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Nonpolynomial B-spline collocation

method for solving singularly perturbed

quasilinear Sobolev equation

F. Edosa Merga™ "~ and G. File Duressa

Abstract

In this paper, a singularly perturbed one-dimensional initial boundary
value problem of a quasilinear Sobolev-type equation is presented. The
nonlinear term of the problem is linearized by Newton’s linearization
method. Time derivatives are discretized by implicit Euler’s method on
nonuniform step size. A uniform trigonometric B-spline collocation method
is used to treat the spatial variable. The convergence analysis of the scheme
is proved, and the accuracy of the method is of order two in space and order
one in time direction, respectively. To test the efficiency of the method,

a model example is demonstrated. Results of the scheme are presented in
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tabular, and the figure indicates the scheme is uniformly convergent and

has an initial layer at ¢ = 0.
AMS subject classifications (2020): 65M06, 65M12, 65M22, 65M50.

Keywords: Singularly perturbed; Quasilinear; Sobolev; Trigonometric B-

spline.

1 Introduction

A singularly perturbed differential equation is a differential equation in which
the highest order derivative is multiplied by a small positive parameter £ that
is recognized as a perturbation parameter. While solving these types of prob-
lems, the use of classical numerical methods on a uniform mesh may cause
large oscillations as the perturbation parameter approaches zero in the entire
domain of interest due to the boundary layer behavior. Therefore, to ignore
this oscillation, several researchers constructed suitable numerical methods
for these problems, whose accuracy does not depend on the perturbation
parameter [7, 13, 12, 14, 15, 16].

This study deals also with the singularly perturbed initial boundary value
problem of quasilinear Sobolev equation in the domain Q = Q x [0,7],Q =
[0,1],@Q = (0,1) x (0,T],2 = (0,1) of the form:

Lu+ f(x,t,u) =¢ [%7;] — a% —&—ﬁu% + f(z,t,u) =0, (2,t) €Q,

T

u(z,0) = o(z), zeQ,
u(0,t) = u(l,t) =0, t e (0,17,
| 1)
where [%] = — 8?;;2 + %—7;, € is a small perturbation parameter 0 < ¢ <

1, and @ > 0 and § are given constants. Moreover, ¢(z) and f(z,t,u)
are assumed to be sufficiently continuously differentiable functions in Q and
Q x R, respectively.

Sobolev types equation arises in several mathematical problems, such as
homogeneous fluid flow in fissured rocks [4], thermodynamics and propa-

gation of long waves of small amplitude [20], quasi-stationary processes in
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semiconductors [5], shear in second-order fluid [11], application of control
theory [21], and other physical models. The analysis, development, and im-
plementation of numerical methods for the solution of singularly perturbed
pseudo-parabolic/Sobolev types of problems have received wide attention and
developed in [3, 2, 1, 6, 8, 9, 10, 17].

The numerical method of (1) has been studied in the difference schemes for
the singularly perturbed one-dimensional initial boundary value problem of
Sobolev equations with initial jump [1]. Finite elements with piece-wise linear

functions in space and exponential functions in time variables are applied.

Trigonometric B-spline is a nonpolynomial B-spline with a sine function,
which was introduced by Schoenberg in 1964 [19]. Even though the trigono-
metric B-spline function is used to approximate several types of differential
equations, it is not applied to quasilinear Sobolev types of equations. Moti-
vated by this, we present the cubic trigonometric B-spline collocation method
for solving the one-dimensional initial boundary value problem of singularly
perturbed quasilinear Sobolev types of the equation. Implicit Euler and cu-
bic trigonometric B-spline collocation methods are used to control the time

and space variables, respectively.

The outline of this study is the following sequences. A linearization of the
numerical scheme is presented in Section 2. In Section 3, the properties of
the continuous solution are discussed. Numerical formulation of the problem
is presented in Section 4. Convergence analysis and numerical results are
considered in Sections 5 and 6, receptively. Finally, the conclusion of the

study is given in Section 7.

2 Linearization of the problem

The one-dimensional singularly perturbed initial boundary value problem of

Sobolev equation (1) can be rewritten as

_ 83u + @, @4,1?( t @
“oto2 " “or ‘oz R

where F(z,t,u, %) = Bu% + f(z,t,u).

) =0, (l‘,t) €Q, (2)
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641 Nonpolynomial B-spline collocation method ...

To linearize (2), we consider an initial guess for the function wu(z,t) by

denoting u(?)(z,t) that satisfies both initial and boundary conditions:

O (2, 1) = %gp(aj) (1+e%). 3)

Applying Newton’s linearization method on F(x,t, u, g—;j)) for the function

u(9) (z,t), we obtain an (n + 1)th iteration:

) 8U(n+l)

ou(™
F(a:,t,u("Jrl ' om ), &

= F(x,t,u™
) = Fla,t,u™, —5—)
OF
(n+1) _, (m)) 28
—|—(u v )8u‘("(")v4a“a(:))
Aut) Gy OF
+< o ox )a(g;)(w%a’éﬁ))‘

(4)

Substituting (4) into (2) and after some rearrangements we obtain

53 (D) Hu(n+D) 924+ 1)
0t tET g T AT g2

ou (1)

+a(z, t) 22— + bz, )u ) = g(z, 1),

u(x,0) = p(x), r €,
w(0,¢) = u(l,t) =0, t e (0,17,

where

oF oF
a(z,t) = W|(“(”)’B%7T)7 b(x,t) = %|(u<n>)%),

.
(2,1) = u™ 2| (Y oF |
g\x,t) = ou (u(n),auéi(;)) ox 8(%) (u(n)ﬁ%i(w"))
u(™

— F(m,t,u("), %)

3 Properties of continuous solution

Lemma 1. Let ¢(z) € C?[0,l] and the derivatives g;{, g;{(s =1,2), %{ €

C(Q). Then, for the solution u(x,t) of (1), the following estimate holds:

O su(z,t)
ot Ox®

‘ < Ce™ ", forall (z,t)€ (Q),r=0,1,s=0,1,2 (6)
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for any fixed [ and T, and provided that

]\4005_1W <1,
2w

where
_ -1 |/8|l w2
g = <a—M0a or 212 (7)
\/ 12 + 72
M=% (el + = e 100 ) ®

and C is a generic positive constant,which is independent of £ and mesh

parameters.

Proof. Consider the integral identity

(Lu,u)q + (f,u)y =0,

and taking into account that ( 81; ) o = 0. Then,

ou By 9%u ou
(50),~Catmn) (o ), +(Bugpow) o, =0

Estimating these inner products on an interval 0 to [, we obtain

!
5/ Dz — /8t8x2 /—udaz—k/o f(z,t,u)udx = 0.

From the linearization by assuming f(z,t,u) ~ f(x,t,u(®) + %u and F =

f(z,t,u®), we have

ed ed (Ou Ou ou Ou af B
Qa(uau)o—ia <8x»ax)0—a<ax,6$>o+(F,u)o+(aumu)o—o.

This become
2
2
+ ||U||0> +a
0

ed [ ou
2dt \||0

Applying an inequality (F,u), > — || F|lo l|ullo, ¥

ou||?

ox

+ (Fu), + (;{u,u>o 0. (9

0

:l2+‘ﬂ'2 for 0 < v < 1 into

(9), and after rearrangement, we get
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643 Nonpolynomial B-spline collocation method ...

el b2 ) 42
dt , o “ l2+ 8x

Choosing Cy = a12+ﬂ2 and § = H

ou

or

2
+ ||uo> < 2([F g [ullo -
0
(10)
Ho + ||u||§, the inequality (10) is written
as

£d'(t) +2C10(t) < 2[|F g [Jull, - (11)
Solving the differential inequality (11), we obtain

1t

1t 1 2 —-C
+ (g o L0l (1))

el
(5(t) S 506 €

. 2 2 2
with 6o = [[elly = llello + ll¥'llo-

Using by the virtue of embedding inequality £ H ||O > ||u|| o into (12)

and after some mathematical manipulation, we obtain
lu(z, t)] < i <(52

Using an identity

82
<Lu a 2) (f) 8332) ? (]‘4)
ed (Ou Ou 0%u Ou 0%u Ou
o 1. a9 + o 1. a 99 o + @ a0 99
2dt \ Oz’ Ox 2 dt 022" 0x ), 022’ 0x /
0%u of 0%u
Using of Friedrich’s inequality (15) then, after some rearrangement, we obtain
i @ ’ + @ ’ _|_2a 71—72
“at \ || oa2 0 oz ||, 12 4 w2 0
0

8%u
<2|Fllo|| 73] - (16)
0

1
+ g gux 1760l ). (13)

83:2

H@x

which is written as

82

ed’ (t) +2C16(t) < 2 ||FHO , (17)

9%u

where 0(t) = ‘ 500

+ HauHO and C = O‘l2+7r2
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By solving the differential inequality (17) and applying embedding in-
equality, we get
| | < (18)

With the same process from an 1dent1ty

A3u A3u
(L“’ 8t8x2>0 - (f ’ 8t8x2>0’ (19)

we obtain
aSu 2 82u 2 ) ou 2 82u
< — -
HatW 0 H@tax 0 ”“”“Ha Hw HFII0 (20)

which leads to (6) for r = 1, s = 1,2, by using the proved estimate for
1551y = 0,12,

Finally, we can write (1) as a form

Pu 0u
EW—’_QW :(b(if,t), (21)
where ¢(z,t) = e2% + Bud™ + f(t,z,u) and |$(z,t)| < C with the estimate
of (6) immediately for r = 0,1,s = 2. O

Lemma 2. Under the assumption of Lemma 1, the following inequality holds:

0 @t
D <ofi+ete ™y, telo,T), (22)
ot ||,

where wy = Q with C = al;j_%, which is given in the above.

Proof. Differentiating (1) with respect ¢ and proceeded with %1;, we have

+ ﬁu@

d ( du O3y 0%
dt ox

With an assumption % ﬁug—g =0, we can have

E@ Ou (. 0*u Ou B 0u Ou . of Ou —O
oot ), \Corzox> ot ), \“otox? ot ), \ ot ot
e (34.8),2- 4,
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2
+
o ([ 2o ) el <]
2
Applying an inequality relation H%H | 8—1‘H0 < C% %HJ—C& H%Hi, it gives
d (|ou]® || 8%u | 2 ou|?
— | [|= — <C 24
“dt <Hat Hatax o Hata +H8t )= (24)
here C' = son 22+ 2 ||2
where Btﬁw + 1|EH0+CT |y
Inequahty (24) is ertten as
ed' (t) + C16(t) < C, (25)
where §(t) = H H1 = H Ho Hataz
This is similar to §(t) = Hv||0 + ||11’||0 for v = || Ho and Cy = a12+ﬂ2
Solving inequality (25), we get
1 —oqt
o(t)<C 1—&-6—26 =, (26)
which yields
ou 1 -cy¢
=l <c(1+=e= ).
il =€ (1 2)
With wg = %, it gives
@ <C (1 +5_1eﬂ:0t) .
ot |,
O

4 Numerical scheme formulation

4.1 Temporal discretization

Mesh generation
Based on (22), there is an initial layer in the neighborhood of ¢t = 0 of order
wp 'e|ln g| thickness, where @y is given by (7). We divide two nonoverlapping

subintervals [0, o] and [g, T], with the transition parameter
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T
0= min{E,wo_le\lnd}.

=N
Let Q, = {t; };V be the set of mesh points. Now, we define piece-wise uniform

mesh points as

—wo_lslnN[l—(l—s)%], i=0,....5, ifo=1,
tj = %q%mNh—@—{$ﬂ%y i=0,...,%, ifo<?
. T—
Q+(1_%)T7 J:%)""N’ 7-22( N‘Q)'

To discretize time derivative of (5), we use the implicit Euler method on
nonuniform step size on the domain: QY =0 =1ty <t; < - < ty <tjp1 <

<ty =T, j=01,....,M -1, 7(j) = t(j+1)—t(j) at the point
(2,tj). Then, (5) becomes

a 2 d 1t W1 )
- (T(Eﬂ + 5) O () + a(z,tj41) P~ () + (ﬂaj) + b(xatj-&-l)) wt ()

—c 9!

= 75 Gt (@) + 755 (2) + g(@, ).
(27)

7

Lemma 3 (Semi-discrete maximum principle). For each j =1,2,..., N —1
let Z;+1 be a sufficiently smooth function on domain Q. If Z;1(0) > 0,
Zj41(1) >0, and L™Wu;q(z) > 0, 2 € Q, then Z;41 >0, for all z € (.

Proof. Assume that there is (z*) such that

Zjt1(x") = min Z; 4 (x) > 0.
€N,
From the assumption it indicates that z* ¢ {1,2}, which implies «* € (0, 1).
Applying the property of extreme values in calculus gives %Zj.l,_l(m*) =0,
and %Zjﬂ(ac*) > 0, given that L™Wu; 1(2*) < 0, which contradicts to
LT(j)ujH(x*) >0,z € §. Therefore, we conclude that Z; 1 > 0, for all z €

Q. Hence, the operator L™ satisfies a semi-discrete maximum principle. [

Lemma 4 (Local truncation error). Consider the bound on the derivatives

Laehl <0, forall (a,t) € (7).

Then the local error estimate in the temporal direction is given by

of u(z,t) with respect to tgiven by ‘

lej+all < C ()%,
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647 Nonpolynomial B-spline collocation method ...
where €11 = w/ T (z) — U7 (x) is the local error estimate in the temporal

direction at (j + 1)th time level.

Proof. From (27), we have
W (z) —ui(x)  T(j) 0% 0? (Wt (z) —u!(z) T(5) 0%/
(G - w) e (o - )
R TR Oudtt
_ OZW + a(ac, tj+1)W + b({L‘7 tj+1)u
= g(xﬂtj"rl) + O(TQ(j))za (Ivt) € Q
(28)
Multiplying (28) by 7(j), it gives
, , 7(5)% 0%u? 0? , , 7(5)% 0%’
(w0t ) - TETE @) - e (v - vl - T T )
82 Jj+1 ) Jj+1
— ar() g + T()al@, i) o + ()bt Ju
=7(j)g(x,tj1) + O(r(1)?, (a,1) € Q.
(29)

By rearranging this, we obtain
0?2 T(y o 0 '
(E — E@ - % (aﬁxz - G,(J?,tj+1)% - b(l‘vtj-i-l))) uj_‘—l(x)

— (== ep02 ) W)+ 70 ol )
2 4
00?5508 — 501 ) W)+ O (M), (30)
1)

which is written as
LT (2) = T'(z,tj41) + O (7())%,

where
82 () [ 8 )

Plotyan) = (2= ez ) wt) +70) oo ty10).

From the boundedness of the solution, we have

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661
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LIV (z) = [(w,tj41) for all z € Q. (32)

Now, from the desired mesh, we consider two case:
Case 1: For 7(j) € [0, 0], let us consider max{r(j) = 71 }.
Now, from (31) and (32), it yields

1£7 (! (@) = U7 (@)]| = 1€2ej1]l < C (m)*.

Case 2: For 7(j) € [0,1], let us consider max{7(j) = m2}.
Again from (31) and (32), we have

1£T (W (@) = U7 (@)]| = 1€2ej1]l < C (12)°

with the boundary conditions w/*(0) — U*1(0) = €;11(0) = 0 and
uw/T(1) — U7F1(1) = e;41(1) = 0. Hence applying the maximum principles

and choosing that 7 = max{r, 72} give
2
lej+1ll < C ()"
O

Lemma 5. [Global error estimate] Under the hypothesis of the Lemma 4,

the global error estimate in the temporal direction is given by
|Ejp1ll, < C(r)?, forall j<T/At,

where E; 1 is the global error estimate in the temporal direction at (j+ 1)th

time level.

Proof. Using local error estimates up to (j + 1)th time step given in Lemma

2, we get the following global error estimates at (j + 1)th time step

J

1Bjsalle =D el » d+1<T/7()
k=1 oo
<lleillo + llezlloe + lleslloe + -+ llex 1l
< g+ 1(r(5))° (by Lemma 4)

<a(G+1)7() (7))
saT(r(), (G+1r() <T)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661
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(1(3)) choosing 7 =max{7(j)}

4.2 Spatial discretization

Descretizing the interval equally by knots z; into N subintervals [z;, 2;11],
1 =20,1,...,N — 1, such that 0 = zg < 1 < -+ < xy = [ as a uniform
partition of the solution domain 0 < x <[ with the step length h = x;4,1 —

r;=+4,i=0,1,...,N—1.
The piece-wise cubic trigonometric B-spline basis function T'B;(x) over
the uniform mesh is defined as [22]:

TB;(x)
. T—T; _o

(sin)? (T7> ; T < X1,
sin (I g 2) [sin (z zl‘2> sin (¥i-%) + sin (I“'Qlﬂv) sin (z zl_l)]
+sin<z d 2)sin2(:”"2_g”), i1 <z <y,

_ ! . [ @iyo—w oz o [ Tip1— s (@ipo—a\ . (z—z; 33

o(m | S (f) [sm( 3 )sm( 3 ) +sm( 5 )sm (T’)] (33)

+sin (w_z“z) sin? (1”21_”@) , z; <z <wit1,
sin3 <W> , T < Tit2,
0, otherwise,

where w(h = sin (%) sin (k) sin (22) and {TB_1(z),TBo(), ..., TBn(z), TBy1(z)}
form a basis over the region 0 < z < [. The coefficients of the approximate

function T'B;(x) and its derivatives are given in Table 1.

Table 1: Coefficients of cubic B-splines and its derivatives at knots

z Ti—2 Ti—1 Ti Tit1  Tiy2

TBi(z) 0 moom M 0
TB;(z) 0 -n3 0 13 0
TB;(z) 0 ne M5 4 0

We have
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202

sin % 2 3
= sin(h) sin(32)’ mETE 2cos(h)’ = 4sin(3)’
B 3(1 4 3cos(h)) B 3cos?(L)
=6 sin®(%) (2cos(%) + cos(32))’ T i (2) (14 2cos(h))’

Let U(z) be the cubic trigonometric B-spline collocation to approximate (1)

and given as
M+1

Uw) = Y ai(t)TBi(w), (34)

i=—1
where «;(t) is an unknown time-dependent parameter to be determined from
the collocation method together with using the boundary and initial condi-
tions. Using (34) and Table 1, an approximate values of U(x,t) and its first

and second derivatives at the knots are

Ui = moy—1 + naoy; + oy,
Ui/ = —M30—1 + N304 1, (35)
U, =101 + N5 + N1y

By substituting (35) into (27), we obtain

( ( >—773aj+1+77 ba+1> g+1+< s <§+a> _H’ng‘ﬂ) ag‘ﬂ
G 7(4)

£
( m(r(J m)*rrsa”lwbﬁl) ol

( ng T — m)) al_y + (—Tf]) (5 — 772)) o

+ ( 7)(774 —771)) ol +glth

7(J
(36)
This can be written as
rialfl 4 rfal T wrfalll =g ol +gfal +¢fal 90T (3T)
where
roo— (5 > ~psad
b
7 T ]) 7 K2

Bl

=15 (6 ) + bl
(J)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661
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6 . .
r=—m ( + 04) +mzaltt bl
7(7)

q = —% (74 —m),
g = —Tij) (15 —m2),
+___ &

q; = T(]) (774 771)'

Imposing the boundary condition

Using the boundary conditions into (35), we have for ¢ = 0,

2 j j

. . ) ) 1
j j J_ i
ma’y +neap +may = ¢o =l = —¢g — —ap — oy (38)
T m
fori =N,
i j i i 1 j ™. (39
Moy _q + 20y + oy = ON = Qg = a@ﬁN —Qy_q — HQN (39)
Substituting (38) and (39) into (37), we obtain
c — j+1 — j
(7‘0 — %ro ) a‘é"’ + (rar - ) ozf)'*'1
= (qg — %q&) aé + (qar — q(;) aé + (%qﬁg — %¢6+1> -|-g(1)'-%—17
rralt 4 rfal ™ 4 rballl = qral, afal +afaly, + i,
TN — r;(,) ag\;ill + (T‘]CV - %r?{,) ozg\;rl
v ) o+ )
= (qf; - q}) oAy, + <q§i; - %q;’,) o4y + (%@5?\7 - ﬁdﬁvﬂ) + g%,
u(zi, 0) = p(z4), z; € Q,
’l,L(O7 tj+1) = u(l,thrl) =0, tijit1 € (O,T].
(40)

Equation (40) is an (N 4+ 1) x (N 4 1) system of linear equations.

Determination of the initial vector af

An initial vector can be calculated from the initial condition and first space

derivative of the initial conditions at the boundaries. At the knots x;, the

following relations are used:

U%(x0,0) = ¢ = ma®; + nead + nal
U%3i,0) = ¢y = mad_; +meal + mady,,  i=1,2,...,N—1,

U%(1,0) = ¢ = mal_; +mal +maR ;.

From first derivative of (35), we also have

(41)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661
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0 0 0\/ 0 0 1 0\’
nzal —mzal; = (¢p) = a2, =af - s (¢0) »

/ 1 ’
773049v+1 - 7730é9v—1 = (¢?v) = a?\rﬂ = Oé(z)vq + % (¢?v) : (42)

Substituting (42) into (41), we obtain an (N + 1) x (N + 1) system of linear

equations:
M /
772&8 +2mal = ¢>8 + 77—3 (¢8)
may_y +mead +mad,, = U3,0), i=1,2,...,N—1,

77 /
2maly_y + el = 6% — 77; (o%)"- (43)

5 Convergence analysis

Lemma 6. The trigonometric B-spline collocation {T'B_;(x),TBgy(x),...,
TBn(x),TBn+1(z)} defined in (33) satisfies the inequality
N+1

> ITBi(z)| <6, z€[0,1]. (44)

i=—1

Proof. From the triangular inequality, we have

N+1

.Z TB;(z)

i=—1

N+1

< Z |TB;(x)] .

i=—1

At any node z;, we have

N+1
> ITBi(x)| = |TBi-1(2)| + |TBi(x)| + |TBiy1 (v)]

i=—1

= ||+ 2| + Im| < 4.

At any point in each subinterval ;1 < x < x;, we also have

N+1 N+1
> ITBi(z:)| <2 and > |TBia(xi1)| <2,
i=-1 i=—1

and similarly for z € [x;_1,z;], we have

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661



653

Nonpolynomial B-spline collocation method ...

N+1 N+1
> TBin(x)| <1 and Y |TBi_a(xi1)| < 1.
1=—1 i=—1
Therefore
N+1

> ITBi(x)| = [TBi—a(x)| +|TBi—1(z)| + [T Bi(x)| + [T Biy1 (x)| < 6. (45)

i=—1

O

Lemma 7. Let u(z) be the exact solution of the boundary value problem (40)
and let U(z) = Zi]\;tll a;(t)TB;(x) be the trigonometric B-spline collocation

approximation of u(x). Then
lu(z) = U@)]l < C (h?) (46)
for sufficiently small h, and C'is a positive constant.

Proof. Let U(x) = Zi\f_ll a;TB;(z) be a unique spline interpolate to be
computed B-spline approximation to u(z), where &; = (@, aq, - . - ,o_zN)T.
To estimate |[u(z) — U(x)||, we must estimate the errors ||u(z) — U(z)||

and ||U(z) — U(x)

, respectively. Now, (40) is written as
At = H, (47)

where H = Bozg + D.
Following (47) for U(x), we get

Aaltt = H, (48)
AL (gl gl 41\ 7
where o; " = (ao ,Oq L ay )
Now, from (47) and (48), we obtain
A (ag+1 - o?{*l) = (H-H). (49)
To proceed this, we consider the following theorem.

Theorem 1. Suppose that H € C?[0,1] that u(z) € C*[0,1], and that
Q, ={0=m9 <z <---<axy =1} is a uniform partition of [0,!] with the

step size h. If U(x) is the unique trigonometric B-spline approximation for
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u(zx) at the knots xg, ...,z n, then
U(z) — u(z)| < O(h?),

|U(k)(x) —u®)(z
(

|U(k)(x) —u®)(z
Proof. See [18]. O

Setting the right-hand side of (27) by H; and using Theorem 1, we obtain
the bound HH—f{H as

|H; — H;| = ’cuz + au; + bu; — e, + ai; + big;

< el lu; —a; |4 |b] |u; — @ | + |b] |u; — @) ,
where
c=— (55 +%) a=a@tin) b= 5 +b(tn),
which is
|H; — H;| < || O(h?) + [b| O(h?) + [b] O(h®) < K (h?), (50)

where K = |c| + |b] + [b] O(h). Now from (49) and (50), we have

il

ol t1 _5[3‘+1H = ||H - H|| < Kn%.

This yields

Moreover, T'B;(x) and its derivative up to the second order have nonvanishing

ot —alt| < Kn2 A (51)

values at the mesh points [z;—2,z;12] and at other mesh points it is zero.
Using these facts, the matrix || 4| is a tridiagonal and diagonally dominant

matrix. Hence, the matrix is nonsingular, and A~! is bounded. Then, we

where K} = K ||A7!||. Again from U(z) — U(z) and Lemma 7, we get

get

oIt - ag“H < K12, (52)

N+1
U(x) = Ux) = Y (0 —a;) TBi(x) < kh®, k= 6k (53)

i=—1

Therefore, from Theorem 1 and (53), we get
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O

Theorem 2. Let u(z,t) be the solution of (1) and let U(z;,%;41) be the
solution of the total discretized equation. Under the hypothesis of Lemmas
5 and 7, then the e—uniform estimate holds

= tiv1) — Uzistjr)] < C (B2 54
b raieniax L fu(@itin) = Uz ti) < C (R +7), (54)

where C' is the constant independent of €, h, and 7.

Proof. The proof is obtained by applying the triangle inequality. O

6 Numerical results

To demonstrate the validity of the proposed scheme for the problem, one
model example is presented. As the exact solution of this example is not
known, the maximum point-wise error for the given example were computed

by using the double mesh principle as

ENM _ yN-M _ 2N.2M
! = : :

max i i ,

1<i<N-—1

where UZ-N’M is the numerical solution obtained on the mesh DV = QY x QM
with N mesh intervals in the spatial direction and M mesh intervals in the
temporal direction. For any value of N and M, the e—uniform errors are
calculated using

ENM — maXEéV’M.
£
The rate of convergence of the scheme is calculated by the formula

PNM log(EXNM) — log(E2M-2M)
N log(2) ’

and the e—uniform convergence is calculated by
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o _ T (E) g (52

Example 1. From [1]

log(2)

5% - 66(227;2 - 2% + %u% = exp(—t) sin(7x),

u(z,0) = sin(rzx), x €y,

w(0,t) = u(l,t) =0, t € (0,1].

Table 2: ENM for N = M

€ 32 64 128 256 512
20 5.5142e-03 2.8124e-03  1.4209e-03  7.1420e-04  3.5806e-04
272 1.9178e-02  1.0254e-02  5.2831e-03  2.6643e-03  1.3257e-03
24 5.1476e-02  3.3936e-02 2.1160e-02 1.1892e-02 5.1156e-03
26 5.1485e-02  3.3947e-02  2.1168e-02 1.1900e-02 5.1221e-03
28 5.1487e-02  3.3950e-02  2.1170e-02 1.1902e-02  5.1239e-03
2710 5.1488e-02 3.3951e-02 2.1170e-02 1.1903e-02  5.1243e-03
212 5.1488e-02  3.3951e-02 2.1170e-02 1.1903e-02  5.1244e-03
214 5.1488e-02  3.3951e-02 2.1170e-02 1.1903e-02 5.1245e-03
216 5.1488e-02  3.3951e-02 2.1170e-02 1.1903e-02 5.1245e-03
ENM 51488e-02  3.3951e-02  2.1170e-02  1.1903e-02  5.1245e-03
rV-M 0.60078 0.68143 0.83070 1.2158
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Table 3: EN'™ for the proposed method with N = 60

N=40 N=80 N=160 N=320 N=640

20
272

2—6
2—8
2710
2—12

2—14

EN’M

FNM

5.3980e-03  2.8124e-03  1.5094e-03 9.1150e-04 7.7675e-04
1.9182e-02  1.0254e-02 5.3330e-03  2.7775e-03  1.5158e-03
5.1414e-02  3.3936e-02  2.1200e-02  1.1953e-02  5.2045e-03
5.1426e-02  3.3947e-02 2.1207e-02 1.1869e-02  5.2096e-03
5.1430e-02  3.3950e-02  2.1209e-02 1.1871e-02 5.2110e-03
5.1431e-02  3.3951e-02  2.1210e-02 1.1871e-02 5.2113e-03
5.1431e-02  3.3951e-02 2.1210e-02 1.1871e-02 5.2114e-03
5.1431e-02  3.3951e-02 2.1210e-02 1.1871e-02 5.2114e-03

5.1431e-02  3.3951e-02 2.1210e-02 1.1871e-02 5.2114e-03
0.59918 0.67871 8.373 1.1877

Numerical Solution U(x,t)

X-axis 0 0 t-axis

Figure 1: Numerical solution for N = M = 64 and ¢ = 278,
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Error Solution using S-mesh

Error Solution u(x.t)

t-axis

—e—oiNT)
p —a—=p?
z —8— 08
& —h— 0
= ——e=p"
=
E
(=]
£
@
Q 21
210
3
[%2]
fiw]
[
E
=]
E
&
=
a .
10
10? 10°

N in log scale

Figure 3: Log-log scale plot for Example 1.

The computed maximum point-wise errors are also presented in Tables
2 and 3. From Table 2, one can observe that as ¢ — 0 and time step size
decreases with uniform spatial step size, then maximum point-wise also mono-
tonically decreases, and the rate convergence of the method is almost one.
Table 3 also yields as temporal step size decreases for fixed spatial step size;
then the results of maximum absolute point-wise error also decrease. From
Figures 1 and 2, one can also observe that the mesh is dense near the ini-

tial, and hence, it indicates that the solution of the model example has an
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initial layer at ¢ = 0. The log-log plot of the scheme is also displayed in
Figure 3, which confirms an agreement of the theoretical and numerical re-
sults. Finally, the result from the model example confirms that the proposed

numerical method is convergent.

7 Conclusions

A nonpolynomial B-spline collocation method was implemented for singularly
perturbed quasilinear Sobolev problems with initial boundary value prob-
lems. Newton’s linearization method was applied to linearize the nonlinear
parts. An implicit Euler method in time variable and cubic trigonometric
B-spline collocation was used to approximate the space variable and obtain a
three-term recurrence relation. Convergence analysis of the scheme was con-
sidered, and the scheme was accurate of order O(h? 4 7). The results from
the model example indicated the method is accurate for different values of
e, M, and N. In general, the effect of the perturbation parameter indicated

that the scheme has a layer at initial points ¢ = 0.
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