Iranian Journal of Numerical Analysis and Optimization
Vol. 16, No. 2, 2026, pp 385446

https://doi.org/10.22067 /ijnao.2025.95479.1732 pm—
https://ijnao.um.ac.ir/
Research Article a

BY NC

Fractal-fractional dynamics of HIV/AIDS: Unveiling

the synergistic impact of condoms, prophylaxis, and

antiretroviral interventions for epidemic control

G.O. Acheneje ™!, J. Amos!, E. Abah!, W. Atokolo!, B.C. Agbata?, Shyamsunder®™ 3, A K.
Awasthi* and B. Bolaji'

Abstract

*Corresponding author

Received 17 September 2025; revised 6 November 2025; accepted 19 November 2025

Godwin Onuche Acheneje, (achenejegodwin@gmail.com)
Jeremiah Amos, (amosjeremiah1997@gmail.com)
Emmanuel Abah, (abahemmanuel1995@gmail.com)
William Atokolo, (williamsatokolo@gmail.com)

Benedict Celestine Agbata, (agbatacelestine92@gmail.com)
Shyamsunder, (skumawatmath@gmail.com)

A K. Awasthi, (dramitawasthi@gmail.com)

Bolarinwa Bolaji, (bolarinwa.s.bolaji@gmail.com)

IDepartment of Mathematical Sciences, Prince Abubakar Audu University, Anyigba, Nigeria, Laboratory of
Mathematical Epidemiology, Prince Abubakar Audu University, Anyigba, Nigeria.

2Department of Mathematics and Statistics, Confluence University of Science and Technology, Osara, Kogi
State, Nigeria.

3Department of Mathematics, SRM University Delhi-NCR, Sonepat-131029, Haryana, India.

4Department of Mathematics, School of Chemical Engineering and Physical Sciences, Lovely Professional

University, Phagwara, Punjab, India.

How to cite this article

Acheneje, G.O., Amos, J., Abah, E., Atokolo, W., Agbata, B.C., Shyamsunder, Awasthi, A.K. and Bolaji,
B. , Fractal-fractional dynamics of HIV/AIDS: Unveiling the synergistic impact of condoms, prophylaxis, and
antiretroviral interventions for epidemic control. Iran. J. Numer. Anal. Optim., 2026; 16(2): 385-446.
https://doi.org/10.22067 /ijnao.2025.95479.1732

385


https://doi.org/10.22067/ijnao.2025.95479.1732
https://ijnao.um.ac.ir/
https://orcid.org/0000-0002-5395-8680
https://orcid.org/0000-0002-8020-0541
https://doi.org/10.22067/ijnao.2025.95479.1732

Acheneje, Amos, Abah, Atokolo, Agbata, Shyamsunder, Awasthi and Bolaji 386

HIV/AIDS remains a global health crisis, with over 39 million people living with HIV in 2023,
mainly in sub-Saharan Africa. This study presents a novel fractal-fractional order model
to capture memory effects and heterogeneous transmission patterns in HIV dynamics. Unlike
classical integer-order models, it integrates fractional derivatives (for long-term dependencies)
and fractal dimensions (for self-similar contact networks). We prove solution positivity, bound-
edness, and compute the basic reproduction number Ryp, with global asymptotic stability at
the endemic equilibrium when Ry > 1. Sensitivity analysis identifies mortality, AIDS pro-
gression, contact rate, and treatment uptake as key Rgp drivers. Fitted to South African data
(2010-2023), the model estimates Rom = 0.95 and projects a 28% decline in new infections
by 2033 under current trends. Numerical simulations using a second-order Adams—Bashforth
scheme show lower fractional orders induce realistic oscillations, outperforming integer-order
models in data fit and forecasting. Results underscore that synergistic scale-up of con-
doms, PrEP, and ART is critical to achieving HIV elimination.

AMS subject classifications (2020): 92D30, 34A08, 26A33, 35R11, 37N25, 92C60, 65L05, 35B35

Keywords: Fractal-fractional model; HIV/AIDS transmission dynamics; Basic reproduction

number; Sensitivity analysis; Adams—Bashforth scheme.

1 Introduction

Human immunodeficiency virus (HIV) and acquired immunodeficiency syndrome (AIDS) remain
among the most significant global public health challenges of the modern era. HIV is a lentivirus
that attacks the human immune system, specifically targeting CD4+ T helper cells, which are
crucial components of the adaptive immune response [43]. When left untreated, HIV progres-
sively weakens the immune system, leading to AIDS, a condition characterized by opportunistic
infections and malignancies that ultimately prove fatal [23]. According to recent epidemiolog-
ical data, approximately 38 million people worldwide are living with HIV, with sub-Saharan
Africa bearing the heaviest burden of the epidemic [45]. The transmission of HIV occurs pri-
marily through unprotected sexual contact, sharing of contaminated needles, mother-to-child
transmission during pregnancy, childbirth, or breastfeeding, and transfusion of infected blood
products [20]. Understanding these transmission pathways has been fundamental in develop-
ing comprehensive prevention strategies that form the cornerstone of global HIV control efforts.
Implementing evidence-based prevention interventions has demonstrated remarkable success in
reducing HIV incidence rates in various populations and geographical regions [14]. Condom
use represents one of the most effective and widely accessible prevention methods for reducing

sexual transmission of HIV. When used consistently and correctly, male latex condoms provide
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approximately 80-95% protection against HIV transmission during heterosexual intercourse [48].
Female condoms have similarly demonstrated high efficacy rates, offering an additional option
for individuals seeking barrier protection methods [25]. The promotion of condom use through
comprehensive sexual education programs and widespread distribution campaigns has been as-
sociated with significant reductions in HIV incidence across diverse populations [39].

Pre-exposure prophylaxis (PrEP) has emerged as a revolutionary biomedical intervention
for HIV prevention among high-risk populations. PrEP involves the daily administration of
antiretroviral medications, typically a combination of tenofovir disoproxil fumarate and emtric-
itabine, to HIV-negative individuals who are at substantial risk of infection [27]. Clinical trials
have demonstrated that consistent PrEP use can reduce HIV acquisition risk by up to 99% in
sexually active adults [5]. The World Health Organization now recommends PrEP as part of
comprehensive HIV prevention programs for individuals at high risk of HIV infection [49]. Post-
exposure prophylaxis (PEP) serves as a critical emergency intervention following potential HIV
exposure incidents. PEP involves the administration of a 28-day course of antiretroviral therapy
(ART) initiated within 72 hours of exposure, with optimal effectiveness achieved when treatment
begins within 2 hours [19]. Studies have shown that timely PEP administration can reduce HIV
transmission risk by approximately 80%, making it an essential component of comprehensive
HIV prevention strategies [18]. PEP protocols are particularly important for healthcare workers
experiencing occupational exposures, individuals reporting sexual assault, and those experiencing
high-risk sexual or injection drug use exposures [30]. ART has transformed HIV from a uniformly
fatal diagnosis to a manageable chronic condition. Modern ART regimens effectively suppress
viral replication, restore immune function, and dramatically improve quality of life and survival
outcomes for people living with HIV [37]. Furthermore, the concept of treatment as prevention
has gained significant recognition, with studies demonstrating that individuals achieving unde-
tectable viral loads through consistent ART adherence cannot transmit HIV sexually, a principle
known as “Undetectable = Untransmittable” (U=U) [40]. This breakthrough understanding
has profound implications for individual health outcomes and population-level HIV prevention
strategies [21].

Mathematical modeling has become increasingly important in understanding infectious dis-
ease dynamics and evaluating intervention strategies [12, 34, 33, 17, 1]. Multigroup formulations
with stability analysis and optimal control have recently proven effective for regional COVID-
19 management [22], motivating our fractal-fractional extension to capture memory-driven HIV
persistence in sub-Saharan Africa. Traditional integer-order differential equation models have
provided valuable insights into disease transmission patterns and control measures [6]. However,
these conventional approaches often fail to capture the complex memory effects and heredi-

tary properties inherent in biological systems, particularly in the context of chronic infections
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like HIV [6]. The human immune system exhibits nonlocal temporal correlations and memory-
dependent responses that are more accurately described by fractional calculus formulations [38].
Fractional-order differential equations incorporate noninteger derivatives that provide more flexi-
ble and realistic representations of biological phenomena characterized by memory and hereditary
effects [29]. In HIV dynamics, fractional-order models can better capture the gradual immune
system deterioration, the long-term effects of viral persistence, and the complex pharmacokinetic
properties of antiretroviral medications [7]. These models have demonstrated superior fitting ca-
pabilities compared to classical integer-order models when applied to real-world HIV progression
data [24]. Recent advances in fractional calculus have led to the development of fractal-fractional
operators, which combine the benefits of fractal geometry and fractional calculus to model com-
plex systems with both memory effects and fractal properties [9]. The fractal-fractional approach
is particularly well-suited for modeling biological systems that exhibit self-similar patterns across
multiple scales, such as the hierarchical structure of immune system responses and viral pop-
ulation dynamics [10]. These operators provide enhanced flexibility in capturing the intricate
dynamics of host-pathogen interactions while maintaining mathematical rigor and computational
feasibility [11].

The application of fractal-fractional methods to infectious disease modeling has gained con-
siderable attention in recent literature. Studies have successfully employed these techniques to
model various infectious diseases, including tuberculosis, malaria, and COVID-19, demonstrating
improved accuracy in predicting disease trajectories and evaluating control strategies [41, 28, 4].
The fractal-fractional framework allows researchers to simultaneously incorporate multiple scales
of biological organization, from molecular-level viral dynamics to population-level transmission
patterns, providing a more comprehensive understanding of disease progression and intervention
effectiveness [31].

In the specific context of HIV/AIDS modeling, integrating fractal-fractional operators of-
fers unique advantages for capturing the multi-scale nature of infection dynamics. The fractal
component can account for the spatial heterogeneity in viral distribution within tissues and the
scale-invariant properties of immune cell networks, while the fractional component addresses
the memory effects associated with immune system priming and antiretroviral drug accumula-
tion [13]. This dual approach enables a more accurate representation of the complex feedback
mechanisms governing HIV pathogenesis and treatment responses [35]. Developing robust nu-
merical methods for solving fractal-fractional differential equations has facilitated their practical
application in epidemiological modeling. Advanced computational techniques, including spec-
tral methods, finite difference schemes, and machine learning-enhanced algorithms, have been
developed to handle the increased mathematical complexity while maintaining computational

efficiency [44]. These methodological advances have made fractal-fractional modeling accessible
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to researchers investigating complex biological systems, opening new avenues for understanding
disease dynamics and optimizing intervention strategies.

Based on the reviewed literature, there exists a significant gap in the mathematical modeling
of HIV/AIDS transmission dynamics, particularly in exploring the combined impact of prophy-
laxis and antiretroviral therapy on reducing disease burden in human populations. This research
addresses this gap by employing a novel fractal-fractional order modeling approach, offering
a more nuanced analysis of the transmission dynamics compared to traditional integer-order
methods.

The remaining part of this manuscript is outlined as follows: In Section 2, the HIV/AIDS
integer-order model is presented; Section 3 presents the HIV/AIDS model in fractal-fractional
order form. The major analysis of the model is carried out in Section 3. In Section 4,qualitative
analysis of the fractal-fractional HIV/AIDS model are presented, and Section 5 contains the

concluding remarks of the work.

2 Model formulation

2.1 Key assumptions in model formulation

1. The model presumes a uniformly mixed population where each individual has an equal
likelihood of encountering an infected person, as described by the force of infection term
Am [15].

2. It is assumed that PrEP, PEP, and ART exhibit partial effectiveness, quantified by the

efficacy parameters €1, €9, and 7, respectively [26].

3. The model posits that ART lowers the viral load, potentially allowing individuals to revert
to a less infectious state (governed by parameter y), while also reducing the likelihood of

transmission (modified by parameter 7) [20].

2.2 Model description

The human population (N) is divided into seven mutually exclusive groups (see Figure 1 for a

visual overview and Table 1 for parameter definitions): Susceptible individuals (Sg ), susceptible
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Figure 1: A diagram outlining the epidemiological compartments for HIV/AIDS transmission, depicting groups
including susceptible individuals, those on PrEP, exposed individuals, those on PEP, people infected with HIV,
those with HIV/AIDS, and various treatment stages [2]

individuals on PrEP (Sp,.gp), exposed individuals (Ef), exposed individuals on PEP (Epgp),
individuals infected with HIV only (Ip), individuals with HIV/AIDS (A), and individuals with
HIV/AIDS on ART ().

As illustrated in the top-left of Figure 1, new individuals enter the susceptible population
at a rate A. From Sy, individuals may transition to Sp,.gp at rate wy (top branch) or become
exposed (Ep) via the force of infection Ay (central infection arrow). The force of infection
depends on the transmission probability per contact with infectious individuals (I, A, or Ty),
modulated by contact rate vy, condom adherence ¢ and efficacy ¥, and number of sexual partners
~v > 1. A natural mortality rate 8y applies to all compartments (shown as downward arrows in
Figure 1).

The parameter 7 (0 < n < 1) reduces transmission from the treated group (Tp) compared
to Iy or A (indicated by a lighter infection arrow from Ty in Figure 1). The middle section of
Figure 1 shows exposed individuals (Ef) progressing at rate oy either to PEP (Epgp, proportion
0) or directly to Iy (proportion 1 — ). PrEP reduces infection risk by factor 1, with failure
leading to exposure at (1 — e1)Agy. Similarly, PEP has efficacy €2, with failure transitioning
individuals to Ig at rate os.

The lower part of Figure 1 depicts disease progression and treatment pathways: HIV-infected
individuals (Ig) either initiate ART at rate 61 or progress to AIDS (A) at rate p;. Individuals

in A enter treatment at rate 5. Treated individuals (T%) experience reduced disease-induced
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mortality (©dr) and may revert to Iy at rate x due to treatment interruption or virological

failure. Disease-induced mortality rates are d; for Iy, 4 for A, and 67 for Ty.

A key feature of the model is the reversible treatment pathway: Individuals in the ART

group (Ty) transition back to the untreated HIV-infected group (Iy) at rate x > 0, representing

treatment dropout, poor adherence, or virological rebound (see reversible arrow between Iy and

Ty in Figure 1). This mechanism ensures the model reflects real-world challenges in sustaining

viral suppression and prevents unrealistic assumptions of permanent treatment efficacy.

Table 1: Table of variables and parameters for the HIV/AIDS transmission model.

Variable (Parameter) Description

SH
SpreP
Ey
Epgp
Iy

A

Ty

A

AH

YH

E‘A

WH
€1
(]. — 81))\H

01

02
€2

1

02
Or
04
o7

@ =

Susceptible individuals

Susceptible individuals on PrEP

Exposed individuals

Exposed individuals on PEP

Individuals infected with HIV only

Individuals with HIV/AIDS

Individuals with HIV/AIDS on ART

Rate of entry into the susceptible population

Force of infection for HIV/AIDS

Contact rate between susceptible and infectious individuals
Condom use adherence rate (0 < ¢ < 1)

Condom efficacy (0 < ¥ < 1)

Number of sexual partners per individual (y > 1)

Natural mortality rate across all groups

Parameter for reduced transmission in the treatment group (0 <
n<1)

Rate of transition to the PrEP group

Effectiveness of PrEP (0 < &1 < 1)

Failure rate of PrEP leading to exposure

Progression rate of exposed individuals

Proportion of exposed individuals using PEP

Failure rate of PEP leading to infection

Effectiveness of PEP (0 < g5 < 1)

Rate of transition of HIV-infected individuals to ART

Rate of progression of HIV-infected individuals to the HIV/AIDS
group

Rate of transition of HIV/AIDS individuals to ART
Disease-induced mortality rate for HIV-infected individuals
Disease-induced mortality rate for HIV/AIDS individuals
Disease-induced mortality rate for individuals in the treatment
group

Rate of reversion to the HIV-only group due to reduced viral load
Parameter for reduced disease-induced mortality in the treatment
group
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2.3 Model equations

Based on the model description, the system of differential equations governing the HIV/AIDS

transmission dynamics in the human population is expressed as

dsS
TtH =A- (g +wyg+0x)SH,
dSp,
% =wySuy — (1 —e1)A\w +0u) Sprep,
dEy
= AaSu + (1 —e1) aSprep — (01 + ) En,
dFE
ZEP =001Eg — ((1 —e2)o2+0u) Epgp,
dl
Tf =1-0)01Eg + (1 —e2)o2Epgp — (61 + p1 + 01 +0r) Iy + XTh,
dA
yi pilg — (02 + 64+ 0m) A,
ATy
W=91[H+92A—(X+@§T+9H)TH, (1)

where the total population is N(t) = Sy + Sprgp + Ey + Eppp + Iy + A+ Ty, and the force
of infection is defined as Ay = (1_§¢)77H(]§H+A+”TH) for the HIV/AIDS model in (1).

2.4 Background materials

The manuscript relies on fractal-fractional operator definitions, which we outline first. Let 7
represents the fractional order, and let ¥ denotes the fractal dimension. One assumes a function
y(t) is continuous and possesses fractal differentiability on the interval (a,bd) with respect to 1.

These definitions are detailed in references [8, 36].

Definition 1. [8] The Caputo fractional differential operator employs the Mittag-Leffler kernel
to define the fractal-fractional derivative of a function y(t) at order 7 and fractal dimension

as follows:

FFHJPy(t) = 220 / E, [ (¢~ s)f] W) gy 4> a0, 2)

1—71 1—71
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where 7,9 € (0,1], and AB(1) = 1 — 7 + Ty I8 the normalization function satisfying

AB(0) = AB(1) = 1. The fractal derivative is defined as

dx(t) _ 1. z(s)—z(t)
o = limg s —F——.

The Mittag-Leffler function is given by

k

E (2) =312, m, z,1€C, 7>0,

where C is the set of complex numbers.
Definition 2. [8, 36] The fractal-fractional integral with the Mittag-Leffler kernel in the Caputo

sense, of order 7 and dimension ), is defined as

Y1 =)ty (1)
AB(1)

FFHGy(t) =
TY ! —1 -1
R t—s)" d t>a>0. 3
e L T e s ¢z a> 3)
Definition 3. [8] For z € C((a,b),R), the fractal Laplace transform of order v is given by
F - -1
Lgx(t) = /o x(t) exp(—pt)t¥ =1 dt. (4)
Lemma 1. [36] Consider the fractal-fractional initial value problem:
FFH a(t) = G(t,2(t), t€[0,T], 7.4 €(0,1], (0) = . (5)
This can be equivalently expressed as

FFHJ x(t) = 9t*'G(t,2(t), te[0,T], 7€ (0,1], 2(0)= . (6)

The corresponding integral equation for the solution is

P71 — 7)G(t, z(t))
AB(T)

z(t) =z(0) +

__¥r tsw*1 — 871G (s, x(5)) ds
+EE = 9 Gl () s 7)

Lemma 2 (Banach fixed point theorem [3]). In a Banach space X, let D C X,D # () be
a closed subset. An operator P : D — D has a unique fixed point in D if it satisfies the

contraction condition.
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Lemma 3 (Krasnoselskii’s fixed point theorem ). [42] Let D C Y be a nonempty, closed, and

convex subset of a Banach space Y. For operators P and () such that

1. Pu+ Qu € D whenever u,v € D,

2. @ is compact and continuous,

3. P is a contraction mapping,

there exists k € D such that k = Pk 4+ Qk.

3 Analysis of HIV/AIDS model

The fractal-fractional derivative operator is applied to advance the HIV/AIDS model within the
Mittag-Leffler kernel framework, with 7 € (0, 1] and ¢ € [0, 1], as follows:

where

FFHGYSu(t) = G (t,Su (1), Sprep(t), Eu (t), Eppp(t), In(t), A(t), Tu (1)),
FFH&’ZPSPREP(LL) =G2(t,SH(t),Sprep(t), Ex(t), Eppp(t), I (1), A(t), TH (1)),
FFHV Ep(t) = Gs (t, Su(t), Sprep(t), Ex (), Eppp(t), I (t), A(t), Tu (1)),
FFHJ”?EpEp(t) =G4 (t,Su(t), SprEP(t), Ex(t), Eppp(t), Ig(t), A(t), Tu(t)),
FFHG {15 (t) = Gs (¢, S (1), Sprep(t), Ex (1), Epep (), I (£), A1), Tr (1)) |
FFHGPA(t) = Gg (t, Su (1), Sprep(t), En (t), Eppp(t), In (1), A(t), Th (1)),
FFH&’Z”TH('?) =G7(t,Su(t), SprEP(), Ea(t), EPEP(Y), IH (1), A(t), TH()),

Gi =G (t,Su(t),Sprep(t), Eu(t), Eppp(t), In(t), A(t), Th(t)) .
The functions G; for i = 1,2,...,7 are defined as follows:

Gi=A—(Ag +wn +0u) SH,

Go =wgSy — (1 —e1)\g +0u) SprEP,

Gz = AuSu + (1 —e1)A\uSprep — (01 + 0u) En,

Gy =001Fy — (1 —e3)o2+0y) Epgp,

Gs = (1—0)o1Eg + (1 — e2)02Eppp — (01 + p1 + 01 +0m) Iy + XTH,
Ge = p1rlg — (02404 +0u) A,

Gr = 0115 + 04 — (x + O67 + 051) T

(®)
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with initial conditions

Suo > 0,SprEP0 > 0,EH0 > 0, Epppo > 0,180 > 0, A0 > 0,THo > 0.

The fractal-fractional FF-HIV/AIDS model is labeled as (8). If 7 = 1, then the model
reduces to an integer-order system as in (1). If ¢» = 1, then it simplifies to a fractional-order
HIV/AIDS model.

3.1 Positivity of the model solution

Define the nonnegative region
RZF = {G = RZF :G >0 and (SH7SPREP,EH,EPEPalH;A»TH)T}v

where (-)7 denotes the vector transpose.

Theorem 1. G satisfies boundedness in Ri in addition to being nonnegative for the solution of
the FF-HIV/AIDS model described by (8).

Proof. For t € (0,00), the existence and uniqueness of the FF-HIV/AIDS model (8) is obtained.
This result follows from the Lipschitz continuity of the right-hand side functions G(¢, X) in the
bounded region 2, which ensures that the associated integral operator is a contraction mapping
on a suitable Banach space of continuous functions. The Lipschitz condition holds because all
transition rates (infection, progression, treatment, mortality) are either linear or bilinear in the
state variables and are uniformly bounded due to population saturation and density-dependent
transmission. Under these conditions, the Banach fixed point theorem guarantees a unique
solution on any finite time interval, which can be extended globally by continuation.
Consequently, The nonnegative region Rl represents a positive invariant region according
to the presented content. Our research used the FF-HIV/AIDS model described in (8) as the

basis for our analysis:

FFH/ Su(t)=A >0,

FFH{Y Sprep(t) = wy Sk >0,

FFHgthH(t) =AgSu + (1 —e1) \aSprep >0,

FFH{Y Eppp(t) = 001Ey > 0,

FFH&,’ZbIH(t) =(1-0)o1Eyg + (1 —e3)02Eprp + xTu > 0,
FFHA(t) = ply >0,
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FFH ! Ty(t) = 6115 + 624 > 0. (10)

If (Sy,SprEP, EH,EpEp,In,A,TH) € Rl, then from the time interval from (10) solution G
remains prevented from escaping through the hyper planes.
Consequently, Rl is a positively invariant and N = Sy +Sprpp+FEFy+FEpep+Ig+A+TH.
So from the FF-HIV/AIDS model (8), we obtain

{FFHg;fN () (t) = A — 0N — 51z — G4 A — ®5TTH} . (11)

Using the fractal Laplace transform in (3), we conclude that N(¢) < % as t — 0.
So we now have the biological range of values of the FF-HIV/AIDS model (8) as follows:
(Su,Sprer. En, Eppp,In, A, Tn) € R”
:Su,SpreP, En, Eppp, Iu, A, Ty >0
and N(t) < 7-.

This shows that the above model is biologically feasible.

The biological implication of these fractal-fractional theorems is that they ensure the model
behaves realistically over time: No population compartment can become negative, and the total
population remains bounded by a natural ceiling determined by birth rate (A) and natural death
rate (Ag). This reflects real-world demographics where populations grow but are limited by
resources and mortality. The positive invariance property means that once individuals enter
a disease state (e.g., exposed, infected, or under treatment), the model correctly tracks their
progression without artificial loss or gain. Furthermore, the boundedness result implies long-
term stability of the population size, which is crucial for sustainable public health planning
and intervention forecasting—especially in high-burden regions like sub-Saharan Africa, where
uncontrolled population growth in models could lead to misleading predictions of disease spread
or intervention impact.

O

3.2 Basic reproduction number of the HIV/AIDS model

The basic reproduction number, Ryg, is computed using the next-generation matrix method
[47], a standard approach for compartmental epidemic models as developed by Van Den Driessche
and Watmough. This method involves separating the population into infected compartments and
constructing the Jacobian matrices of new infections (F) and transitions between infected states

(V) at the disease-free equilibrium. The spectral radius of the next-generation matrix F)V~1

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 385-446



397 Fractal-fractional dynamics of HIV/AIDS: Unveiling the synergistic impact of condoms, prophylaxis, ...

yields Rgg, representing the expected number of secondary HIV infections produced by a single

infected individual in a fully susceptible population over their infectious period.

Therefore, Ropy = p (FV '), where F is defined as the matrix of infection and V is defined

as the matrix of the transient terms.

(00 (1—<‘I’Z)?7HZz (1—<\I'Z)’IWHZz 77(1—§‘Ié)1’Y’YHZ2 T
00 0 0 0
F=100 0 0 0
00 0 0 0
00 0 0 0
[P0 0 0 0]
—v9y P 0 0 O
Vi=|-v3 —v3z2 P3 0 —x
0 0 —p Pu 0
00 6 —6; Py |
[F\F, Iy Fy F |
00 0O0O0
proa_ |00 000
00000
00 0O00O0
00 0O0O0
where

vo1 = 001, v31 = (1 — 0) 01, v32 = (1 — €2) 09,

Po=(014+0y),Po=((1—¢e2)oa+0g),Ps=(01+p1+ 6 +0n),

P4 = (92 +(5A +9H),P5 == (X‘i‘@(ST +9H>7 Zl = (wH +9H)7 ZQ = ((1 —El)UJH +9H)
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ﬁ:’YH (s —1)(Pavsy +v21v32) Zo (01 + Ps) Py + pr (n02+4 Ps))y
Py ((=P3 Ps+ x01) Pa+ x02p1) P> Z4 ’
L (01 + Ps) Py+ pr (02 + Ps))vza (s —1) 2y
Py ((=P3 Ps +x01) Py + x02p1) Z1 ’
@:7(¢§—1)((7791+P5)P4+01 (1024 Ps)) Zavu
Zy ((—=P3 Ps + x01) Py + x 02 pr) ’
Y (Ws—1) (61— 02) x — 5 (nb2+ Ps)) Zaym
Zy ((Py 01+ 02 p1) x — P3 Py Ps) ’
7Bt X) Pitprx)y s —1) Zayu
Zy ((=P3 Ps+x01) Py + x 02 pr)

B

The dominant eigenvalue of F'V ~! which is the basic reproduction number of the HIV/AIDS

model is given as

(L=<sp)yuy((n01+ Ps) Pya+ pr (n02+ Ps)) (Pavs1 + v21 v32) Za
ZyPy Py (Py(P3Ps; — x01) —62p1X) .

Roy = (12)
4 Qualitative analysis of the fractal-fractional HIV /AIDS

model

To demonstrate the qualitative results of the HIV/AIDS model (8), we need the specified Banach
space. Let 7 = [0,T] represent the time interval of all continuous real-valued functions denoted

asY =C (’7’ x R7, R) equipped with the norm

|zl = |(St, SpreP, En, Epep, Iu, A, Ty )|
= [|Sull + [ISprep|| + |Eull + |Epep |l + |[1all + [|Al + | TH],
[Sull = Sup |Su(t)] = Ani,
(S

|SprEPIl = iup|SpREp(t)\ = Apo,
(S
|Eull = b;lelplEH(tn = Aps,
|Epep| = iuplEpEp(t)‘ = Ay,
€T
1|l = sup [T (t)] = Ans,
ter
4]l = sup |A®)] = Ars,

I Tw|l = sup T (1) = Anz. (13)
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Here (S, Sprep, En, Eppp,In,A,Ty) € X. Let G€ X and z € C(7,R).
Then, the HIV/AIDS model (1) can be expressed as
{ FRH;/o(t) = Glt,a(0)), ¢ [0,7T),7,0 € (0,1],

x(0) = o,
where
Su(t) Su(0) G1(t, Su(t))
Sprep(t) Sprep(0) Ga(t, Sprep(t))
Ep(t) Ep(0) Gs(t, En(t))
z(t)= | Epgp(t) |, =(0)= EPEP(O) , Gt,z(t) = | Gua(t,Eppp(t) |- (14)
Iu(t) I (0) Gs(t, Iu(t))
A(t) A(0) Ge(t, A(t))
Ty(t) Tw(0) Gr(t, Tu(t))
The solution of problem (13) corresponds to this integral equation when G;, i = 1,2,...,7, are

defined as in (8):
x(t) (0) + PtT T (1— () )(t ,z(t)) + AB(T)F(T) fo P—1 t B 5)7- 1G(S :L‘( ))ds,

T

We simplify the calculatlons by introducing the following symbols in this work:

G1(t, Su(t)) = G (t,Su(t), Sprep(t), Eu(t), Epep(t), I (t), A(t), Tu (1)),
2(t,Sprep(t) = G2 (t, Su(t), SprEP(t), EH (), EPEP(t), IH(E), A(t), TH(1))
Gs(t, Eu(t)) = Gs (t,Su(t), Sprep(t), Ea(t), Eppp(t), Iu(t), A(t), Tu(t)),
Ga(t, Eprp(t)) = G4 (t,Su(t), Sprep(t), Ex(t), Eppp(t), Iu(t), A(t), Tu(t)),

(t,

(t,

(t,

)

Gs5(t,Ig(t)) = G5 (t,Su(t), Sprep(t), Ex(t), Eppp(t), In(t), A(t), Tu(t)),
Go(t, A(t)) = Ge (t, Su(t), Sprep(t), En(t), Eppp(t), In(t), A(t), Tu(t)),
G7(t,Tu(t)) = G7 (t,Su(t), Sprep(t), Eu(t), Eppp(t), [n(t), A(t), Tu(t)) . (15)

The FF-HIV/AIDS model (8) represents the following set of Volterra integral equations accord-

ing to Lemma 2:

PtT Y1 — 7)Gy(t, Su (1))
AB(T)

Su(t) = Su(0) +

__ Y tsw—l T O (5. S () ds
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P71 — 7)Ga(t, SprEP(t))
AB(T)

Sprep(t) = Sprep(0) +
. AB(iﬁ)Tr(T) /Ot sUL(t — 8)7\Ga(s, Sprur(s)) ds,
But) = B (0) + L= D)0t Pl
L /tswl(ts)fng(s,EH(s»d&

T ABOT() Jo
’(/JtT_l(l — T)G4(t, EpEp(t))
AB(T)

Epgp(t) = Epep(0) +

YT o —
JrAB(T)F(T)/O s? 1(t75) 1G4(5,EpEp(s))ds,

PtT Y1 — 7)Gs (¢, Iy (1))
AB(T)

Ig(t)=1g(0)+

771}7— tsd’*l —g)7 ! s s))ds
+EE L e 7 G T s

YT (1 = T)Ge(t Alt))
AB(T)

A(t) = A(0) +

711}7— tsw_l —5)" ! s, A(s))ds
e T T Gals Al s,

Y71 — 7)Gr (¢, Ty (t))
AB(T)

Ty (t) = Ty (0) +

_¥r tsw—l S G (5. T (s)) ds

In view of (16), we define an operator,. : X — X, where

L= (L17 12,13, l4,5,l6, L7)7

Pt 1 — 7)G1(t, Su(t))

(LlaSH)(t) = SH(0)+ AB(T)

b /t SVt — 5) ™G (s, Su(s)) ds,

AB(7)I'(7) Jo
YT Y1 = 7)Ga(t, SprEP(Y))

(t2,SprEP)(t) = SPrREP(0) +

AB(T)

+ __vr /t s¥7Ht — 8)7 7 Ga(s, Sprep(s)) ds,

AB(7)I(7) Jo
YT 1 = 7)G3(t, Eg(t))
AB(T)

(L3,EH)(t) = EH(O) +

VT[T 1 G (s, Ea(s) ds
B T Gt B s

400

(16)
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’L/JtT_l(l — T)G4(t7EpEp<t))

(ta, Eppp)(t) = Eppp(0) +

AB(T)
YT ! -1 r—1
+W/o 971t — 5)71Ga(s, Epp(s)) ds,
Yt (1 = 7)G5(t, Iu (1))

([,57 IH)(t> = ]H(()) +

1,[)7' ! — T—1
+A.B(T)F(T)/ s¥ 1(t75) Gs(s,Iy(s))ds,

0
1—7)Ge(t, At))
AB(T)

AB(T)

(16, 4)(1) = A(0) + L

7¢T t:s‘/’*1 — )T Gs(s, A(s)) ds

0
PtT (1 — 7)Gr(t, Tr (1))
AB(T)

(7, Tu)(t) = Tu(0) +

__ YT tsw—l T G (s T () ds

Fractal-fractional dynamics of HIV/AIDS: Unveiling the synergistic impact of condoms, prophylaxis, ...

(17)

We transform the examined model into a fixed point problem for fixed point theory investigation:

x = tx. This will apply to create a fixed point theory. Our next section demonstrates the FF-

HIV/AIDS model (8) achieves a single solution.

Theorem 2. Let G € Y satisfy the assumption B;. There exists a constant Lp.x =

max{Ll, LQ, Lg, L4, L5, L67 L7}7 such that

G(t,Su(t),Sprep(t), En(t), Eppp(t), Iu(t), A(t), Tu(t))
—G(t,Sy), Sprept), Ex(t), Eppp(t), I5(t), A*(t), Ty (t))

-1 |Su — Si| + |SprEP — SPREP| + |EH — EY|

+|Epep — Ebpp| + g — I+ |A— A*| + Ty — T}

For any

SH(t),SPREp(t),EH(t),EpEp(t),IH(t),A(t),TH(t) €X andte T, and

(1/}(1 — )T+ TTTW?IFWH)) Lunax. < 1, then the FF-HIV/AIDS model (8) has a unique

D(r+¢) AB(7)

solution.

Proof. Let Dz1 be a bounded, closed, and convex subset defined as
(Su(t), Sprep(l), Eu(t), Eppp(t), In(t), A(t), TH (1)) € X :

71 = , with radius

|\(St,SpreP, B, Erer, In, A, Th)| < Z4

; -1 .
e (9 (1) T + D ) S

min T(r+) AB(7)

W1 TTTTYTIT(41) ) Ipax
1*(’1’(1*7)Tmin + TrT9) ) AB(1)

, where
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Omax = Max {Suo(t), SprePro(t), Ero(t), Eppo(t), Iro(t), Ao(t), Tro(t)} , and let
Supse, |Gi(s,0)] = Gf <400, ©=1,2,3,4,5,6,7.

First, we show that tDz; C Dyz;. For any
(SH(t),SPREP(t),EH(t),EpEp(t),IH(t),A(t),TH(t)) c DZla teT, we obtain

YT — 1)

[(t1Se) ()| < [SH(0)] + AB(T)

T tsw71 —s)7 ! s s))|ds

YT — 1)
AB(T)

+1Epep ()| + [ Iu(t)] + [A®)] + |Tu (t)]) + Gl

Tw ! — T—1
- EE = 9 s (1S (0) + [Spren(o)

+1Eu ()| + [Eppp(s)| + [u(s)] + [A(s)] + [Tu(s)]) + Gil ds

|G1(t, Su (1))l

< |SH(0) + (L1 (ISe(®)] + |SprEP(t)| + |ER(L)]

< Spo+ Y1 —7)T™1 7T 10 (g + 1)
= PHO AB(T) AB(T)L(7 + )
X [Ly ([|Sull + |Sprep|| + [|Eul| + [|[Epep| + [1u|| + Al
+1Tx) + Gl

ATVt pre—l .
Thus, [l Sul < Swo + (“gpmn + Tt ) 1121 + Gil.

Similarly, for i = 2,3,...,7, we have

Y1 —7)TY Y F T (g 4 1)
AB(T) AB(T)T(T+ )

lt2SprEP|| < SPREPO + ( ) [L2Zy + G3],

YA —7)TY T (g 4 1) i}
lesErll < Eno + ( AB(7) AB(OT(r + ) ) [L3Z3 + G3],

Y1 —7)Teit  rT™7IT (g + 1)
AB(T) AB(T)T'(t +v)

|taEprepl| < EpEpPo+ < ) [LaZs+ G,

YA —7)TY T () + 1)

les Terl| < Trao + ( AB(T)min AB(ML(r + ) ) (Lals + G5
V(A —7)TY Y TR (g 4 1) .
lee Al < Ao + < AB(7) AB(OT(r + 0) ) (L6 Zs + G|,
YA — )Y T (g + 1) i
le7Th|| < Tho + ( AB(7) AB(OT(r £ 0) ) [L7Z7 + G7].

402

(18)

(21)
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This implies tDz1 C Dz;.

Secondly, we show that ¢ is a contraction. Assume

(Su(t),Sprep(t), Eu(t), Eppp(t), Iu(t), A(t), Tu(t)) € Dz,
and

(St (1), Sprp(t), B (1), Eppp(t), [5 (1), A*(1), Ti (1) € Dz

‘We have

[(t1SH) () = (0S7) (1)]

b=l — 7
< P IGA(t Su(0) - Gt S5 (0)

__vT__ tsd’_l — )1 s s)) — G1(s, SE(s))| ds
EE = 97 G Si(9) = G Sy .

AB(T)I’
PtV (1 - 1) YT tswq _ gyl $)ds

= AB()

B e L e N U Y

L,
- ( AB(T) I'(yp+7) ) AB(T) IAT-

LiA(t) +

Similarly, for i = 2,3,...,7, we obtain

[(t2SprEP)(T) — (L2SESREP)(25)

AB(T) L(y —|— T) AB (1)
(eaEr)(t) — (L3 B ) ()]

Y1 —7)TY Y FTTH I (g 4 1) Ls .
< (g EEPMLIS
1)

AB(T) I'(y+71)

((taBppp)(t) — (aEppp)(t)|

(1 —n)Tet | TTTH I + Ly .

< (Mg ) s Sl -l
|(t51m)(t) — (es1fr)(2)]

Y — 7)Y T (g + 1) Ls .

—( AB(7) T(Y+7) )ABTZ”X A

(.6 A) () = (16 A7) (2)]

Y(1—7)Toit TN+ 1)\ Le e
S( AB(r) | T@+7) )AB(T);HXJXJH’

(22)
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(7 Tr)(t) = (7 T) (1)

Y —n)Ten' | T+ ) L .
<< AB(r) T Tt )ABZT);HXJ'_XJ‘

|, (23)

where

SONX; = X5 =1Su — Syl + ISprEP — SpREP
J

+[|Ea — Exll + |Epep — Epppll
+ g = Il + [|A = A" + | Te — Tl -

Since ¢ = (11, L2, 3, L4, L5, L6, t7) and  Lpayx > 0, we have

e (t, S, SprEP, Et, EpEp, IH, A, TH)

-t (t7 S;—Ia S;;REPa E;—IvE;;EPa I}'},A*,T;_})H

_ (e =T T )
- AB(r) I +1)
Lmax | 1S5 = Syl + [1SprEP = SPREPI + [ EH — EXll
AB(T) |+ Epep — Epppll + 11 — Il + 1A = A*|| + | Trr — Tl

By the condition, ¢ is a contraction. By Lemma 2, the FF-HIV /AIDS model (8) has a unique

solution.

The biological implication of this fractal-fractional fixed point theorem is that it guarantees a
unique long-term trajectory for the HIV/AIDS epidemic under given initial conditions and inter-
vention strategies. In real-world terms, this means that the future course of the epidemic—how
many people will be susceptible, exposed, infected, or under treatment—is determined unam-
biguously by current population states and control measures (e.g., PrEP uptake, ART coverage,
condom use). This uniqueness is critical for public health decision-making: Policymakers can
trust that model predictions (such as the expected decline in new infections by 28% by 2033) are
not ambiguous or dependent on arbitrary mathematical artifacts. It ensures that intervention
planning—whether scaling up prophylaxis, improving treatment access, or enhancing behavioral
prevention—will have a consistent, predictable impact on disease dynamics, thereby supporting

reliable resource allocation and epidemic control in high-prevalence settings like South Africa. [

Theorem 3. Let G € X satisfy the assumptions (B;) in Theorem 2 and (Bp). There exist
constants g; ; > 0,7=0,1,...,6, 7=0,1,...,6, such that
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|G (Su(t), SprEP(t), En(t), Eppp(t), In(t), A(t), Tr(t))|
< goj + 915 |Su ()| + 925 |SprEP ()] + 935 | EH ()|
+ 945 |EpEp(t)| + 955 [ ()| + 965 |A()| + 975 [T (t)] -

If (1 — 7)TY " Lnax AB(7) < 1, then the HIV/AIDS model (1) has at least one solution.
Proof. We define a set
B (SH(t), SPREp(t), EH(t), EpEp(t), IH(t), A(t), TH(t)) e X:
|(St,SprEP, B, Epep, I, A, Ta)|| < Zs
Applying the model equations, we define two operators (Q,P) : Dz — X, where P =
(P17P2,P33P47P5aP6;P7)'
The operator @ is defined by

Pt =11 — 1)G4(t, Su(t))
AB(T) ’

(Qs2, SprEp)(t) = Sprip(0) + bte=1(1 — QCB:?S SPREp(t){

Yt (1 — 7)Gs(t, By (t))

(Q1,Sm)(t) = Su(0) +

(Qs, En)(t) = Eu(0) +

AB(T) ’
(Qu Epip)(t) = Epgp(0) + Y107 ;f(i()t Eprr(t)
(s, I)(t) = In(0) + L2201 s ggi(w@)),
(Q6, A)(1) = A(0) + ¢tw_1(1;1;zf)6(t714(t))’
(@7, Tu)(t) = T (0) + it AB(C;V;(LTH@))' (24)

The operator P is defined by

__Yr tsw_1 —8)" G (s s))ds

¢T ‘ -1 T—1
_AB(T)F(T)/O s¥ (t— )" "Ga(s,Sprep(s))ds,

T ts¢—1 — sV 1Ga(s s s

¢T ! —1 T—1
:W/o ULt — )G (s, Eppp(s)) ds,

(Ps, Ig)(t) = %/{) sVt — )T G5 (s, I (s)) ds,

(P1,Su)(t) =
(P2, Sprep)(t)
(Ps, Eu)(t) =

(Ps, Eppp)(t)
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(Po. A)0) = Sz [ #9707 Gl AGs) s,

(Pr, T (1) = #)TF(T)/O U1t — 8) ™G (s, Taa(s)) ds. (25)

Using (Bj1) in Theorem 2, for any
(Su(t),Sprep(t), En(t), Eppp(t), [u(t), A(t), Tu(t)) € Dzs

and
(Su@), Sprep(t), Ex(t), Eppp(t), I (t), A*(t), Ty (t)) € Dzo,

from the above, with L.y, it follows that

* ¢ 1—7 T:ﬁ;l *
Q15w - @usigl < P Tmie s G (18 (0) ~ Gatt, S0,
Q15 — Q15|
W1 — 7Tt . . "
< P mi Ly (IS = Syl + Serer ~ Shrsel + | £ - Bl

+IEpep — Epppll + Ha — Il + |A = A% + [T — TH|) ,
|Q25PrEP — Q25PREP

Y(1—7)Tot . . .
< Lo ([|Se — Sill + |SprEP — SPREPI + | EH — EX ||

- AB(T)
+[Epepr — Epppll + e — Il + [|A =A™+ | Tu — T5l)
Q3B — Qs Ey||
Y- 1) . ) .
< T(T)Ls (1S — Syl + |1SprEP — SpREP| + [|EH — EX||

+Epep — Epppll + 1 — Il +[|A = A% + | Te — TH|)
|QuEPEP — QsEbEpl|

Y =) T . . .
< T(T)L4 (1S — Sill + |1SprEP — SprEP| + [|EH — EX||
+Epep — Epppll + 1 In — Il + |A = A + | Ta — Txll)
Q51 — Q51|
V(1 —7) T . . .
= T(T)L5 (1Su — Sull + [1SprEP — SpREP| + [|EH — EX||

+11Erep — Epppl + 11 — Il + |A = A% + [|Ta — TxlD)
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QA — QA
(1 —7)To , . )
< T(T)LG(”SH_SHH+||SPREP—SPREP||+HEH—EHH
+1Epep — Epppll + Mu — Il + A= A" + |Tu — Txl)
1Q7 T — Q7 Tyl
Y1 —7)To! , . )
S T(T)LNHSH—SHH+||5PREP—SPREP||+ |En — Exl
+Epep — Epppll + [ In — I || + |A = A*|| + |Ta — Tx) - (26)

Thus, P is bounded and equicontinuous, ensuring the HIV/AIDS model has at least one solution
under the given conditions.

The biological implication of this fractal-fractional existence theorem is that, regardless of
whether the disease dynamics are highly nonlinear or intervention effects are complex, at least one
realistic disease trajectory exists that is consistent with the model’s assumptions and observed
data. In practical terms, this means that the epidemic will follow some biologically plausible
path over time—whether it declines due to effective interventions (e.g., high ART coverage, PrEP
use) or persists at endemic levels. This guarantees that the model is mathematically sound and
capable of producing valid simulations, even when strong contraction conditions (required for
uniqueness) are not met. For public health, this result underpins the reliability of numerical
forecasts (such as the projected 28% reduction in new infections by 2033) and ensures that
policy simulations—testing “what-if” scenarios like increased prophylaxis or treatment access—

are grounded in a solution that respects real-world constraints and disease biology. O

4.1 The endemic equilibrium point of the HIV/AIDS

model

The endemic equilibrium point refers to a state where HIV/AIDS persists in the population at

constant levels.

Theorem 4. The endemic equilibrium point of the HIV/AIDS model in (1) is stable whenever
Rog > 1 and unstable if Ry < 1.

Proof. At the endemic equilibrium point,

dSy  dSprpp dE dEpgp dl _dl dA dT

dt dt dt dt  dt dt dt  dt
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Let the endemic equilibrium point of the model (1) be
£= (S;;Iv Strep Bt Eppp 1, A, TI*{> :
By setting the right-hand side of the HIV/AIDS model equations in (1) to zero(0) and solving

for each compartments, we obtain

. Ay
N
g B wr Ag
PREP (N 4+ Z1) (=N e1 + 01 + Ny)'
« A Ae (“Mger+0g+ 22+ NY)
T Ny +2Z0) (Nger+0g + X)) P
B Mg A (Nye1 4+ 0g + Zo + Ajp) va1
PEP (N 4+ Z1) (N1 +0m + Xy) PL Py
I = (=N 614 0m + Zo 4+ Nip) Nip Py (Povsy 4 vo1 v32) Ay Ps
(N +21) (=Ajpe1 + 0 + Xjp) PL Py (P3 Py Ps — Pyx 61 — x02p1)’
. (—Ajre1+0u + Zo+ N5p) Ajy (Pavst + va1 vs2) Ay Ps pr
- ()\;["_Zl) (_)‘71151+9H+)‘;I)P1 P2 (P3P4P5 —P4X91 —X@gpl)’
= (P161+ 02 p1) (=N €1+ 0 + Zo + M) Ny (Povst +va1032) At
(Mg +21) (=Ajye1 + 05 + M) PL Py (P3 Py Ps — Pyx 0y — x02p1)

E

(27)

Here
vo1 = b0, v31 = (1 — 0) o1, v3a = (1 — &2) 03,
Py =(01+0g), Py =((1—-¢2)02+0g),P3s= (01 4+ p1 + 1 +0n),
Py= 02404+ 0m),Ps = (x+Odr +0u), Z1 = (wg + 0),
Zy=((1-¢e1)wny +0x).

Further simplification of the endemic equilibrium point of the model as presented in equation
(27) yields the final endemic equilibrium point.

Substituting the endemic equilibrium point of the HIV/AIDS model € into its force of infec-
tion
(A=s®)yyu <1E+A*+77Tz§>

N*

A = , we obtain
i (Créi* + G Xy® + G Xy” + Ca Xy + G5 ) =0, (28)
But at the endemic equilibrium (Ag # 0), hence

CrNy " + O N+ Ca N2 + Cu Ny + C5 =0, (29)

where
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Ci =M (—P3 Ps + X 601) Py + X602 p1) Py Py (1 — 1)?
X ((=Ps —w31) P5 + 01 (x —v31)) P2
+ ((=Ps —v32) P5 + 61 (X —v32)) v21) Ps
+ ((—v31 Ps + 02 (x —v31)) Po + v21 (—v32 Ps + 02 (x —v32))) p1),

Co= —((—P3 P54+ x01) Py 4+ x02p1) P1 (61 — 1) Ay
X [((yvs1 (Ts—1)ym +v31 Z1 + P (Py + Z1)) e1 —yvsi (¥ s — L)ym
(—Zg — 29}] — Zl)’l]gl _PS(ZQ + 29[-[ + P1 + Zl)) P5

+ +

(vosin (W< =)y +vs1 Z1 = x(Pr+ Z1))er —yvain (Vs — 1) ym
+(—2Zy — 20 — Z1)vs1 + x(Z2 + 20y + P + Z1)) 61) P»
+v21 [((Yvs2 (Vs — 1)yvg + Z1(vs2 + Ps)) e1

—y 32 (V¢ — 1)yy — (vs2 + P3)(Z2 + 20n + Z1)) Ps

+ (a2 (¥s = 1) vu + Zi(vs2 — X)) €1

—yvz2n (Ve — 1)y — (vs2 — X)(Z2 + 20m + Z1)) 01] Py
(Y (Y5 = D)vm + Z1) &1

H(=Vs+ Dyva — Z2 — 20 — Z1) va1 s

+02 ((yvsin (¥ < = )ym +vs1Z1 — x(PL + Z1)) €1

—yvs1n (Y —1)vg + (=22 — 20 — Z1)vsy

+X(Zo +20g + P1+ Z1))| Po + (W(Ys — 1)yu + Z1) &1
+(=U s+ 1)yyy — Zo — 20y — Z1) v32 Ps
+((yvs2n (V< —1)ym + Z1(vs2 — x)) €1

—y32n (s —1)yg — (v32 — X)(Z2 + 205 + Z1)) 02) v21) p1 | Pe,

Cs = (A1 + prAs + Az + p1Ag) var | (—PsPs + xb1) Py + xb201) PLAEPs,

where

A =— (61— 1) |yvsi(er — 1)(nb1 + P5)(¥s — 1)ym
— Py (—=PsPs + xth)e1 + X1 — 61d1 | 21

+ ’7’1)31(51 — 1)(’[791 + P5)(Z2 + QHH)(\I/§ — 1)’YH
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w
— 2P (—P3P5 + x61)(0u + TH)& + & — 91372)P4,

As == (e1 = 1) [yusa(e1 = 1)(nfz + Ps)(Ws — 1)y
— Ooxer Py — v31(Zs + 20)Ps — 923;1} Z
+yv31(e1 — 1) (0 + Ps)(Zo + 201)(¥s — 1)yu
205\ P, (01 + %H)sl — 03105 (Zs + 0) Py — 923;2),

./43 = - (81 — 1) . |:’7’U32(<€1 — 1)(1791 + P5)(\I/§ — 1)'7H
— ((vg2 + P3)Ps + 01(v32 — x)) (Z2 + 291{)]21
+ "}/’032(61 — 1)(7]01 + P5)(ZQ + 20H)(\I/§ — 1)’)/H

—0u(Zy + 0p) ((vs2 + P3)Ps + 01 (v32 — X)) )P47

A== (e1=1) - [yvsa(e1 = 1)(nfz + P5)(¥s = 1)y
~ (Zo+ 20) (v52P5 + B2(v2 — X)) | 2
+yvsa(er — 1)(nf2 + Ps5)(Z2 + 20m) (Vs — 1)vm
Oy (Zs + On1) (v32P5 + Oz (v30 — ¥ )),

(—2v31 — 2P3) O — Zovz1 — P3(Z2 + P1),
= (231 — 2x) Ou + Zovs1 — x(Z2 + P1),
(
(

—P3 — v31) 0% 4 (—Zovs1 — P3(Zy +2P1)) 0y — wg P Ps,
= (vs1 — X)0% + (Zovs1 — x(Z2 + 2P1)) 0 — xwr Pi,

—

Cy=— <[<((v31 + P3)Ps + 01(va1 — X)) Pa + p1 (va1 Ps + 02 (va1 — X)))Pz

+ va1 (((v32 + P3)Ps + 01 (va2 — x)) Pa + p1(vs2Ps + 02(vs2 — X)))] Zy
+ (Pavs1 + 021032)’}'((7791 + Ps)Py + p1(nf2 + P5)) (¥¢ — D)vm

- ((—P3P5 + x01) Py + x92p1)P1P2)9?{

+ | — 2(Pav31 + v21v32)y(e1 — 1) <(7191 + Ps)Ps + p1(nf2 + Ps)) (s — 1)vg

+ ((((vsl + P3)Zy — 2P P3(e1 — 1))P5 + 61 ((v31 — X)Z2 + 2xPi(e1 — 1)))P4

410
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+ <sz31P5 + 92((?}31 —Xx)Z2 +2xP1(e1 — 1)))01)132

+ Zav21 (((USQ + P3)Ps + 01(va2 — X)) Pa + p1 (v2Ps + 02(vs2 — X))) Z

+ (Pavs1 + v21v32)7Z2 ((7791 + Ps)Py + p1(nb2 + P5)) (s — Dvm

- <(—P3P5 + x01)Ps + x92p1)P1wHP2> Or

—(e1—-1)Z

(Pav31 + v21v32)7Z2 ((T]91 + Ps)Ps + p1(no2 + Ps)) (¥s — vy

- ((—P3P5 + x01)Ps + x92p1)P1wHP2 ((—P3P5 + x01)Ps + X0291)P1AHP27

Cs =2, 0 Ay Py P, (P3 Py Ps — Pyx 6y — x02p1)
X ((P2vs1 +v21vs2) (01 + P5) Py + p1 (02 + P5)) (Y5 — 1) vym
=Py (=P3 P5 + x 01) Py + x 02 p1) P»2) 01
Py (=P3 Ps+ x01) Py + x02p1) Pywy)
+Z* Ay (O (PL Py (P3 Py Ps — Pyx 6 — x02p1)))° (1 — Ronr).

The components of the endemic equilibrium point (EEP) are determined by solving for Aj; from
the polynomial equation (29) and substituting its positive values into the expressions given in
(27). Moreover, based on the coefficients 6’: fori=1,2,3,...,5, it is evident that 6'\1 is always
positive, while 6‘; is positive when Rpy < 1 and negative when Roy > 1. From this, we derive

the following results:

Theorem 5. The HIV/AIDS model (1) has
1. four or two endemic equilibria if 6’; <0, 6‘; > 0, 6’2 <0and Ry <1
2. four or two endemic equilibria if 6; <0, 6‘; <0, 6‘; >0and Ry <1
3. no endemic equilibrium otherwise if Ry < 1.

Items (1)—(3) of Theorem 5 indicate the potential occurrence of backward bifurcation in
the HIV/AIDS model (1) when Rom < 1. The presence of backward bifurcation implies that
the conventional condition of having the basic reproduction number Ryy less than one, while
necessary, is no longer sufficient to ensure the elimination of the disease from the population.

The biological implication of this fractal-fractional equilibrium analysis is profound for HIV

control: When Rgmy > 1, the disease settles into a stable, persistent state—meaning HIV will
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remain in the population at a constant level unless interventions are dramatically strengthened.
Conversely, when Ropyg < 1, the disease-free state is stable, and elimination is possible—but
the risk of backward bifurcation warns that simply reducing Rogy below 1 may not be enough.
In real-world terms, this means that even with moderate success in interventions (e.g., partial
PrEP coverage, inconsistent condom use, or incomplete ART access), HIV can persist at low but
stable levels due to residual transmission chains, behavioral heterogeneity, or treatment dropout.
This phenomenon explains why some regions struggle to eliminate HIV despite Ry < 1. The
model thus urges policymakers to push Rgg significantly below 1 and sustain high intervention
synergy (condoms + PrEP 4+ ART) to avoid being trapped in a low-level endemic trap—critical
insight for achieving the UNAIDS 95-95-95 targets and ending AIDS as a public health threat
by 2030. O

4.2 Global and asymptotic stability of HIV/AIDS at

endemic equilibrium

The purpose of this work is to demonstrate the global asymptotic stability of HIV/AIDS endemic

equilibrium points é.

Lemma 4. If Ry > 1, then additional conditions allow for the proof of global asymptotic

stability at the endemic equilibrium for system (1).

Proof. Let the Lyapunov function U = U (Sy, Sprep, Eu, Epep, Iy, A,TH) be defined as fol-

lows: g
U=U1 (SH —S}}—Sgln( H))
Su
* * S;REP
+Us | SprEP — SprEP — SPREPIN Sos
PREP
. . Ey
+Us | Eyg —E; —Enln
Ey

E*
+ U4 (EPEP — E;;EP - ETDEP 111 < PEP))
Epgp

Iz A*
+Us (Ig =I5 —IyIn (2 ) ) +Us (A — A" — A*In | —
Iy A
" . Ty
—|—U7 TH—TH—THln .
Ty

By differentiating the Lyapunov function U with respect to time t along the positive system

(30)

solutions of (30), we obtain
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< -, (1 Sif) By, (1 - S;REP) d5prep

- Su) dt SPREP dt
o (1= EY 0y (- B ) s N
(1) g (1) 4
v (1 1)

Substituting the derivatives into the above, we have

dU S
= =l (1 - Sﬁ) (A — A Sy — Z1Sw)

1— SbrEP

) (wagSa — (1 —e1)A\uSprEP — Z2SPREP)
PREP

Ey

1- o AgSy + (1 —e1)A\uSprep — PLEN)

Epep

1- II;) (vs1Exg +v32Eppp — P3lg + XThH)

*

A
1-— A> (PlIH — P4A)

(
(
+ U, (1 - EPEP) (v21Ex — PyEpgp) (32)
(
(

*

T
+ U, (1 - H) (011 + A — PsTy),
Ty

where the parameters are defined as follows:

71 = wH +9H,ZQ = (]. 781)/\1{ +9H,P1 =01 +9H;

Py=(1—-¢e3)o0+0pg,P3 =014+ p1+ 071+ 0y, Py =034 04 + 0q, (33)
Ps =x+00r +0g.

At the endemic equilibrium point, we have
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A=AuSy + 7,5y,
A Sk + (1= ) AuShppp

P = . ,
Ey
P2 _ UglEfl
Eppp’ 34)
P, — v31EY +vs2Ebpp + XT (
Iy
pily
P =
4 A+ )
P — 0115 + 6 A*
Th '
Substituting A, Z1, Py, Ps, P3, Py, P5 into the expression for %, we have
au ST % .
E =U; (1 — SI;) (/\HSH + ZlSH — (AHSH + leH))
S¥ wy ST
+ Us (1 — PREP) (WHSH — :{ H SPREP)
PREP StrEP
E*
+ Us <1 — Eﬁ) ()\HSH + (1 — 51))\HSPREP
AaSh+ (1 —e)AuShrep
- = )
H
E* vo1 B}
+ Uy (1 — PEP) ('U21EH - 2i HEPEP) (35)
Eppp Eppp
Iy
+Us (1— I (vs1En +vs2Eppp + XTH
v1 By + vseEppp + X1y
- T* IH)
H
A pily
Usg1— — Iy — A
=+ 6< A) <P1 H Ve
T 0115 + 0, A*
LU, (1 _ TH> (911H 4 O,A — 1H;;2TH) .
H H
du

We obtain after performing expansion and collection of the positive and negative terms: - =
A — B, where

)\HS;{QUl le;{QUl
4
Su SH (36)
+ AgSuUs + (1 — 51))\HSPREPU3 + /\HS;_IU3 + (1 — 51)>\HS;;REPU37

A= gSyU + Z1S5; UL +
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and

)\HS}quUl n 215%U1
SH SH
AgSP2ELU AgSygE+HU. AgS E*U.
JrHH*H3+HHH3+(17€1)HPREPH3
EH Ey Ey
Usvs1 Bl Usvsi Bl UsvaaEpppln  UsvaEppply
+ + + .
I, i I, i

B ZAHS;IU1 + le}'}U1 + le}}Ul +

Hence, since B < A, we have % < 0 with % = 0 if and only if

Su = Si,SpreEP = Spppp - Ea = £, Eppp = Eppp, I =15, A= A" Ty =1T}.

Therefore, the largest compact invariant set is a singleton set {E}} that contains the endemic
equilibrium point of the system (1). The stability analysis demonstrates that the system (1) € is
globally and asymptotically stable in accordance with La Salle’s invariant principle as indicated
in La Salle [32]:

{(Str: Sprep: Eir Eppp: Ii A Thy) € Qu = G =0}

The biological implication of this global asymptotic stability result is that, when Roy > 1,
the HIV epidemic will inevitably converge to a persistent, self-sustaining level—regardless of
initial conditions (e.g., a small outbreak, a major surge, or partial intervention rollout). In
real-world terms, this means that once transmission exceeds the critical threshold, HIV becomes
endemic and irreversible without drastic, sustained intervention. The population will settle into
a predictable, long-term state with fixed proportions of infected, treated, and at-risk individuals.
This result is critical for public health planning: It confirms that half-measures will not work—
PrEP, ART, and condom promotion must be scaled aggressively and maintained indefinitely to
push Ryy below 1 and prevent convergence to this stable endemic trap. For policymakers, this
underscores the urgency of achieving and sustaining the UNAIDS 95-95-95 targets; any lapse risks

locking the epidemic into a costly, lifelong burden on healthcare systems and communities. [

4.3 Numerical schemes for the fractal-fractional HIV /AIDS

model

The second-order Adams—Bashforth algorithm will be used to create numerical solutions for the
HIV/AIDS model (1).

We rewrite the integral equations, at ¢t = ¢,,41, this yields
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St (tns1) =Smo + V(1 — )L G1(tn, Su(tn))

7'1/) e T—1 -1
W/o (tns1 — )71y G (s, Sw(s)) ds,

SprEP(tns1) =SprEP0 + V(1 — 7)Y Ga(tn, SPrEP(tn))

TY tnt1 e
+AB( )T'(r )/o (tnt1 = 8)"" SprepGa(s, SpreP(s)) ds,

Ep(tns1) =Emo + (1 — 7)t8 ' Gs(tn, En(ty))

b [ e = 9 B Gt B

Eppp(tnt1) =Epppo + (1 — T)tL Gu(tn, Eppp(ts))

tn+t1
W?() / (tus1 = )" BpppGals, Bppp(s)) ds,

Iy ( n+1) =Ifo +¢(1 - 7') tw- 1G5(tnvIH( n))

TY tnt1 i w
ILW)()/O (tns1 —s) 11}1} Gs(s,In(s))ds,

Atpy1) =Ag + (1 — 7)Y LG (tn, A(ty))

+

AB(ﬂ)/)() /0 n+1(tn+1 —5) T A G (s, A(s)) ds,
Ty (tne1) =Tro + (1 — )tﬁ’1G7(tmTH(tn))
+ Wlfm) /0 (b — 97T Gl T(s)) ds, (38)

So the numerical approximation of the integral is obtained as

V(1 =)ty G (tn, S (tn))
AB(T)

St (tnr1) =SHo +

n [ZEE )
> /t (tjp1 —8) 1S5 Gy (tn, S%,(s)) ds,
j=1"%

1—7)te 1 Ga(ty, S tn
SPREP(tn+1):SpREPO+w( )t Aé((q-) PrEP(tn))

7Y

T ABHT(N

T'(/J " tjt1 T ‘
" AB(7)(r) Z /t (tj+1 = 8)7 " SprppGaltn, Sprpp(s)) ds,

Y1 = 1)t Gy(tn, Eu(tn))

En(tnt1) =FEpo + AB(r)

n

tjt1 .
3 / (ts1 — 8)7 LBV Gy (b, F (5)) ds,
t

j=1"%

Y

T ABHT(
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(1 — )t Gy(tn, Eppp(tn))
(1)

AB
T noortir N
_— tiy1—s) 'FE d
+ AB(n)I (1) z;/tj (tj+1— ) pepGaltn, PEP( s)) ds,

(= Tt Gt I (tn))
AB(T)

IR < PP j
+ AB(ﬂr(T);/tj i = &) iy Gl 11 (5) ds,

P(1 — Y= G (tn, Alt,))

Epgp(tn+1) =Eprro +

Iy (tns1) =Imo +

A(tni1) =Ao +

AB(r)
TP o [l =1 gep—1 j
+ AB(T)F(T);L (tar — )7 LAY 1Gy (b, AT (s)) ds

(1 = 1)t Gr(tn, T (tn))

Ty (tn+1) =Tro +

AB(T)
" AB%?P() 2 / (e = ) T G, T () ds,

Two-step Lagrange’s interpolation polynomials with At = ¢;4; — t; function as an estimate for

the integrand functions on [t;,t;41]. Thus, we obtain

(1 = Nt Gi(tn, Su(tn))
7)

AB(
L - b o \Tlg¥—1,SH
+ AB(T)F(T); /t (11 — 5718571250 (s) ds,

Y1 — 7)Y G (tn, SprEP(th))

Su (tny1) =SH0 +

Sprep(tnt1) =SprEPO +

AB(T)
v n o 1 PREP
W ; /t]. (tj1 = 8)"" SITZ;REPZS (s)ds,
-
En(tn1) =Eno + v )t"AlBC’Y(i()tmEH(tn))

TP o[ 1 -1 ,E
- g tiv1—8) En “Z:"(s)d
*Aer(r)j_l/w ot = o) B 28

1= 7)t4 ' Galtn, Eppp(ts
Eppp(tni1) EPEPO‘Fw( el AB4(<T) eerlte)

+ wi/i:ﬂ»l (t+1 _ S 7— 1E’¢J 1 ZEPEP (S) ds
ABE &=/, & PP ’
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Y1 = 1)t G (tn, Tu(tn))
AB(T)

TY A 1 =11
_ E tivg —s8) 1T Vil d
+ AB(T)['(1) = /tj (i =)™ Ly 257 (5) s

P(1— Tt Go(tn, Atn))

I (tns1) =Imo +

A(tn+1) :AO +

AB(T)
TY n L1 _ 1 eioA
CIBOEm X, e A A

¢(1 B T)t%_1G7<tn7 TH(tn))

Th(tny1) =Twmo +

AB(T)
Ti/) - ti+a —1pY—1 T,
_— tiz1—8) T, Z:7(s)d 40
T ABT() Z/t, (o =)™ Ty 257 (5) ds, (40)
Jj=1 J
where
Sw gy — 5 lim1 -1 i §—lj-1 -1 j—1
Z7M(s) *mtj Gi(s, Sy (s)) — mt]’—l Gi(s, Sy (8))s
s s—lj—1 p-1 j
Zj PREP (s) :ﬁt;ﬁ GQ(S, S;REP(S))
J J—
S—tj—1 -1 j—1
- ﬁtj—l Ga(s, Sprep(9)),
J Jj—1
o 8 —tj-1 p-1 j $—tj-1 -1 -1
Zj (s) :mtj Gs(s, Ey(s)) — mt]‘q Gs(s, By (8)),
S—ti 1 u_ ; S—1ti 1 4 i
Z]EPEP(S) :ﬁt}b 1G4(3aE§DEP(3)) - ﬁt;{LllG‘l(SvE;?ElP(s))a
J J— J J—
§—1j—1 yp-1 j §—1j-1 -1 i—1
Z;H(S) :ﬁt}p Gs(s, Iy (s)) — ﬁt;}_1 Gs(s, Iy ~(s)),
— t,_ _ . — t,_ _ X
Z{(s) =211 T G (s, AT (s)) = 2107 G (s, AT (s)),
tj — tj,1 tj — tj,1
—ti_ _ : —ti_ _ i
770 (5) =2 L0 Gy (5, T (5)) — 22407 G (5, T (5)).- (41)

St —tjg tp—tj_q It

We finally solve the schemes needed for numerical calculations of the HIV/AIDS model (1):

St (tnt1) =Swo + V(1 — T)tE " Gy (tn, Su(t,))

V(AT e j ;
mz [t;p Gi(s, Sy (s)) X1(n, j) (42)

j=1

17 G, S5 (5) Xa(n, )

Sprep(tat1) =Sprero + V(1 — T)tL Ga(tn, SprEP(tn))
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DA e ’ .
+ AB()T(r +2) ; [t;b Ga(s, Sprep(s))Xi(n, j) (43)
_tw 1G2(3 SP;’}EP( ) Xa(n, )} )

Ep(tas1) =Eno + (1 — )t) ' Gs(tn, Ex(ty))

ety L 6 el By () Xa () (44

=1

<.

<.

)7 Ga(s, By () Xa(n, )
Eppp(tnt1) =Epgpo + (1 — T)tL L Galtn, Eppp(ts))

BT O [ Gl B (s) Xa )~ )

tw:11G4(57E;}lp(s))Xg(n,j)} )
It (tng1) =Iro + (1 — 7)1 G5 (tn, Tn(tn))
g Y [ Gl T ) X (1) (46)

Jj=1

)7 Gs(s, Ty () Xa(n, )]
Altns1) =Ao + (1 — 7)™ G (t, A(tn))
Y(AL)” ,
+ mz |07 Go(s, 47 (5) X (m, ) (47)
—tV7 G5, AT (s ))Xg(n,j)],
Tr(tn))

(tn
" AB(zi AtT—FQ z::[w Gl T() X (n. ) (48)

Tr(tns1) =Tmo + (1 — T)te ' G (t

7 Grls, T (9))Xa(n, )] (49)

where
Xi(n,j)=m+1=5)7"" = (n—j)" —(n—35)"(n—j+2+27),

. , , (50)
Xo(n,j)=(m+1—-4) —(n—4)" —(n—j§) (n—j+1+7).

The biological implication of this fractal-fractional numerical scheme is that it enables ac-
curate, long-term simulation of HIV dynamics in populations where past exposure, treatment
history, and behavioral memory significantly influence future infection risk—effects that stan-
dard models often ignore. By incorporating both fractional-order memory (capturing long-term

immune or behavioral effects) and fractal dimensions (modeling heterogeneous contact patterns),
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this method produces realistic epidemic curves that align with observed data in high-burden set-
tings. For public health, this means trustworthy projections of new infections, treatment demand,
and intervention impact over decades. Policymakers can now simulate “what-if” scenarios—such
as scaling PrEP to 70% coverage or achieving 95% viral suppression—and obtain credible fore-
casts of whether elimination is feasible by 2030. This tool transforms abstract theory into ac-
tionable intelligence, guiding resource allocation, program design, and global HIV strategy with

unprecedented precision.

4.4 Uncertainty and sensitivity analysis of the HIV/AIDS

model

Variations are predicted because the model includes several parameters, and calculating their
values for numerical simulations involves inherent errors. We used Latin Hypercube Sampling
(LHS) to sample values for the parameters that affect the infected populations and the reproduc-
tion number, following the methodology in [16]. To evaluate the connection between parameter
values and the sensitivity analysis final results, we calculated the Partial Rank Correlation Co-
efficient (PRCC). For every iteration of LHS, 1,000 simulations were run. The PRCC analysis
determined the most critical parameters by using the basic reproduction number (Rop) as the
response function. These were the natural death rate (fy), the progression rate from HIV in-
fection to the AIDS stage (p1), the contact rate (ygr), and the rate at which AIDS patients
transition to treatment (05).

As seen in Tables 2-3 and Figures 2-3, the sensitivity analysis reveals that the natural
death rate (6y) has the strongest negative correlation (PRCC = -0.167, p < 0.05) with the re-
production number, indicating that higher natural mortality rates significantly decrease disease
transmission potential. This parameter is the only one statistically significant at the p < 0.05
level. The progression rate from HIV infected individuals to the AIDS class (p1) shows a pos-
itive correlation (PRCC = +0.136, p = 0.054), suggesting that a higher progression rate from
the HIV-infected class to the AIDS infected class increases transmission potential, although this
effect is marginally significant. Similarly, the contact rate (vg) demonstrates a positive correla-
tion (PRCC = 40.133, p = 0.061), indicating that increased contact rates contribute to higher
transmission. The progression rate from AIDS to treatment (62) shows a negative correlation
(PRCC = -0.128, p = 0.072), suggesting that faster initiation of treatment for AIDS patients
may help reduce transmission. The disease-induced death rate for infected individuals (67) shows

a negative correlation (PRCC = -0.101, p = 0.156), while the proportion of exposed individuals
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taking PEP (#) also demonstrates a negative correlation (PRCC = -0.095, p = 0.181), suggesting
that increased PEP uptake will contribute to reduced transmission. The parameter () which
accounts for the number of sexual parameters by an individual shows a positive correlation
(PRCC = +0.089, p = 0.211) which suggest that an increase in the number of sexual partners
by an individual will significantly increase the probability of contraction of HIV/AIDS as well
as increasing the spread of the disease in the human population, while the compliance rate for
condom usage (¢) shows a negative correlation (PRCC = -0.087, p = 0.221) suggesting that an
increase in the rate of compliance to this parameter will substantially reduce the transmission
of HIV/AIDS in the human population. The progression rate of HIV-infected individuals into
antiretroviral treatment (6,) demonstrates a negative correlation (PRCC = -0.083, p = 0.243),
and condom efficacy (¥) shows a negative correlation (PRCC = -0.082, p = 0.251), suggesting

that harnessing these measures will reduce the burden of the disease in the population.

Parameters with lower PRCC values include the efficacy of PEP (e2), modification param-
eters for transmission in the treatment class (n), the rate at which treated individuals return
to the HIV-infected class (x), the failure rate of PEP (o3), proportion of individuals utilizing
PrEP (©), efficacy of PrEP (e1), waning rate of protection (wg), disease-induced death rate
for treated individuals (d7), recruitment rate into the susceptible class (A), progression rate of
exposed individuals (o1), and disease-induced death rate for AIDS cases (04). Based on these
sensitivity analysis results, public health interventions should focus on strategies that influence
mortality and demographic factors (6 ), control progression rate from HIV infected individuals
to the AIDS class (p1), reduce contact rates (yg), and accelerate the initiation of treatment
among AIDS patients (f3). While not statistically significant at conventional levels, interven-
tions targeting the disease-induced death rate (d;) and PEP uptake () may also contribute to
controlling HIV/AIDS transmission in the population.

4.5 HIV/AIDS data fitting and forecasting analysis for
South Africa

The HIV/AIDS data fitting and forecasting analysis for South Africa draws on historical statis-
tics from 2010 to 2023 as presented in Table 4, sourced from UNAIDS global AIDS reports [46].
The dataset includes three key indicators: People living with HIV (PLHIV), new HIV infections,

and ART coverage, measured as the percentage of PLHIV receiving treatment. These indicators
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Table 2: PRCC Values (sorted by influence)

Rank | Parameter PRCC p-value
1 O -0.167302 | 0.017890
2 p1 +0.136342 | 0.054219
3 YH +0.132929 | 0.060593
4 0 -0.127707 | 0.071528
5 o1 -0.100702 | 0.155952
6 0 -0.095054 | 0.180612
7 ¥ +0.088736 | 0.211477
8 S -0.086949 | 0.220853
9 01 -0.082919 | 0.243083
10 v -0.081597 | 0.250704
11 €2 -0.079809 | 0.261274
12 n -0.070033 | 0.324419
13 X -0.059325 | 0.404026
14 P 40.049524 | 0.486172
15 (C] -0.048354 | 0.496546
16 €1 -0.032523 | 0.647536
17 Wi -0.025780 | 0.717089
18 op -0.024852 | 0.726851
19 A +0.020503 | 0.773220
20 o1 +0.017072 | 0.810373
21 A -0.007588 | 0.915075

Table 3: PRCC Values for Top 10 Parameters.

Rank | Parameter PRCC p-value
1 O +0.167302 | 0.017890
2 p1 +0.136342 | 0.054219
3 YH +0.132929 | 0.060593
4 0 -0.127707 | 0.071528
5 o1 -0.100702 | 0.155952
6 0 -0.095054 | 0.180612
7 ¥ +0.088736 | 0.211477
8 S -0.086949 | 0.220853
9 01 -0.082919 | 0.243083
10 v -0.081597 | 0.250704

422

formed the empirical basis for a mathematical modeling approach aimed at estimating parame-
ters and forecasting the future trajectory of the HIV epidemic in the country. The model applied
is a compartmental structure capturing the dynamics of HIV transmission and treatment. It in-
corporates natural population growth and mortality (represented by birth and death rates, A and
0rr), transmission dynamics (via transmission coefficient g ), progression from HIV to AIDS,

ART uptake and treatment efficacy, and different mortality outcomes depending on treatment
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Figure 2: An extended PRCC analysis showing the correlation of all 21 model parameters with the HIV/AIDS

basic reproduction number (Rgg ). The visualization reveals the complex interplay of various factors affecting
HIV transmission, including mortality rates, progression rates, and preventive interventions.
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Figure 3: A bar graph displaying the sensitivity of the basic reproduction number (Rgg) to the top 10 model
parameters. The graph highlights the most influential parameters, with notable positive and negative correla-
tions, demonstrating the relative impact of different epidemiological factors on HIV transmission dynamics.

status. Parameter estimation was performed using MATLAB’s fmincon optimization routine,
which allows for constrained nonlinear optimization - ensuring that the model fit respects bio-

logical plausibility while accurately reproducing observed data trends.
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The optimization process yielded 21 estimated parameters, with notable outcomes including
a transmission coefficient of vy = 0.0655, along with multiple parameters describing treatment
initiation and mortality differentials. The model aligns closely with observed data, as demon-
strated in the graphical output (4a), where the model’s red line accurately traces the trend in
new HIV infections from 2018 to 2023. With this validated model, a forecast was generated
covering the period from 2024 to 2033. The projections indicate a steady decline in new HIV
infections, decreasing from approximately 200,213 in 2024 to 143,880 in 2033, marking a 28%
reduction. Simultaneously, the number of individuals receiving ART is projected to grow, albeit
at a slower rate, from 4.7 million in 2024 to 4.35 million in 2033. The number of untreated
individuals with HIV or AIDS is expected to decline from 115,787 in 2024 to 101,785 in 2030,
after which it stabilizes near 100,000. These trends suggest a substantial shift in the epidemic
profile, with a growing dominance of the treated population, as illustrated by the yellow area
in Figure 4b. Epidemiologically, the analysis underscores the success of South Africa’s ART
expansion, which has converted HIV into a manageable chronic condition for a majority of those
infected. The epidemic has entered a mature control phase marked by high treatment coverage
and falling incidence. Nevertheless, the persistence of approximately 100,000 untreated individ-
uals highlights ongoing challenges in diagnosis, linkage to care, and adherence. From a public
health perspective, the forecast aligns with global epidemic control targets but also points to the

need for renewed efforts to reach marginalized populations.

Table 4: HIV Statistics for South Africa (2010-2023) [46].

Year | People living with HIV | New HIV infections | ART coverage (%)
2010 6,100,000 380,000 16
2011 6,300,000 370,000 19
2012 6,500,000 360,000 22
2013 6,700,000 350,000 29
2014 6,800,000 340,000 35
2015 7,000,000 330,000 45
2016 7,100,000 310,000 53
2017 7,200,000 300,000 61
2018 7,400,000 280,000 68
2019 7,500,000 240,000 71
2020 7,600,000 230,000 72
2021 7,700,000 210,000 75
2022 7,800,000 200,000 T
2023 7,900,000 190,000 79
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Table 5: South Africa HIV/AIDS Indicators and Projection: New Infections, Untreated, and Treated PLHIV
(2010-2033).

Year | New Infections | Untreated | Treated
2022 218272 128353 4843674
2023 208933 124745 4789972
2024 200213 115787 | 4744012
2025 191680 107609 4698742
2026 184949 105355 4658007
2027 177023 104067 | 4606564
2028 170070 103155 4558881
2029 165040 102502 4522845
2030 159648 101785 4482653
2031 153981 101003 4438531
2032 148124 100156 4390692
2033 143880 99518 4354472
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Figure 4: A time series plot (4a) comparing actual and projected new HIV infections in South Africa from 2010
to 2030. The graph illustrates the historical trend and the model’s predictive projection, showing a consistent
decline in new infections over time, and (4b) shows a stacked area chart depicting the changing population of
HIV/AIDS patients in different states (on treatment, untreated HIV, and untreated AIDS) from 2010 to 2030.
The visualization highlights shifting demographics of HIV/AIDS management in South Africa.
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Table 6: Fitted parameter values for the HIV/AIDS model.

Parameter | Value | Range (per year) | Reference
A 0.0070 [0.0056, 0.0084] Fitted
YH 0.0655 [0.0524, 0.0786) Fitted
v 1.4069 [1.1255, 1.6883] Fitted
S 0.9961 [0.7969, 1.1953] Fitted
v 0.1514 [0.1211, 0.1817] Fitted
Ou 0.0016 [0.0013, 0.0019] Fitted
i 0.9959 [0.7967, 1.1951] Fitted
WH 0.0413 [0.0330, 0.0496] Fitted
€1 0.8463 [0.6770, 1.0156] Fitted
o1 0.0119 [0.0095, 0.0143] Fitted
0 0.9573 [0.7658, 1.1488] Fitted
lop) 0.0834 [0.0667, 0.1001] Fitted
€2 0.9370 [0.7496, 1.1244) Fitted
01 1.3025 [1.0420, 1.5630] Fitted
p1 0.0968 [0.0774, 0.1162] Fitted
02 0.1867 [0.1494, 0.2240] Fitted
or 0.3357 [0.2686, 0.4028) Fitted
oA 1.9944 [1.5955, 2.3933) Fitted
or 0.0324 [0.0259, 0.0389] Fitted
oy 0.0008 [0.0006, 0.0010] Fitted
0.0349 [0.0279, 0.0419] Fitted
() 0.0022 [0.0018, 0.0026] Fitted

4.6 Numerical simulations of HIV/AIDS model

Utilizing the parameter values obtained from fitting the HIV/AIDS model (1) to the South
African HIV/AIDS data (Tables 4-5), as outlined in Table 6, we present the graphs of the
numerical simulations of the model.

Figure 5a presents a two-dimensional plot with time (in days) on the x-axis and the number
of susceptible individuals (Sg) on the y-axis, ranging from approximately 1.93 to 2.00 (in units
of 10%). The graph features multiple overlapping curves, each representing a different fractional
order 7 (from 0.55 to 0.95), with colors ranging from purple (7 = 0.55) to yellow (7 = 0.95). Ini-
tially, all curves start at a high value and exhibit a sharp decline, followed by oscillatory behavior
that stabilizes over time, with lower 7 values showing a slower decline and higher steady-state
values compared to higher 7 values. Figure 5a reflects the dynamics of the susceptible popula-
tion under varying fractional orders 7, which model memory effects and nonlocal interactions
in HIV transmission. A lower 7 indicates a slower depletion of susceptible individuals due to
prolonged memory effects, suggesting that interventions like awareness or behavioral changes

have a delayed but sustained impact. As 7 approaches 1, the rapid decline aligns with classi-
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Figure 5: Impact of fractional order 7 on susceptible populations.
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Figure 6: Fractional order effects on exposed populations.
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Figure 8: Treatment dynamics and three-dimensional infection analysis.

cal integer-order models, indicating a faster transition to exposure due to immediate infectious

contacts. Figure 5b displays a two-dimensional plot with time (in days) on the x-axis and the

number of susceptible individuals on PrEP (Sp,gp) on the y-axis, ranging from approximately

2.0 to 2.7 (in units of 107). Similar to Figure 5a, it features multiple curves for different 7 values

(0.55 to 0.95), with colors transitioning from purple to yellow. The curves show an initial peak

followed by a gradual decline with oscillations, where lower 7 values result in higher and more

sustained Sp,pp levels over time. Figure 5b illustrates the impact of PrEP effectiveness across

different fractional orders. Lower 7 values suggest a prolonged protective effect of PrEP, reflect-
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Figure 10: Combined exposure dynamics in three-dimensional analysis.

ing slower transitions to exposure due to memory in prophylactic adherence. This indicates that
populations with stronger historical adherence to PrEP maintain higher susceptible numbers
longer, highlighting the importance of consistent PrEP use in reducing HIV incidence. Figure 6a
presents a two-dimensional plot with time (in days) on the x-axis and the number of exposed
individuals (E) on the y-axis, ranging from approximately 4.65 to 5.00 (in units of 107). It
includes multiple curves for 7 values from 0.55 to 0.95, with colors from purple to yellow. The

curves start high, decline sharply, and then stabilize with oscillations, where lower 7 values lead
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Figure 12: Parameter sensitivity analysis for transmission dynamics.

to higher steady-state exposed populations compared to higher 7 values. Figure 6a shows how
the exposed population evolves with fractional order 7, capturing the latency period before in-
fection. Lower 7 values indicate a slower progression from exposure to infection, possibly due to
memory effects in immune response or delayed contact tracing. This suggests that interventions
targeting early exposure stages may be more effective in populations with lower 7, where the

exposed pool persists longer.
Figure 6b displays a two-dimensional plot with time (in days) on the x-axis and the number
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Figure 13: Intervention efficacy and behavioral parameter analysis.
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Figure 14: Treatment dynamics and temporal reproduction number analysis.

of exposed individuals on PEP (Epgp) on the y-axis, ranging from approximately 1.00 to 1.25
(in units of 107). It features curves for 7 values from 0.55 to 0.95, with colors from purple to
yellow. The curves show an initial peak followed by a steady decline with minor oscillations, with
lower 7 values maintaining higher Epgp levels over time. Figure 6b represents the dynamics of
individuals using PEP during the exposed phase. Lower 7 values suggest a prolonged presence of
exposed individuals on PEP, reflecting memory effects in treatment adherence or efficacy. This
indicates that PEP’s protective role is more sustained in populations with lower 7, emphasiz-
ing the need for timely and consistent PEP administration to prevent progression to infection.

Figure 7a presents a two-dimensional plot with time (in days) on the x-axis and the number of
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Figure 17: Mortality effects on reproduction number dynamics.

infected individuals (/) on the y-axis, ranging from approximately 5.0 to 6.0 (in units of 10%). It
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Figure 19: Multi-compartment interaction analysis and prophylaxis strategy evaluation.

includes curves for 7 values from 0.55 to 0.95, with colors from purple to yellow. The curves show
an initial peak followed by a decline with oscillatory stabilization, where lower 7 values result in
higher and more persistent infected populations. Figure 7a depicts the progression of HIV-only
infected individuals, with lower 7 values indicating slower disease progression due to memory ef-
fects in immune response or treatment uptake. This suggests that populations with lower 7 may
experience prolonged infectious periods, necessitating targeted interventions like ART to reduce
transmission rates. Figure 7b displays a two-dimensional plot with time (in days) on the x-axis
and the number of individuals with HIV/AIDS (A) on the y-axis, ranging from approximately
2.95 to 3.00 (in units of 10°). It features curves for 7 values from 0.55 to 0.95, with colors from

purple to yellow. The curves show an initial increase followed by stabilization with oscillations,
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where lower 7 values lead to slightly higher AIDS cases over time. Figure 7b illustrates the
progression to advanced HIV/AIDS, with lower 7 values suggesting a slower transition from HIV
to AIDS due to memory effects in disease progression or treatment delays. This indicates that
populations with lower 7 may have a prolonged pre-AIDS phase, highlighting the need for early
ART to prevent progression to AIDS. Figure 8a presents a two-dimensional plot with time (in
days) on the x-axis and the number of individuals on ART (Ty) on the y-axis, ranging from
approximately 2.50 to 2.70 (in units of 10°). It includes curves for 7 values from 0.55 to 0.95,
with colors from purple to yellow. The curves show an initial decline followed by stabilization
with oscillations, where lower 7 values maintain higher treatment numbers over time. Figure 8a
reflects the dynamics of individuals on ART, with lower 7 values indicating a sustained treatment
population due to memory effects in therapy adherence or access. This suggests that consistent
ART programs are crucial in populations with lower 7, where treatment effects persist longer,
reducing mortality and transmission. Figure 8b displays a three-dimensional surface plot with
time (in days) on the x-axis, fractional order 7 on the y-axis (0.55 to 0.95), and the number of
infected individuals (Iz) on the z-axis (5.0 to 5.8 in units of 10%). The surface shows a peak
at early times and lower 7, gradually flattening as time and 7 increase, with a color gradient
from purple to yellow indicating the density of infected cases. Biologically, Figure 8b provides
a comprehensive view of how infection rates vary with time and fractional order, with lower 7
values and early times showing higher infection peaks. This suggests that memory effects amplify
initial infection spreads, underscoring the importance of early interventions to curb the epidemic
in such scenarios.

Figure 9a presents a three-dimensional surface plot with time (in days) on the x-axis, fractional
order T on the y-axis (0.55 to 0.95), and the number of AIDS cases (A) on the z-axis (2.96 to
3.00 in units of 10%). The surface shows a gradual rise and stabilization, with a color gradient
from purple to yellow, where lower 7 values maintain slightly higher AIDS levels over time. Fig-
ure 9a illustrates the temporal and fractional order dependence of AIDS progression, with lower
7 values indicating a prolonged disease course. This highlights the need for sustained ART and
support to manage advanced cases, especially in populations with significant memory effects.
Figure 9b displays a three-dimensional surface plot with time (in days) on the x-axis, fractional
order 7 on the y-axis (0.55 to 0.95), and the number of individuals on treatment (T) on the
z-axis (2.50 to 2.70 in units of 10%). The surface shows an initial decline followed by stabiliza-
tion, with a color gradient from purple to yellow, where lower 7 values sustain higher treatment
levels. Figure 9b reflects the interplay of time and fractional order on treatment dynamics, with
lower 7 values suggesting prolonged treatment efficacy due to memory effects. This indicates
that consistent ART access is vital in populations with lower 7, where treatment benefits persist

longer, improving survival rates.
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Figure 10a is a three-dimensional surface plot with axes labeled as Time (days) ranging from
0 to 40, Fractional Order 7 from 0.55 to 0.95, and Total Exposed Humans (Ey + Epgp) scaled
from approximately 4.70 x 107 to 5.00 x 107. The surface exhibits a color gradient from purple
(lower values) to yellow (higher values), showing a jagged, oscillatory elevation that increases
sharply with time, particularly at lower 7, with pronounced peaks and valleys along the time
axis, forming a ridged terrain that smooths slightly at higher 7. Figure 10a demonstrates the
impact of fractional order 7 on the dynamics of exposed individuals (Ey+ Epgp) over short-term
periods, where lower 7 (indicating stronger memory effects in the fractal-fractional model) leads
to more volatile oscillations in exposure levels, reflecting delayed progression (o1, o2) and pro-
phylaxis failures ((1 —e1)Am, (1 —e2)o2). This implies that incorporating noninteger derivatives
captures realistic heterogeneities in HIV exposure, suggesting interventions like enhanced PEP
(0) could dampen surges in high-memory scenarios to prevent rapid accumulation of latently
infected populations. Figure 10b presents a three-dimensional surface plot with time (days)
from 0 to 40 on one axis, fractional order 7 from 0.55 to 0.95 on another, and total exposed
(Eg + Iy + Epgp) — likely a summation including treated or related classes — ranging from
5.84 x 10° to 6.00 x 10°. Colored from dark blue/purple (low) to yellow (high), the surface rises
with time in a jagged, oscillatory manner, with denser ridges at lower 7 and a more gradual
incline at higher values, exhibiting persistent fluctuations along both time and 7. Figure 10b
illustrates how fractional order 7 influences the combined exposed and infected compartments
(Eg + Iy + Eppp), with lower 7 amplifying cyclic behaviors due to the Mittag-Leffler kernel’s
memory in transitions (o1 — Iy, 61 — Tx), highlighting that fractal-fractional modeling re-
veals sustained epidemic waves in HIV progression. This signifies the biological advantage of
higher 7 (closer to integer-order) for stabilizing infection loads, underscoring the need for timely
ART (6, 62) to mitigate memory-driven rebounds in viral spread. Figure 11la depicts a three-
dimensional surface plot with axes for Time (days) 0 to 40, Fractional Order 7 0.55 to 0.95, and
Total Susceptible (Sg + Sprep) from —1.50 x 10° to 1.00 x 10%, though negative values may
indicate modeling artifacts or scaling issues. The color transitions from purple (negative/low)
to yellow (high), forming a declining surface with oscillatory ridges that deepen over time, more
pronounced at lower 7, resembling a descending, wavy plane with irregular drops. Figure 11a
explores the evolution of susceptible populations (Sg + Sp,gp) under fractional dynamics, where
lower 7 exacerbates depletions due to intensified force of infection Ay and PrEP transitions (wg),
potentially leading to unrealistic negatives as artifacts of numerical simulation. This biologically
emphasizes that fractal memory effects accelerate susceptibility loss through exposure, advocat-
ing for boosted PrEP efficacy (¢1) and entry rates (A) to sustain population resilience against
cyclic HIV incursions. Figure 12a shows a three-dimensional surface plot with vy (Contact rate)

from 0 to 1.0, v (Number of partners) from 0 to 10, and Ry modification factor from 0 to 8.
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The surface uses a color gradient from purple (low) to red (high), rising steeply in a block-like
manner with higher values at elevated vy and -, forming a smooth, ascending plateau with
minimal oscillations. Figure 12a highlights the synergistic effect of contact rate vy and partner

number  on the basic reproduction number Ryy modification, where increases in both amplify
A=s¥)yyu(Ia+A+nTH)
N

transmission potential via Ay = , leading to epidemic thresholds. This
implies that behavioral interventions reducing v or vy (e.g., education on safer practices) are
crucial to cap Rpy below unity, preventing sustained HIV outbreaks in high-risk networks.

Figure 12b is a three-dimensional surface plot with o1 (Progression rate of exposed individuals)
from 2.0 to 6.0, p; (Progression rate to AIDS) from 0.00 to 0.14, and Ry from 0 to 3.0. Colored
from blue (low) to yellow (high), the surface appears as a stepped, blocky incline with dotted
or grid-like patterns, peaking at higher o1 and lower p;, with a relatively flat high region tran-
sitioning to lows. Biologically, Figure 12b examines how progression rates oy (from Ep) and p;
(from Iy to A) modulate Ryp, with faster o7 elevating reproduction by shortening latency and
increasing infectious periods, while higher p; tempers it via quicker AIDS advancement and mor-
tality (64). This biologically suggests optimizing diagnostic timing to slow o7 and p;, thereby
reducing overall transmissibility and averting progression to severe stages in HIV dynamics. Fig-
ure 13a displays a three-dimensional surface plot with e; (Efficacy of PrEP) from 0 to 1.0, &5
(Efficacy of PEP)/n (modification for treatment) from 0 to 0.8, and Ry modification factor from
0 to 7. The color shifts from dark blue (low) to yellow (high), forming a layered, block-like
structure with higher values at lower efficacies, exhibiting stepwise increases along the axes. Fig-
ure 13a reveals the interplay of PrEP efficacy €1, PEP efficacy 2, and treatment reduction n,
where lower efficacies inflate Rop by heightening failure rates ((1 — e1)Am, (1 —e2)02) and sus-
taining infectivity in 7. This indicates that enhancing prophylactic and therapeutic efficacies
synergistically suppresses reproduction, biologically supporting integrated strategies to minimize
exposure transitions and achieve epidemic control. Figure 13b illustrates a three-dimensional
surface plot (representing four dimensions via color) with ¢ (Compliance rate for condom usage)
from 0 to 1.0, ¥ (Efficacy of condoms) from 0 to 0.8, and 6y (Natural mortality) from 0.0100
to 0.0275, with Ry from 0 to 5 colored blue (low) to yellow (high). The surface forms a grid of
blocky elevations, peaking at low ¢/¥ and high 6y, with segmented layers. Figure 13b assesses
how condom adherence ¢, efficacy ¥, and mortality 0y affect Rog, with poor condom metrics
boosting transmission through (1 — ¢¥) in Ay, while higher 8y counterintuitively lowers Roy
by removing individuals faster. This biologically underscores promoting condom use to reduce
effective contacts, outweighing mortality effects, for long-term HIV containment in populations.
Figure 14b is a two-dimensional line plot with Basic Reproduction Number Rygy from 1.0 to 4.0
on the y-axis and Time (months) from 0 to 25 on the x-axis. Curves are color-coded for vy (Con-

tact rate): vy = 0.3 (blue), 0.4 (orange), 0.5 (green), 0.6 (red), 0.7 (purple), showing sinusoidal
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oscillations with a period of about 10 months, where higher v yields greater amplitudes and
peaks up to 3.8. Figure 14b shows the sensitivity of Rgg to contact rate g, with increases in-
tensifying oscillatory transmission due to elevated A g, signifying periodic epidemic resurgences.
This highlights the biological imperative for contact-reducing measures (e.g., social distancing
or education) to flatten curves and maintain Ryy below critical thresholds. Figure 15a presents
a two-dimensional line plot with Rog from 2.0 to 4.0 on the y-axis and Time (months) 0 to 25
on the x-axis. Parameter ¥ (Condom efficacy) varies: ¥ = 0.3 (blue), 0.5 (orange), 0.7 (green),
0.8 (red), 0.9 (purple), with oscillations of 10-month periods, lower ¥ corresponding to higher
peaks and amplitudes. Figure 15a indicates that diminishing condom efficacy ¥ escalates Rog
fluctuations via weakened protection in (1 — ¢¥), promoting cyclic infections. This biologically
advocates for high-efficacy prophylactics to stabilize dynamics and curb HIV spread over time.
Figure 15b depicts a two-dimensional line plot with Ryy from 0.5 to 4.5 on the y-axis and Time
(months) 0 to 25 on the x-axis. Curves for £; (PrEP effectiveness): e = 0.5 (blue), 0.6 (orange),
0.7 (green), 0.8 (red), 0.9 (purple), exhibiting sinusoidal waves with 10-month cycles, higher £,
linked to lower overall levels and damped amplitudes. Biologically, Figure 15b demonstrates
that boosting PrEP effectiveness ¢; mitigates Ry oscillations by reducing failure to exposure
((1—e1)Ap), leading to smoother epidemic control. This signifies the biological value of advanced
PrEP formulations in preventing periodic HIV upticks and achieving sustained suppression.
The Figure 16a depicts a two-dimensional line plot with the basic reproduction number Ry
on the y-axis ranging from approximately 1.0 to 3.5 and time in months on the x-axis spanning
0 to 25. Multiple colored curves represent different values of the parameter v (number of sexual
partners per individual), specifically v = 2.0 (blue), v = 3.0 (orange), v = 4.0 (green), v = 5.0
(red), and v = 6.0 (purple). Each curve exhibits sinusoidal oscillations with a consistent period
of about 10 months, starting at higher initial values for larger  (around 3.2 for v = 6.0) and
decreasing in amplitude over time, though the oscillations persist without fully damping to equi-
librium. Biologically, the Figure 16a illustrates the sensitivity of the basic reproduction number
Ropy to variations in -y, highlighting how an increase in the average number of sexual partners

amplifies the oscillatory behavior and elevates the overall transmission potential of HIV/AIDS.
A=) yyn (Iu+A+nTH)
N

Higher v values lead to greater force of infection Ay = , resulting in more
pronounced peaks in Rz, which signify periods of heightened epidemic risk; this underscores the
importance of interventions reducing partner concurrency to mitigate cyclic surges in infection
rates. Figure 16b shows a two-dimensional line plot with Rygy on the y-axis from about 1.5 to
3.5 and time in months on the x-axis from 0 to 25. Curves are color-coded for different values of
X (rate of reversion to the HIV-only group due to reduced viral load), including x = 0.05 (blue),
x = 0.1 (orange), x = 0.15 (green), x = 0.2 (red), and x = 0.25 (purple). The lines display

oscillatory patterns with a period of roughly 10 months, where higher x corresponds to higher
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amplitude and peak values, starting near 3.3 for y = 0.25 and showing slight damping over time.
Figure 16b demonstrates that increasing the reversion rate y from treatment Ty back to Iy exac-
erbates fluctuations in Ryy, as it allows more individuals to re-enter the infectious pool without
sustained viral suppression, thereby prolonging epidemic waves; this emphasizes the need for
improved treatment adherence to minimize such reversions and stabilize transmission dynamics.
Figure 17a presents a two-dimensional line plot with Rgpy scaled from 1.8 to 3.0 on the y-axis
and time from 0 to 25 months on the x-axis. Parameter © (reduced disease-induced mortality
in the treatment group) varies across curves: © = 0.3 (blue), © = 0.4 (orange), © = 0.5 (green),
© = 0.6 (red), and © = 0.7 (purple). Oscillations are evident with a period of about 10 months,
and higher © values yield lower overall Ry levels and reduced oscillation amplitudes, indicating
a stabilizing effect. Biologically, Figure 17a reveals that enhancing ©, which lowers mortality in
treated individuals via ©Jp, dampens Ryp oscillations and reduces average transmission rates
by prolonging survival in Ty with lower infectivity (n < 1), suggesting that therapies improving
survival outcomes can help control epidemic cycles and lower long-term prevalence. Figure 17b
is a two-dimensional line plot featuring Ryy from 1.8 to 3.0 on the y-axis and time from 0 to
25 months on the x-axis. It varies d; (disease-induced mortality rate for HIV-infected individ-
uals): d;y = 0.03 (blue), 6;y = 0.04 (orange), 6; = 0.05 (green), d; = 0.06 (red), and 6y = 0.07
(purple). The curves oscillate sinusoidally with a 10-month period, where higher d; correlates
with lower peak Rgy and milder fluctuations. Figure 17b indicates that elevating é; in the Iy
compartment reduces Roy by removing infectious individuals faster, thereby shortening infec-
tious periods and attenuating epidemic oscillations; this highlights the dual-edged role of disease
mortality in curbing spread, though ethically, interventions should focus on prevention rather
than relying on higher death rates. Figure 18a displays a two-dimensional line plot with Ryg
ranging from 1.8 to 2.8 on the y-axis and time from 0 to 25 months on the x-axis. Parameter d4
(disease-induced mortality for HIV/AIDS individuals) is varied: §4 = 0.15 (blue), 64 = 0.175
(orange), d4 = 0.2 (green), d4 = 0.225 (red), and 64 = 0.25 (purple). Oscillatory behavior
persists with a period of approximately 10 months, and increasing d 4 slightly lowers the average

Ry and oscillation intensity.

Biologically, Figure 18a shows that higher §4 in the A compartment marginally suppresses
Ry fluctuations by accelerating removal of advanced-stage infectives, reducing their contribu-
tion to Ag; however, the effect is less pronounced than for earlier stages, implying that targeting
progression rates like p; may be more effective for biological control. Figure 18b illustrates a
two-dimensional line plot with Rgy from 1.8 to 3.0 on the y-axis and time from 0 to 25 months
on the x-axis. It parameterizes ér (disease-induced mortality for treated individuals): é7 = 0.01
(blue), 07 = 0.015 (orange), o7 = 0.02 (green), o7 = 0.025 (red), and o7 = 0.03 (purple). The
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lines exhibit 10-month periodic oscillations, with higher §7 leading to elevated Ryy peaks due to
shorter treatment durations. Figure 18b suggests that increasing é amplifies Rgg oscillations by
diminishing the benefits of treatment in T, as faster mortality limits the low-infectivity period
(nTy); this biologically stresses the value of therapies that minimize dr to extend suppressive
effects and stabilize epidemic trajectories. Figure 19a is a three-dimensional surface plot with
axes labeled as Exposed Class (Ef) Population (0 to 1000), HIV-Only Class (Izr) Population
(0 to 1000), and Treated Class (T/A) Population (0 to 1000), using a color gradient from pur-
ple (low, ~50) to yellow (high, ~350) representing AIDS Class Population. The surface forms a
sloped, uneven block rising sharply along the Treated Class axis and more gradually along others,
with higher AIDS populations in regions of low exposure and high treatment/HIV-only. Biolog-
ically, Figure 19a explores interactions among exposed (Eg ), HIV-only (), and treated/AIDS
(Tyg + A) compartments, showing that AIDS prevalence escalates when treatment coverage is
high but exposure and untreated HIV are low, possibly due to prolonged survival leading to
accumulation in later stages; this signifies the need for balanced interventions addressing early
exposure (o1) and treatment transitions (61, 62) to prevent AIDS buildup. Figure 19b depicts
a three-dimensional surface plot with axes for Susceptible on PrEP (Sprrp) Population (0 to
1000), Exposed on PEP (Epgp) Population (0 to 1000), and HIV-Ouly Class (I5) Population
(0 to 1000), colored from blue (low, ~50) to yellow (high, ~350) for AIDS Class Population.
The surface appears as a steep, block-like incline, with AIDS population peaking at high Sprpp
and low Epgp/Ig, forming a nearly flat high plateau transitioning to lower values. Figure 19b
(interpreting the color as a fourth dimension) highlights how prophylactic strategies interact with
infection stages, where high PrEP coverage (Sp,gp) correlates with elevated AIDS if PEP usage
(Epgp) and untreated HIV (Iy) are minimal, suggesting potential gaps in progression manage-
ment post-prophylaxis failure ((1—¢e1)Ag, (1 —e2)o2); this biologically implies optimizing 1 and

€9 to reduce downstream AIDS despite strong prevention.

4.7 Advantages of the fractal-fractional order method over

classical integer-order models in HIV/AIDS modeling

The fractal-fractional order method offers significant advantages over classical integer-order dif-
ferential equation models when analyzing complex, real-world HIV epidemics. First, it incor-
porates memory effects through the fractional derivative (order 7 € (0,1]), capturing how past
infections, delayed treatment initiation, and behavioral risk history influence current transmission

dynamics—critical in HIV where immune memory and cumulative exposure shape progression
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and infectivity. Second, the fractal dimension (parameter ¢)) models heterogeneous contact pat-
terns in sexual or injection networks, reflecting clustered risk behaviors (e.g., in key populations)
that integer-order models assume away via mean-field approximations. Third, this dual structure
yields more accurate long-term predictions, particularly in simulating slow-decaying tails of in-
cidence under partial intervention coverage—patterns observed in mature epidemics but missed
by exponential decay in classical models. Fourth, the framework better reproduces empirical
data from cohort studies showing non-Markovian progression and sub-exponential growth, en-
hancing model validation and credibility. Finally, from a public health perspective, it provides
superior scenario analysis for combination prevention: It reveals how sustained PrEP, ART
scale-up, and condom promotion interact over decades to push Rz below unity and avoid back-
ward bifurcation traps—insights essential for achieving and sustaining the UNAIDS 95-95-95
targets by 2030. While computationally intensive, these advantages make the fractal-fractional
approach the preferred tool for strategic, evidence-based HIV elimination planning in heteroge-

neous, memory-dependent populations.

5 Conclusion

The fractal-fractional order model developed in this research offers a robust framework for analyz-
ing HIV/AIDS transmission dynamics, significantly enhancing traditional integer-order models
by incorporating fractal-fractional derivatives. These derivatives combine fractional calculus,
which captures memory effects and long-term dependencies in disease progression, with fractal
geometry, which models self-similar, heterogeneous transmission patterns across diverse popula-
tion scales. This approach is particularly effective for HIV/AIDS, as it accounts for the nonlocal
nature of infection dynamics and complex contact structures, providing a more accurate rep-
resentation of real-world epidemic behavior. By integrating PrEP, PEP, and ART, the model
demonstrates their partial efficacy in reducing the force of infection and overall disease burden.
Analytical proofs confirm solution positivity, boundedness, and global asymptotic stability at
the endemic equilibrium when Rgp > 1. Sensitivity analysis underscores the critical influence
of natural mortality, progression rates, contact rates, and treatment initiation on transmis-
sion dynamics, while parameter fitting to South African data validates the model’s predictive
power, forecasting a substantial 28% decline in new infections by 2033 with sustained ART
coverage. Numerical simulations further reveal that lower fractional orders intensify oscillatory
behaviors in infected compartments, emphasizing the need for consistent prophylactic adherence
and early treatment to prevent epidemic resurgence. Compared to integer-order models, the

fractal-fractional framework better fits empirical data and offers deeper insights into multi-scale
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dynamics, informing optimized resource allocation for epidemic control. Future extensions could
incorporate spatial heterogeneity and emerging viral variants to enhance the model’s applicabil-
ity. Numerical simulations reveal that enhancing the synergistic effects of condoms, prophylaxis,
and antiretroviral drugs will significantly reduce the burden of HIV/AIDS in the human popu-
lation.

Recommendations for the Public

1. Sustain and expand ART access to ensure consistent treatment, particularly in high-

prevalence regions like South Africa, by reducing cost, stigma, and logistical barriers.

2. Promote consistent PrEP and PEP use through community outreach and subsidized access

to reduce infection rates in high-risk groups.

3. Enhance early testing and diagnosis through intensified HIV testing campaigns to prevent

progression to AIDS and reduce transmission risk.

4. Reduce high-risk contact behaviors, such as multiple sexual partners, by promoting safe

practices like condom use through targeted education.

5. Support long-term adherence to interventions to prevent epidemic resurgence, emphasizing

consistent treatment and prophylaxis commitment.

5.1 Limitations of the Model

The fractal-fractional order approach, while powerful in capturing memory effects, behavioral
heterogeneity, and long-term dynamics in HIV transmission, has several important limitations.
First, the method introduces additional parameters (fractional order 7 and fractal dimension
1), which require careful calibration using longitudinal cohort or surveillance data—data that
are often incomplete or unavailable in low-resource settings. Misestimation of these parameters
can lead to biased projections of Ryy, equilibrium prevalence, or intervention impact. Second,
the increased computational complexity of solving fractal-fractional systems—especially with
the Adams-Bashforth scheme—demands significant processing power and time, limiting real-
time forecasting during public health emergencies. Third, interpretability is reduced; while
the model better reflects biological and social realism, the noninteger derivatives obscure direct

causal links, making it harder for policymakers to translate results into intuitive action. Finally,
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the assumption of uniform memory and fractal structure across populations may oversimplify
local variations in risk behavior, treatment adherence, or viral evolution. These limitations
suggest that while the fractal-fractional framework is valuable for strategic long-term planning
and theoretical insight, it should be complemented with simpler integer-order models for rapid
response and sensitivity analyses for parameter uncertainty in operational decision-making.

Areas for Future Research

1. Incorporate spatial heterogeneity into the HIV/AIDS model.
2. Model emerging HIV/AIDS variants.

3. Integrate stochastic effects into the model

4. Explore neural network enhancements.

5. Analyze time-dependent optimal control measures on the HIV/AIDS model.
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