substituting into the approximate solution gives
y3 () = —0.094232° + .
Solving at N = 5,7,10, and 12, we have

ys = —0.011455758752° + 0.15694753192* — 0.29238324532° +

y7 = 0.000079729494562" — 0.0010123993192° + 0.0077582489862°
+0.01453036551z* — 0.184766352° + x,

y10 = —0.0000016970458632° + 0.000011052999362"
—0.000004369833648x% — 0.0004760258412z" + 0.000993812792125
+0.0089084545212° — 0.01420598521x* — 0.149147186723 + «,

12 = 0.0000000005662168848212 — 0.0000000247372264 12"
—0.00000003837633285x° 4 0.000002937637513x"
—0.000000093528570362° — 0.0002044367412" + 0.000021556030462:°
40.0083458044442° — 0.00030810529412* — 0.16628664232> + ,

Y15 = —7.406875094¢ — 132 + 1.298432652¢ — 1324

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



857

Numerical method for the solution of high order Fredholm ...

Table 1: Results of Problem 1

T; exact N=7 N =10 N =12 N =15
—0.2  —0.19866933 —0.19874343 —0.19858323 —0.19867251 —0.1986693
—0.4 —0.38941834 —0.39009317 —0.38863325 —0.38944734 —0.38941803
—0.6 —0.56464247 —0.56719006 —0.56167599 —0.56475205 —0.56464128
—0.8 —0.71735609 —0.72400265 —0.70961228 —0.71764214 —0.71735297
—1.0 —0.84147098 —0.8555408  —0.82507367 —0.84207669 —0.84146437
Table 2: Absolute error for Problem 1

x ERR; [27] ERR;, ERR ERR1, ERR;5
—0.2 237x107° 7.41x107° 8.61x107° 3.18x107% 3.0x 1078
—04 1.15x107* 6.75x107* 7.85x107* 2.90x107® 3.10x 107
—0.6 813 x107* 2.55x1073 2.97x107% 1.10x10~* 1.19x 1076
—0.8 212x107% 6.67x1073 7.74x1073 2.86x107* 3.12x 1076
—1.0 482x107% 1.41x1072 1.64x1072 6.06x10"* 6.61 x 1076

+0.00000000015641937712'3 + 1.326069211e — 1122

—0.00000002504317927z'" — 0.00000000090957307422:*°

40.0000027600367042” — 0.0000000022116615032°

—0.00019855533127 4 0.00000051038985552.°

+0.0083336286142° — 0.0000072951439112*

—0.16665766862> + 1.

Problem 2. [27] Let us consider the integro-differential difference equation

with variable coefficient

?/'(»”C)ery(:v)—wy(w—1)+y’(a:—1)+y(x—1):e—x+e+/

subject to the initial condition

with the exact solution is given by y () = e~*.

To show g-contraction for Problem 2 gives

0

ty(t—1)
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(w— )N [/_01 ty (s) ds} dt|M_y|, (47)

Ty1<x>=/j(z—t)ty;(t)czwF@/j(z—oyl(wdt

(@ =0 @t Ms| = i [ o=t (e

(x— )N [ / tyr (5) ds] dt My (48)
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Using (Hy) ‘gAm) (t) — yém) (t)‘ < Lo, |ly1 — y2| gives

L x 1 x
|Ty1_Ty2|§71/ <x—t>|t|\y1—y2|dt+—/ (1) lys — yol dt
) T /o

I @)
Lo z

+F(2)/0 (& — 1) lys — ol dt M|
1 x

+@/0 (x —t) Jy1 — yo| dt

vty -0 [ -y

Taking supremum of (51) gives

sup [Ty1 — Ty|
xeJ

gFL(z)/ (@ = 1) sup ] sup s — ol e
Lr [ t dt M
w0l —l My
1 x 0
i [0 [/ sup|tsup|y1—y2ds] dM_y|,  (52)
(2) 0 —1xzeJ xeJ

L, Lo
1Ty1 — Tyl < mrav 191 — 20l oo — 5oy 191 — 920l o0 M4
(3) I (3)

* 0

K . _
g I~ el Mol K = [ R (0] ds = 163)

1 " . %
1Ty — Tyl < 3 [L1 — Lo [M_q| — K* [M_1[] [|ly1 — 92|l ,since K* =1

1
< _ _ _
< I3 (L1 — Lo [M_q| = [M_1[] |1 — 92|l o

1
for ¢ — contraction 3 [L1 — Lo [M_1| — [M_4]] < 1. (54)

To show the convergence of solution for Problem 2, we have
Tyx () = H (x)+i/x(x—t)a—1t () dt
o YT @) o w
- /T (x— ) yn (t)dt
=y L= YN
I'(a) Jo

1 * a—1
‘W/o (2= )" i (1) dt ML |
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Ty (x) = H (z) + ﬁ /01/’ (z—t)* "ty (t)dt
1 N a—1
+m/0 (@ — 1)y (1) dt
1 * a—1
~rr | @0 Ty @ ary
1 * a—1
ol UL
1 ‘ a—1 0
+m/0 (@ —1) [/1ty(s) ds] My, (56)

Tyw (2) - Ty (2)| = |Hy <x>—H<x>|+ré>/j (= 1) [t] oy (1) — o/ (1)] dt

(z—1t) [y~ (t) —y ()] dt

‘ -

i
-
\\f\o\

+
—
S

" @ — D)l () — of (O] de M|

x

(a?*t)lyzv() y (@) dt

+

’1‘
—_ | =

>

@1 | / s )~ (9] ds | ar M_(57)

,_J
[\

(2)

Using Hy = ’ygm) — yém)’ < Ly ly1 — y2|, we have

[T (a) = Ty (@)l =y (2) ~ H (0 + s [ e =01l = ol

x—t)|yny —y|dt
(x —t) |yn — y| dt [M_]

(x —t) |lyn —yl|dt

7w ),
i,
o ),
), ¢

(o 1) [/ o ol s e IV (58)
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Taking supremum of both sides gives

sup [Tyn (z) — Ty ()| < sup |Hy () — H (z)|

zeJ zeJ
/ v~ 0)suplt|sup [y — y] di
= | (@—1) suplyzv yldt
<z>/
F72)/ x—tsup|yN yldt [M_|
—_— —t) dt
F % / z itelglyzv Yl
g [/ sup ] sup [y — o] ds | e M)
F(Q) 1xed zeJ

L 1
- <|[Hy— H — llyn — — lyy —
lyn =yl < 1HN lloo + T3 lyn =yl + T3 lyn — yll o

L 1
+——llyn — vl M- |+ lyn — vl
I'(3) YT rE)

K
+m||yN_yHoo|M*1|’ (60)

0
K :/ K (s,8)] ds = 1,
—1

(1=T3) = L1 — Lp M| = M) lyx —yllo < |[Hy — Hll,  (61)

PO |Hy-Hl,  _TE)|Hy—Hl, _ |Hy—H|
TG~ Li- LM -M,]~ T3 -T®g —  1-q

Since ¢ < 1, |lyn — yl|,, exists. Furthermore since H is not affected by the

. (62)

approximate solution, this implies that Hy — H = 0. Hence,
lyn — vl <0, which shows that it converges.

Solving Problem 2 numerically gives as follows.

Solution 2. Comparing with (1),

PQ(x):la Pl(x):]-, PO() T, Ql(l‘):l, QO(Z):xfla
glx)y=e*4e, L=0,A=1, k(z,t)=t
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Hence,

A Yy

A

862

I'(n+1) _
" — n mDA — 2 . 1 N
_ F(n+ 1) n—m-+1 _
xy(x)if(n—m—&—l)% DA, n=0(1)N,
r 1
MY n-mM_ DA, m=0, n=0(1)N,

T(n+1
MY n-mM_ DA, m=1, n=0(1)N,

'(n+1
y(x—1)= Lx”*mM_lDA, m=0,n=0(1)N

/.

F'n—m+1)
0 0
/ ty(t—1)dt = / t(X (t))dtM_,DA,
-1 -1
1 m+2 70 _ (_1)n+2
" dtM_1DA = M_;DA=—F——-M_;DA.
+2]_, n—+ 2

Substituting into the approximate solution gives

ys (z) = —0.13634834727 + 0.5804427982% — x + 1,

ys (z) = — 0.01348851032° — 0.0135768498z* — 0.0370560278x>

y7 (z)

Y10 (z) =

Y12 (x) =

+ 0.5562698742% — . + 1,

= —0.00062656007227 + 0.00170800372x° — 0.00668594072°

+0.0477358013z* — 0.1816963723 + 0.49241640922 — x + 1,

—0.0000001915115612:'° — 0.000004172552832" + 0.00002751113152°
—0.0001732220352" + 0.0013709829525 — 0.008419361742°
+0.0413648129z% — 0.16591444423 + 0.500378553z% — 1z + 1,

0.000000004186497942:'2 — 0.00000002163977112'! + 0.0000002443491712:1°
—0.00000282966002z° + 0.00002494592682°% — 0.000197246671z"
+0.001388045222°% — 0.00833728371z° + 0.04165282162* — 0.166632138z>
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Table 3: Results of Problem 2

xT; exact N=5 N=7 N =10 N =12 N =15

—0.2  1.2214028 1.2225298 1.2212289 1.2214114 1.2214032 1.2214027
—0.4 1.4918247 1.4911653 1.4917137 1.4918302 1.4918249 1.4918247
—0.6 1.8221188 1.8075506 1.82332 1.8220587 1.822116  1.8221189
—0.8 2.2255409 2.1738442 2.2304976 2.2252932 2.2255296  2.2255412
—1.0 2.7182818 2.5932376 2.7308691 2.7176529 2.718253  2.7182825

Table 4: Absolute error for Problem 2

z; ERR1327] N =3 N=7 N=10 N=12
—0.2 227x107% 3.266x107% 1.739 x10~* 8.600 x 10~¢ 4.000 x 10~7
—04 1.43x107% 1.121 x10~2 1.110x10~* 5.500 x 10~% 2.000 x 10~7
—0.6 1.57x107* 1.953 x 1072 1.201 x10~% 6.010 x 10~°> 2.800 x 106
—0.8 6.49x107% 2.151 x1072 4.957x 1073 2.477x10~* 1.130 x 10~°
—1.0 1.65x107% 7.509 x10=3 1.259x 1072 6.289 x 10~* 2.880 x 10~°

+0.5000173722% — x + 1,

Y15 (r) = —5.30985676e ~13x1° + 1.49454482¢ 112 — 1.60904091e 10213
+0.000000002026301792% — 0.00000002514169952:'* + 0.0000002762910332'°
—0.000002754107962° + 0.00002479839342°% — 0.0001984379642"
+0.00138890723x% — 0.008333247762° + 0.04166696662" — 0.1666674152>
+0.4999996242% — z + 1.

Problem 3. [11] Consider the third-order nonlinear Fredholm integro-
differential difference equation
" 1 " / l 1 0 2
u (x)+§u +au' (x)+2u’ (z — 1)+§:cu (@)tu(x—1)=ce+ [ tu*(t—1)dt
~1

with the following initial condition

the exact solution
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u(zr)=e

To show g-contraction for Problem 3, we have

Tu(x):a)/gg(x—t)ali ()dt—ﬁ—r(la)/;(x—t)altu’(t)dt

F(Qa/ Y () dEM_y + L )/Ow(xt)o‘_ltu(t)dt

T («
L/ (2 — 0% L (t) diM_ 1+F(1a) Om(a:—t)f(t)dt

ﬁ /O [ / 2 (4) ds} dtM_1, (63)

Tuy (x F23)/o ful dt+rg3) /Ow (x— )" tu) (t)dt
+F?3)/0 (@ — )20, (t) dtML_ 1+2r1(3) /0 (@ — )% tuy () dt
+F23)/Oz(a:—t) ()dtM1+F23)/0r($—f)f(t)dt
_|_F})/Ox(x—t)2 U_Oltul()ds]dﬂvl | (64)

@ Jo T (3)
1 z 1 o
+m/0 (@ — )% us (1) dM 1+r(3)/0 (x— 1) F (£) dt
1 T 5 0
s [ e 0? | [ nas] aney (65)
Tys — Tys| < Fg)/ (x— )2l (1) — (1) it

r®3) ./
1 r 2,7

+m/0 (& — )7 u} () = ()] dM
1 x

s / (= 0)? |1 [ua (1) — ua (1) dt
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1 r 2
+m /0 (5(3 - t) |U1 (t) — U2 (t)‘ dtM_,

vt |0 [ ) 3] as] ana o

Using Hy = ‘ygm) (t) — yém) (t)’ < Ly |y1 — y2|, gives

Lo [° Lu ("
Tuy — Tus| < ri/ (z —t)° \ul—u2\dt+—/ (@ — ) |t] |uy — up| dt
0 0

(3) I'(3)
+FL(’§) /OI (z —1)° Jug — ug| dtM_4
+ﬁ /Om (z — )% [t] |u1 — ugl dt
+ﬁ /Ox (z — t)° Juy — ug| dtM_4
+FL(Z> /OI (z —t)? [/01 It] |uy — sl ds] dtM_;. (67)

xeJ
Ln /m 2
< x —t)" sup |uy — uo|dt
T J, ¢ sl sl
m * 2
+— x —t)" sup [t| sup |ug — us|dt
F(3)/0 ( ) w€8| |a:€8| ! 2|
e [ 0 s s = M|
— x—t)"suplug —u _
r'@3) Jo veg 7 !
1 /® )
+— x — 1) sup |t| sup |ug — us|dt
F(?’)/O ( ) w€8| |m€8| ! 2|
1 z 2
+—— [ (z—1t)"sup|ur — ua|dt [ M_4]
F( ) 0 zeJ
L2 x 5 0
+ / (x —1t) {/ sup|t|sup|u1—uQ|ds} dt M_4|, (68)
F(S) 0 —1axed zeJ
1Ty — Tyal| o
< il -l [ @0t P -l [ @0t
RN *Jo I'(3) > Jo
Lm v 2
s ln =l [ @ - 0%
E) : |
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1 x
bl -l [ -0
0

e
1 ’ 2
gl =l [ =07 e
°®) :
LQK* x 9
—_— — —t)"dt|M_ 69
e Ny REE (69)
I Ly
Ty, — T < Ly, — 2 4 —
70 = Tl < i Ion = el + o o = el
Lo 1
2 _ M_ _— —
+F(4)Hy1 y2lloo | 1|+F(4)||yl Y2ll o
1
—_— — M_
L?K*
—_— - M_
+1‘(4) 1 = y2ll o M1],

0
K* :/ K (s,8)] ds = 1,

—1

1
ITy1 — Tyoll oo <7 [L1+ Lo+ Lo [M_y| 4+ 1+ [M_y| 4+ L? [M_1] [ly1 — 92l o

I'(4)
1
for g-contraction, o) [Li+ Lo+ Lo M_q| + 14 M_y |+ L* M_y|] < 1.
(70)
To show the convergence of solution for Problem 3, we have
@ =iy @)+ o [ @0 Gk e+ s [0y
T T T @) Jo 2" (@) Jo v
2 ¥ a—1 7 1 /I a—1
—_— —t t)dt | M_ —_— —1 t t)dt
o | =T e @M s [ =0 )
1 e o
i | =0 e @ de
1 T a1l 0 9
+m ; (x—1) 1tuN (s)ds| de|M_4], (71)
v@) = @)+ o [ @m0 s s [0 w0
L'(a) Jo 2 L'(a) Jo
2 * a—1 7 /z a—
— —1 M_ — t tu (t) dt
o | =0T e a0t
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ﬁ /OT (z—6)* " (t)dt [M_,|
ﬁ /Ogc (z — t)o‘*1 {/01 tu? (s) ds] dt [ M_q], (72)

lyn () —y ()] < [Hn (2) = H (2)] + 1“23)/01 (& — 1) ufy (8) — " (¢)] dt

i @0l @~ 0l

1“23/ (=) July (t) — u’ (t)] dt [M_]
g | @0 0 - uar

ng/ )? Jun (t) — u (t)] dt |M_y]|

v | @ [/ 0 ()~ 5)] s ML)

Applying hypothesis (Hy) ’y(m) (m)‘ < Ly lyr —y2| forallm > 0, we

have

lyn (2) =y ()]
< |Hy () — H (z)

Ln ’ 2
F(3)/0 (x —t)" |luny —u|dt

i [ =0 e = ula

+% /Oz (@ — 1) fun — u|dt M4

+ﬁ /0 (& — )2 |t] lun — ul dt

+ﬁ /; (@ — 1) Jun — u| dt M|

+FL(;) /Oz (@ —1)? Uol It Jun — ul ds} dt [M_y|. (74)

Taking supremum of both sides gives

sup |yn () =y ()]
xeJ
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L, [®
<sup|Hy (z) — H (z)| + / (z — )% sup luy — u| dt
wed I'(3) Jo wed

Lm /:r 2
+— x —t) sup|t|sup |luny — u|dt
F(S) 0 ( ) $€J| |w€J| |
g [ =0 sl — ulde M|
— x—t) supluy —u _
r®) Jo ver :
1 /I 9
+— xr —t) sup|t|sup |uny — u|dt
F(S) 0 ( ) z€J| |z€J| |
b [ @07 sl —ulde M|
— x—t) supluy —u _
£ Jo e :
L2 T 9 0
+ / (x —1t) [/ sup |t|sup luy — u|ds| dt [ M_1],  (75)
F(g) 0 —1zeJ x€J
L
lun = ulog < 1y = Hlloo + 5575 luw =l
Lo Lo
2 uy — 2wy —uf . M_
el = ull g+ s =l M
L () 1N T oo T gy T T Hlee B
L’K*
—_— — M_
gy o — Mo (76)

0
K :/ K (s,8) ds = 1,

-1

1— & Fa g Lo ML
S i Ee Ml <
+re i Mol + gy M|
D3 | Hy — |
luw —ul

<
© =T3-L, Ly LyM_q|— 1~ |M_y| + L2 |M_4]|
U3 ([Hy — Hl _ D30Hy — Hll _ |y —H
- '3 —T3q - I'dl-q 1—g¢q

los (77

Since ¢ < 1, |Juny — ul|, exists. Furthermore since H is not affected by the

approximate solution, this implies that Hy — H = 0. Hence,
llun — ¥l <0, which shows that it converges.

Solving Problem 3 numerically gives as follows.

Solution 3. Using N = 2 for illustration
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A=[ag a1 a))", X=[1 z 27

1-7 72 1-1 1
01 —27 01 =2
M_, (7) = ,when 7 =1,M_; = ,
00 1 00 1
00 0 00 0
(000 , 001
u"(2:) = 1000, 5u"(z:)=|001],
000 001
(001 02 —4
ziu' (x;) = il () ={02-2],
2 02 0
000 o 1-11
u(@i—1)= |51 7/tu2(t—1)dt: ~11
333 1 100
2 2 2

s Raphson’s method gives

-1 1

Substituting into the approximate solution gives

Solving A using Newton

1 1
ya () =1— ix—I— §x2,

which converges to the exact solution.

4 Discussion of results

In this section, we discussed the results obtained from the solved problems
using our developed method and the advantages of the new method over the
existing methods in the literature. We also established the uniqueness and

convergence of the solution.

Theorem 2 was used to establish the uniqueness of the method by first

establishing that T is continuous, T is g-contraction, and T is strict con-
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traction using some hypothesis. Theorem 3 shows the proof for continuity.
Theorem 4 proves the g-contraction. Using the theorem, we proved that the
result is a g-contraction, which shows the uniqueness of the method.

Theorem 5 was used to show the convergence of the solution, and it was
established that the method converges.

Problem 1: The approximation gives y3(x) = —0.0942323 4+ x, and solving
at N = 5,7,10,12 and 15, we obtained Table 1, which shows the result
obtained from solving Problem 1 at z; = —0.2 to —1.0 at various values of
N and the exact solution. Table 2 shows the error of Problem 1, and it
indicates that as our N increases, the error result becomes more consistent,
particularly when N = 12 and N = 15. It can be seen that the error is small
and more consistent across all values of x; and the values of N considered.
For instance, the least error in [27] at N = 15 is 2.37 x 107> while the least
error in our method is 0.10 x 10~® at N = 15, this clearly shows that our
method performed better.

Problem 2: The approximation gives
ys(r) = —0.1363483472° 4 0.589442798z% — = + 1,

and solving at N =5,7,10,12 and 15, we obtained Table 3, which shows the
result obtained from solving Problem 2 at z; = —0.2 to —1.0 at various values
of N and the exact solution. Table 4 shows the error of Problem 2, and it
indicates that as our N increases, the error result becomes more consistent,
particularly when N = 12 and NV = 15. It can be seen that the error is small
and more consistent across all values of x; and the values of N considered.
For instance, comparing the error of [27] at N = 15 and that of our method
at N = 12, this clearly shows that our method performs better.

Problem 3: The approximation gives y» (z) =1 — Sz + éxZ, which shows
that the results converge to the exact solution.

The numerical method is observed to be consistent and converges faster to
the exact solution, as shown in Problems 1, 2, and 3. It is also observed that
as N increases, the solution gets better. Hence the stability of the method.

Hence, from the results obtained, one may simply conclude that the nu-
merical method derived is more efficient and computationally reliable than

the existing methods in the literature.
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5 Conclusion

In conclusion, a new numerical method for solving high-order integro-differential
difference equations using Legendre polynomials with some conditions solved
Fredholm differential difference equations. Our method has proven to be ef-
fective and efficient when compared to other methods of solution. In some
of the examples, the result gave the exact solution, and for others, as we
increase our value of N, the result approaches the exact solution so fast af-
ter a few iterations. The comparison of results also shows that our method
performed favorably. All of the computations in this paper were performed
using MATLAB 15.

References

[1] Abbas, S. and Mehdi, D. A new operational matriz for solving fractional
order differential equations, Comput. Math. Appl. 59 (2010), 1326-1336.

[2] Adesanya, A.O., Yahaya, Y.A. Ahmed, B. and Onsachi, R.O. Numer-
ical solution of linear integral and integro-differential equations using
Boubakar collocation method, Inter. J. Math. Anal. Optim. Theory Appl.
2 (2019), 592-598.

[3] Ahmed, A.H., Kirtiwant, P.G. and Shakir, M.A. The approzimate solu-
tions of fractional integro-differential equations by using modified ado-
mian decomposition method, Khayyam J. Math. 5 (1) (2019), 21-39.

[4] Ajileye, G. and Aminu, F.A. A numerical method using collocation ap-
proach for the solution of Volterra-Fredholm integro-differential equa-
tions, African Scientific Reports 1 (2022), 205-211.

[5] Ajileye, G. and Aminu, F.A. Approzimate solution to first-order integro-
differential equations using polynomial collocation approach, J. Appl.
Computat Math. 11 (2022), 486.

[6] Ajileye, G. Amoo, S.A. and Ogwumu, O.D. Hybrid block method al-
gorithms for solution of first order initial value problems in ordinary
differential equations, J. Appl. Comput. Math. 7(2018) 390.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



Pantuvo, Ajileye, Taparki and Aduroja 872

[7] Ajileye, G., James, A.A., Ayinde, A.M. and Oyedepo, T. Collocation
approach for the computational solution of Fredholm-Volterra fractional
order of integro-differential equations, J. Nig. Soc. Phys. Sci. 4 (2022),
834.

[8] Atabakan, Z.P., Nasab, A.K., Kiligman, A. and Eshkuvatov, Z.K. Nu-
merical solution of nonlinear Fredholm integro-differential equations us-
ing spectral homotopy analysis method, Math. Probl. Eng. 9 (7) (2013)
674364.

[9] Berinde, V. Iterative approzimation of fized points, Romania. Editura
Efemeride, Baia Mare, 2002.

[10] Bhraway, A.H. Tohidi, E. and Soleymani, F. A new Bernoulli matriz
method for solving high order linear and nonlinear Fredholm integro-

differential equations with piecewise interval, Appl. Math. Comput. 219
(2012), 482-497.

[11] Biazar, J. and Gholami, P.M. Application of variational iteration method
for linear and nonlinear integro-differential-difference equations, Int.
Math. Forumb (2010), 3335-3341.

[12] Darania, P. and Ebadian, A. A method for the numerical solution of the
integro-differential equations, Appl. Math. Comput. 188 (2007), 657—668.

[13] Elmaci, D. and Baykus Savasaneril, N. The Lucas Polynomial solution
of linear Volterra-Fredholm integral equations, Matrix Sci. Math. 6(1)
(2022), 21-25.

[14] Elmaci, D. and Baykus Savasaneril, N. Solutions of high-order linear
Volterra integro-differential equations wvia Lucas polynomials, Montes
Taurus J. Pure Appl. Math. 5 (1) (2023), 22-33.

[15] Ercan, C. and Kharerah, T. Solving a class of Volterra integral system
by the differential transform method, Int. J. Nonlinear Sci. 16 (2013),
87-91.

[16] Gulsu, M. and Ozturk, Y. On the numerical solution of linear Fredholm-
Volterra integro-differential Difference Equations with Piecewise Inter-
vals, Appl. Appl. Math. Comput. 7(3) (2012), 556-557.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



873

[17]

[18]

[19]

[23]

[24]

Numerical method for the solution of high order Fredholm ...

James A.A. and Ajileye, G., Ayinde A.M. and Dunama, W. Hybrid-block
method for the solution of second order non-linear differential equations,
J. Adv. Math. Comput. Sci. 37(12) (2022), 156-169.2456-9968.

Karakoc, S.B.G., Eryilmaz, A. and Basbuk, M. The approzimate solu-
tions of Fredholm integro-differential difference equations with variable
coefficients via homotopy analysis method, Math. Probl. Eng. (2013)
Article ID: 261645.

Khan, R.H. and Bakodah, H.O. Adomian decomposition method and
its modification for nonlinear Abel’s integral equations, Comput. Math.
Appl. 7 (2013), 2349-2358.

Matar, M.M. Nonlocal integro-differential equations with arbitrary frac-
tional order, Konuralp J. Math. 4(1) (2016), 114-121.

Mehdiyeva, G. Ibrahimov, V. and Imanova, M. On the construction
of the multistep methods to solving the initial-value problem for ODE
and the Volterra integro-differential equations, IAPE, Oxford, United
Kingdom, 2019.

Oyedepo, T., Ayinde, M.A., Adenipekun, A.E. and Ajileye, G. Least-
squares collocation Bernstein method for solving system of linear frac-
tional integro-differential equations, Int. J. Comput. Appl. 183(22)
(2021), 0975-8887.

Oyedepo, T., Ayoade, A.A. Ajileye, G. and Ikechukwu, N. J. Legen-
dre computational algorithm for linear integro-differential equations,
Cumhuriyet Science Journal 44(3) (2023), 561-566.

Oyedepo, T., Ishola, C.Y., Ayoade, A.A. and Ajileye, G. Collocation
computational algorithm for Volterra-Fredholm integro-differential equa-
tions, Electron. J. Math. Anal. Appl. 11(2) (2023), 1-9.

Palais, R.S. A simple proof of the Banach contraction principle, J. Fixed
Point Theory Appl. 2 (2007) 221-223.

Rahmani, L., Rahimi, B. and Mordad, M. Numerical solution of
Volterra-Fredholm integro-differential equation by block pulse functions
and operational matrices, Gen. Math. Notes 4 (2) (2011), 7-48.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



Pantuvo, Ajileye, Taparki and Aduroja 874

[27] Taiwo, O.A., Alimi, A.T. and Akanmu, M.A. Numerical solutions for
linear Fredholm integro-differential difference equations with variable co-
efficients by collocation methods, JEPER 1 (2) (2014), 175-185.

[28] Volterra, V. Theory of functionals and of integral and integro-differential

equations, Dover Publications, 2005.

[29] Yalcinbas, S. and Akkaya, T. A numerical approach for solving linear
integro-differential-difference equations with Boubaker polynomial bases,
Ain Shams Eng. J. 3(2) (2012), 153-161.

[30] Zada, L., Al-Hamami, M., Nawaz, R., Jehanzeb, S., Morsy, A., Abdel-
Aty, A. and Nisar, K.S. A new approach for solving Fredholm integro-
differential equations. Inform. Sci. Lett. 10(3) (2021), 407-415.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



	Numerical method for the solution of high order Fredholm integro-differential difference equations using Legendre polynomials
	P.T. Pantuvo, G. Ajileye, R. Taparki and O.O. Aduroja

