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Abstract

The hyperbolic partial differential equation (PDE) has important practical
uses in science and engineering. This article provides an estimate for solving
the Goursat problem in hyperbolic linear PDEs with variable coefficients.
The Goursat PDE is transformed into a second kind of linear Volterra in-
tegral equation. A convergent algorithm that employs Taylor polynomials
is created to generate a collocation solution, and the error using the maxi-
mum norm is estimated. The paper includes numerical examples to prove

the method’s effectiveness and precision.
AMS subject classifications (2020): 45D05, 34K28, 45L05, 30KO05.

Keywords: Hyperbolic partial differential equations; Goursat problem; Volterra

integral equation; Collocation method; Taylor polynomials.

1 Introduction

Partial differential equations (PDEs) are commonly used to address problems
in various fields, such as engineering, physics, and finance. These equations
are crucial in the study of various phenomena such as electric currents, grav-
ity, heat transfer, water wave movement, fluid mechanics, electromagnetism,
elasticity, quantum mechanics, population dynamics, stock and option pric-
ing, chemical reaction-diffusion, as well as in the modeling of Schrédinger’s
equation.

A second-order linear hyperbolic PDE with two variables for w(e, n) has

the form

0w 9w 9w Ow Ow
gw gl p% L g%
5 * Boean * o + +

A v
on? Oe on

+Fu+G=0, (1)

where B2 — 4AC > 0, and A,B,C,D,E,F, and G are functions of the
variables € and 7. By a suitable change of the independent variables, we
shall show that any equation of the form (1) can be reduced to the canonical
form or normal form of the hyperbolic equation called the Goursat problem

Ow(t,s) Ow(t,s)
ot ' 0Os > @)

0?w(t, s)
O0tos

= ¢ <t357w7
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615 Goursat problem in hyperbolic PDEs solved by taylor collocation method

Equations (1) and (2) are hyperbolic PDEs and appear frequently in the study
of ecological and cosmological phenomena [26]. To accurately simulate these
events, it is important to develop efficient and reliable methods for solving
these equations. Several numerical techniques have been proposed for this
purpose, including finite difference methods [14, 4], finite element methods
[2], Taylor matrix method [7, 6], Legendre multi-wavelet Galerkin method [28,
27], rational Chebyshev method [10], modified variational iteration method
[1], and Chebyshev wavelet scheme [13].

The numerical solution of Goursat problem (2) has been investigated by
many authors. For instance, Scott [25] considered the homogeneous Goursat
problem (3) with the coefficients depending on the same variable. Evans
and Sanugi [12] proposed a nonlinear trapezoidal formula based on geometric
means. Day [9] used the Runge-Kutta method to approximate the solution
of (2). Pandey [24] presented a novel exponential finite difference to obtain
a numerical solution of (2). Drignei [11] developed an algorithm to find the

quadruple solution to a Goursat problem in a triangular domain.

In this paper, we consider a collocation solution of the linear Goursat

problem of the second-order with variable coefficients

D%w(t, s) _
~Htds a(t,s) +b(t, s) +c(t, s)w(t,s) = f(t,s), (3)

w(0,5) = a(s),w(t, 0) = B(t), (0) = B(0), (t,5) € [0, X] x [0,Y],

Ow(t, s) Ow(t,s)
ot s

where a, b, ¢, and f are smooth functions through the domain of discussion.

For the existence and uniqueness of the solution, see [15].

The Goursat PDE (3) is converted to the linear Volterra integral equation
(VIE) of the second kind

z

w(T,2) =g(7,2) + /T k1(t, 2)w(t, z)dt Jr/ Kao(T, 8)w(T, s)ds

0

+ /OT /OZ Oli3(t, s)w(t, s)dsdt, (4)

where g, k1, ko, and k3 are defined in (7). Moreover, the special case of (4) for
k1 = ko = 0 is considered in [19]. We develop the collocation method intro-
duced in [3, 16, 17, 18] to solve (4). This method is based on approximating

the exact solution of a given integral equation with a suitable function be-
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Birem, Boulmerka, Laib and Hennous 616

longing to a chosen finite-dimensional space (8) such that the approximated
solution satisfies the integral equation on collocation points (9). An impor-
tant aspect of this method is that the number of subintervals and the degree
of Taylor polynomials can be changed to get the best possible result. It is
also easy to implement, and the approximate solution is based on iterative
formulas without needing to solve any algebraic equations.

The paper is organized as follows: In section 2, the converting of PDE
to the two-dimensional VIE. In Section 3, the approximating solution of (6)
in each collocation point by a Taylor polynomial. The convergence analysis
is investigated in section 4. Numerical examples are provided in section 5 to

illustrate the theoretical results. Finally, a conclusion is given in section 6.

2 Converting PDE to two-dimensional VIE

In this section, we study the technique that will convert PDE (3) to an
equivalent VIE (4).
Integrating both sides of (3) with respect to s yields

dw(t,z)  Ow(t,0) +/ a(t,s)aw(t’s)ds+/ b(t,s)aw(t’s)ds
0 ot 0 Js

ot ot
+/ c(t,s)w(t,s)ds:/ f(t,s)ds
0 0
which implies

/Oz 1t 8)ds :6wétt, z) 8w t 0) / &u t S)d bt 2wt 2)
9b( )

—b(t,0)w(t,0) — / w(t,s)ds + /OZ c(t, s)w(t, s)ds.
()

Integrating again both sides of (5) with respect to ¢ yields

/OT /OZ f(t,s)dsdt =w(r,2) — w(0,2) — w(r,0) + w(0,0)

// 09 o

+/0 b(t, z)w (t,z)dt—/o b(t,0)w(t, 0)dt
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617 Goursat problem in hyperbolic PDEs solved by taylor collocation method

//ab” dsdt+// (t, s)w(t, s)dsdt.

/ / f(t,8)dsdt =w(T, 2) — a(z) — 8(7) + w(0,0)
+/O a(r, s)w (Tsd8+/ b(t, z)w(t, z)dt
_/Z a(0, s)a(s )ds—/oTb(t,O)ﬁ(t)dt

//aats s)dsdt
/ abt‘s dsdt+// (t, s)w(t, s)dsdt,

which is equivalent to the following 2D-VIE:

Hence,

z

w(r, z) =g(7,2) + /OT k1(t, 2)w(t, z)dt —|—/ Ko (T, $)w(T, s)ds

0
+ /OT /OZ k3 (t, s)w(t, s)dsdt, (6)
where
k1(t, z) : = =b(t, z),
ko(T,8) : = —a(T, s),
H3(t75) - 8a((9tt7 S) abgg S) - ( 75)7

g(1,2) : = a(z) + B(7) — w(0,0) + /OZ a(0, s)a(s)ds
’ b(t,0)5(t)dt + /T /Z f(t, s)dsdt. (7)

+
S—

3 Taylor collocation method

In this section, we approximate solutions of 2D-VIE (6) in the space
S;:ll)(HMM) ={v:vn,m=vlp,,, €Tp-1,m=0,1,...,N-1;m=0,1,...,M—1} (8)

of the real bivariate polynomial spline functions of degree (at most) p—1 in
7 and z. Its dimension is NMp?. Here, Iy = {r; = ih,i =0,1,..., N} and
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Birem, Boulmerka, Laib and Hennous 618

Iy = {z; = jk,j =0,1,..., M} denote, respectively, uniform partitions of
the intervals [0, 7] and [0, Z] with the step-sizes given by h = L and k = Z.

These partitions are define a grid for D

Oy oy =0n Xy = {(7h, 2m),0 <n < N,0<m < M}. (9)
Set the subintervals

on =[Tn;Tnt1),n=0,1,...,N —=2; on_1 =[Tn-1,7TN],

6m - [zm;zm+1)7m:071,...,M—2; 5M*l = [ZMflsz}v
and Dy, :=0p X 0y foralln=0,1,..., N-1;m=0,1,...,M — 1.

To define the collocation solution, we use the Taylor polynomial on each
rectangle D, p,;n = 0,1,...,N —1;m = 0,1,...,M — 1. Note that the
solution w of (6) is known at point (0,0): w(0,0) = g(0,0).

First, we approximate w in the rectangle Dy ¢ by the polynomial

p—1 L
1 9"Mw(0,0) ; .
- il ) g
vo,0(T, 2) = Z T orion 7'z (1,2) € Do, (10)
1+35=0
O 9w(0.0 yiti
where 9™w(0,0) is the exact value of Y at point (0, 0).

OTi027 011027
Differentiating equation (6) j-times with respect to z and i-times with
respect to 7, we obtain

OHIw(1,2) _ o) 40)
Torios o1 02 9(m)
J =1 .o i1 .
NN L g o lu(r, 2)
+Z (l)( n )871'*1*" [82 nl(T’Z)] Mozl
1=0n=0
j-1 i o o
™ 1\ 0* " §I—1-1 B’7+lw(7,z)
+Z (l) (7]) 9ri—n {mfw(ﬂ', 2):| ool
1=0n=0
j—li-1 . o .
Gy i1y O [ ] o)
+ ( l >< n >87—i*1*71 azjflflmg(q—’z) 9ozl (11)
=0 n=0
Second, we approximate w in the rectangles D, g,n =1,...,N — 1 by the
polynomials

p—1 AN
1 9" 0,,.0(7a,0) y
Un,0(7—7 Z) = Z T‘ﬂw(’r — Tn) 27 ; (T7 Z) c Dn,07 (12)
i+35=0
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619 Goursat problem in hyperbolic PDEs solved by taylor collocation method

where ¥y, o is the exact solution of the integral equation:

On,0(7, 2) =9(7,2) +/ K2(T, 8)0n,0(T, s)ds
0
DI
1 [Tet1 [ T
+Z/ / H3(t,8)vg70(t,8)d8dt+/ / K3 (t, 8)0n,0(t, s)dsdt,
£=0"7¢ 0 ™ JO

T

1(t, 2)veo0(t, Z)dt+/ K1 (t, 2)n,0(t, 2)dt (13)

Tn

Te+1

i+ig i
and 6(;"1-’732"’0) is the exact value of W at point (7,,0).

Differentiating equation (13) j-times with respect to z and i-times with
respect to 7, we obtain

Ot by, o(T, 2) :8§i)35j)g(7' 2)

01923
J i—-1 . . i—1— N
g\ /i — 1\ 9~ 1—m G-0) oty o(T, 2)
+ Z (l)( n )87'2'*1*" [82 Fa (T, Z)] OTm0z!
1=0n=0
j—1 i . . i i .
=1\ i\ 011 [ 9i—1-l 0"y, o(T, 2)
+ Z ( l )(77> ori—n [87;1*1*1 r2(7,2) o9z
=0 n=0
j-li-1 i—1— ji—1—1 +15
j—1 gi=1-n [ HJ Ot oy o(T, 2)
+ ( l )( n )87'"*1*” [8z1*1*1n3(77 ?) atmozt

=0 0

3
Il

(14)

Third, we approximate w by vy, », in the rectangles Dy, ,,,,n =0,1,...,N =1
and m=1,...,M — 1 such that

p—1 PN
1 00, i (Th, 2m) . ,
Unn (T, 2) = Z i) (‘;TT@; (T = 1) (2= 2m)! 5 (7,2) € Dy
i+j=0

(15)

where ¥y, ,,, is the exact solution of the integral equation:

O (T, 2) =9(T, 2 +Z/

m—1 Zpt+1 z
+ Z/ Ko (T, s)vn,p(T,s)der/ K2 (T, 8)0n m (T, 5)ds

T

1(t, 2)vem (¢, Z)dt+/ k1(t, 2)0n,m(t, 2)dt

Tn

Te+1

p=0 " %» Zm
n—1m-—1 Teq1 Zpt1

+ Z Z / / 3(t, 8)ve p(t, s)dsdt
£=0 p=0
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Birem, Boulmerka, Laib and Hennous 620

Te41 [z
+Z/ / k3(t, 8)ve,m (L, s)dsdt
Zm
_ T [Fpt1
+ Z/ / k3(t, s)Un,p(t, s)dsdt
p=0 Y70 /2

+// K3 (t, $)On,m (¢, 8)dsdt,

ARk Un,0 (Tn>2m) -
01927

(16)

and is the exact value of 2 — é; -2 at point (7o, 2m)-
Differentiating equation (16) j-times with respect to z and é-times with

respect to 7, we obtain

O 0y (7, 2)

T 1
OTi0z9 (17)
= 0107 9(r, 2)
joi-1 . s
J - (j l) a" Un,m(Tvz)
B ()0, o 8] S
1=0 =0
(-1 - [ gim1- 0" i (7, 2)
" ZZ ( >(77> ori=n [523 7he(72) ATz
=0 n=0
j—1i-1 . i—1 j—1—1 +15
J— 0 o M0y m (T, 2)
" ;%( )( )aﬂln [aza‘ll“?’(T’ Z)] ornazt

4 Convergence analysis

We consider the space L>°(D) with the norm
[l oo (py = Inf{C ER: [po(7,2)| < C for ace. (,2) € D} < 0o,

The following lemmas will be used in proving the convergence of the presented
method.

Lemma 1 (Taylor’s theorem for functions of two independent variables).
Let f be p times continuously differentiable on D = [a,b] x [¢,d] and let
(70, 20) € D. Then for all (7, 2) € D, we have

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 613-637



621 Goursat problem in hyperbolic PDEs solved by taylor collocation method
p—1 .
1 0" f(79, 20) i i
— Y JNe0) .\
fn2)= 2 G gpga (T ) =)
i+75=0
L 9" f(m,21) i j
_ _ J
LD = = e U N Rt

where

{7197+(19)Toe [a,b)], pe 1)

z1=0z+ (1 —0)z € [c,d],

Lemma 2 (Gronwall-type inequality [21]). Let w(r,z) and p(7, z) be non-
negative continuous functions in = [a,b] X [¢,d], and let p(7, z) be nonde-

creasing in each of the variables in 2 and satisfy the following inequality:
w(r, z) <p(7,2) + I'i/ w(t, z)dt + H/ w(r, s)ds
a c

-l—li/ / w(t, s)dsdt, (1,2) € Q,

where k is positive constant. Then there exists a positive constant v such
that
w(r, 2) < vp(T, 2).

Lemma 3 (Discrete Gronwall-type inequality [5]). Let {x;}7_, be a given

nonnegative sequence and let the sequence {e,} satisfyeg < pg and

n—1
En SPO‘FZ@E;‘» n>1,
j=0
with pg > 0. Then
n—1
En < Po €Xp L7 I n > 1.
§=0

Lemma 4 (Discrete Gronwall-type inequality of two variables [23]). Let wi, m,
be a given nonnegative sequence, and let by, bo, b3 and 8 be independent of h

and k and strictly positive. If the sequence w, ,, satisfies

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 613-637



Birem, Boulmerka, Laib and Hennous 622

n—1m-—1
wnmghblzwgm—&—kzbganp—i—hkbgzngp—i—,é’, (18)
p=0 £=0 p=0
foralln=0,1,...,Nym=0,1,..., M, then
wn,m < Bexp(v(Nh + Mk)), (19)

where ~ = 1 (bl by + /(b T 02)% 1 4b3) .

Lemma 5. Let g, x1,k2, and k3 be p times continuously differentiable on
their respective domains. Then, there exists a positive number a(p) such
that foralln=0,1,..., N—1, m=0,..., M—1,andi+j =0,1,...,p, we
have

H e <a(p)

OTi0z7

L*°(Dy,m)

where 99 (7, 2) = w(7, 2) for (7,2) € Dy0.
+37 5
Proof. Let ait] = HﬁHLW(Dmm).
First, we have for all i +j =0,1,...,p,

o o tiy
agld <max{ || =——
’ oTtdzI

,i—i—j:O,l,...,p}:al(p). (20)
L>°(Do,0)

Second, for i 4+ j = 0, from (13), we have foralln=1,...,N —1

Te+1 z
0+0 <C + C1,1 Z / Z ag dt + C1,1 / 0+Odt + co 2 / O+Od$
Tn 0

a+B=0

Te+1
+c3,2 Z / / Z CL? det +c3,2 / / 0+0d8dt

a+5=0

and for i+ j=1,...,p, from (14), we have foralln=1,...,N — 1,

J 1 j—14i—1

+1 +1 +1

attd <c+6125 E a, +621E E a, +033§ E apy
=0 n=0 =0 n=0 =0 n=0

where, the constants ¢, ci,1,¢1,2,¢2,1,C2,2, €32, and c3 3 are positive and inde-
pendent of N and M.

Hence, for alli+5=0,1,...,p

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 613-637



623 Goursat problem in hyperbolic PDEs solved by taylor collocation method

n—1 p—1 J

“” <c+cllhz Z a£0ﬁ+01222a:ﬁl+011h2a0+l

§0a+f30 1=0 =0

+czlzZa + cg, k:Za"'H)

=0 n=0
n—1 p—1 j—14—1

“ngzhk‘Z Z a?oﬂ—&—chZa”H+032hka2ﬁ)07
=0 n=0

£=0 a+p5=0 n=
which implies that

n—1 p— i+j—1

1
Zﬂ <c—|—clhz anH—l—cQ Z al (21)
£=0 n+1=0 n+1=0

where Cl1 =1¢C1,1 -+ 6372]{5, Co = C1,2 =+ Cl,lh + C2.1 -+ 6272]6 -+ C3.3 + 6372}1]@.
Now, we consider the sequence T, = max{a’'d,i+j = 0,...,p}, n =

0,1,...,N — 1, from (21), we obtain

i+j—1

H']<c—l—clp hZF§+CQ Z al
n+1=0

Using Lemma 3 with the following notations

n—1
it+J 2
Eitj = a’n7ojv Po=2C¢C + a1p h Z Ff? kn-‘rl = C2,
§=0

we obtain

n—1 i+j—1
azn—t_g < c+ cpoh, Z Fg exXp Z C2
£=0 n+1=0
n—1
< cexp(p?ca) + c1p® exp(pPez) h Z I,
£=0

Cc3 C4q

which implies that

n—1

I, <ecs —|—C4hZF§.
£=0

Again, using Lemma 3, foralln=0,1,...,.N—landi+j=0,...,p
’ﬂ <T, <csexp(acy).

NG S (22)
az(p)
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Third, for ¢ + j = 0, from (16), we have for all n = 0,1,...,
1,...,M—1,

b

n—1 p—1

1
0 a+B=0

624

N-—-1,m=

m—1 p—
a?j,g <c+ci1h E E agthrcLlha + o2k E a0+0+c 2ka0+0

£€=0 a+8=0 p=
n—1m—-1 p—1

+632hkzz Z a0+0+032hk2 Z a0+0

£=0 p=0 a+pB=0 £=0 a+B=0
m—1 p—1

+ c32hk Z a0+0 + c3 ghkan sl
p=0 a+pB=0

and for i+ j =1,...,p, we have from (17) that

] ] Jj—14i—1
Z+j <c—|—01222a"” +62122a”+l +03322a"+l.
=0 n=0 =0 n=0 =0 n=0
Hence, for allt 4+ 5 =0,1,...,p,
n—1 p—1 i+7—1 i+5—1
Zﬂ <c+c 1hz Z a +0172 Z a"“ +ci1h Z a’ﬂjnll
£=0 n+1=0 n+1=0 n+1=0
m—1 p—1 i+j—1 i+j—1
+C2,2]€Z Z a"+l+021 Z CLn—H + ca 2k Z aZj;,lL
p=0 n+1=0 n—+1=0 n+1=0
n—1m-1 p—1 n—1 p—1
+Cg’2hk'z Z Z a -‘1-63 Qhkz Z a"H
=0 p=0 n+i=0 =0 n+1=0
m—1 p—1
+Cg Qhk Z Z a"‘H
p=0 n+1=0
i+j—1 i+j—1
+c33 Z a”“ + c32hk Z a?fnll.
n+1=0 n+1=0

i i4+i=0,....,p},n=0,1,...,

Consider, the sequence I'y, ,,, = max{a,"7,,
1;m=0,1,...,M — 1. Then by (23), we have

n—1 m—1
ag% SC + hbl,l Z F&m + kbLg Z Fn,p
£=0 p=0

N —

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 613-637



625 Goursat problem in hyperbolic PDEs solved by taylor collocation method

n—1m-—1 i+j—1
+hkbiz Y Y Tep,+bia y alh, (24)
£=0 p=0 n+1=0

where by 1 = (1,1 + ¢3,2k)p?, b1 = (c22 + c32h)p?, b1 3 = c32p°
and b1,4 =c12+ Cl,lh +c21 + 0272k +c3,3 + C3)2hk.

Using Lemma 3 with the following notations

it
Eitj = an7m7

n—1 m—1 n—1m-—1
po=c+hbi1 Y Tem+kbio Y Tn,+hkbisd Y Te,p,
£=0 p=0 £=0 p=0

kpii = b1,

we obtain from (24) that

n—1 m—1
apth < cexp(pbia) +hbyyexp(pbia) Y Tem +kbiaexp(pbia) Y Ty
— ————

N o £=0 b p=0

n—1m-—1

+hkbgexp(pbia) > Y Tep
N—— —
b =0 p=0

It follows that, for all n =0,1,.... N —=1;m=0,1,...,. M — 1,

n—1 m—1 n—1m—1
Ty <bs+hby Y Tem+kby Y Thp+hkby Y > Te,.
£=0 p=0 £=0 p=0

Using Lemma 4, we obtain, for all n =0,1,...,.N —1,m =0,1,...,N — 1,
that

Lpom <bsgexp(y1(Nh+ ME)) < byexp(yi(a+ b)), (25)
—_——
az(p)
where y; = % (b1 +bo + /(b1 +b2)2 + 4b3) .
Hence, from (20), (22), and (25), by setting
O[(p) = Inax {al(p)v a?(p)a ad(p)} )
the proof of Lemma 5 is completed. O

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 613-637



Birem, Boulmerka, Laib and Hennous 626

Theorem 1. Let g, k1, k2, and k3 be p times continuously differentiable
on their respective domains Then equations (10), (12), (15) define a unique
approximation v € S 1 (HN M), and the resulting error function e(r,z) =

w(T, z) —v(r, z) satisfies
lell Lo (p) < C(h+ k)*,

where C' is a finite constant independent of h and k.

Proof. Define the error e(7,2) on Dy, by €nm/(7,2) = w(7,2) — Upm(T, 2)
foraln=0,1,..., N—1land m=0,1,...,.M — 1.

The proof is split into three steps.

Claim 1. There exists a constant C; independent of h and k such that
leo,0llL(Dy o) < Ci(h+ k)P,

Let (7, 2) € Dy . By using Lemma 1, we obtain from (10) that

0w Wik
sl < Y o | o
ZJFJ =p
Hence, by Lemma 5, we have
!
eoo(r ) <o) Y ahthd = “Piny gy (26)
i+j=p ! P
~——
Cy

Claim 2. There exists a constant Cs independent of A and k such that
len,ollLe (D, o) < Ca(h+ k)P,

foralln=1,...,N —1. Let (7, 2) € D, o, we have from (13) that

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 613-637



627 Goursat problem in hyperbolic PDEs solved by taylor collocation method

w(T,2) — Op 0(T, 2) :/OZ Ko (T, 8)(w(T, $) — D 0(T, 8))ds
n—1

Te41
+ Z/ k1(z,t)eg,o(t, 2)dt

=077

4:/Zﬁ@¢xw@¢)—ﬁmduznﬁ

n—l e oz
+Z/ / k3(t, s)ee o(t, s)dsdt
EZO Tg 0

+ /Tn /0 k3(t, s)(w(t,s) — Ono(t, s))dsdt.

Hence,
n—1 n—1
w(T,2) = Bm0(7,2)] <Y hiillecollLo (e + 3 Phkllec oll L (De o)
£=0 £=0

+ H/ lw(t, z) — On0(t, 2)|dt

n

+ n/ lw(T, ) — O 0(T,s)|ds
0

+H/‘/|Mug—mw@gmwu
Tn 40

where x = max{||x;| L= (p),i = 1,2,3}. Then by Lemma 2, we have

n—1 n—1
w(T,2) = Dno(,2)| < | D hislleolloepeo) + 3 Pknllec ollL=(peo) | v
§=0 £=0
= —

which implies, by using Lemma 1, that

llen.ollLoe(D,.0) < llw = Onoll + [[9n,0 — vaoll

1
<Zh)‘1||650||L°° (Deo) T Z i

ll
2+Jp‘7

3‘+Jvn0

J
Ori02 hK.

Hence, by Lemma 5, we obtain
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n—1

a(p)
wo) S D Iallegollnpeg) + =+ B
=0

Then, by Lemma 3, we have

p
lenolloe (D) < ; ) exp(TA) (h + k)P,
—
Cy

Claim 3. There exists a constant C3 independent of h and k such that
HemmHLO"(Dn,m) < C3(h + k)P,

foralln =0,1,...,N—1land m =1,...,M — 1. Let (7,2) € Dy, . Then

from (16) we have

n—1 m—1
|w (7, 2) = On,m (7, 2)| < Z hi|legmll + Z ktllenll
£=0 p=0
n—1m-—1
+ D> hkrlleg, |l + Z hkk|eg.m|| + Z hkrl|en, |
£=0 p=0

+r / Wt 2) — B (£, 2)|dt
TZ
+ K/ |w (T, 8) = O m (7, 8)|ds
+k / |w(t, 8) — O m (¢, s)|dsdt.

Then by Lemma 2,

n—1 m—1

|w(T, 2) = O (T, 2)| < Z he(l+k)vleeml + Z kEr(1+h)ven,ll
£=0 N————— —0 SN——
/\2 P /\3
n—1m-—1
S kel
£=0 p=0

which implies, by using Lemma 1, that
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||€n,m||L°°(Dn,o) <lw = Dl + ||1A’n,m — Unml|

n—1 m—1 n—1m—1

< Z hAslleg,mll + Z kXslen,pll + Z Z hkAallec||

£=0 p=0
1 10590, mll ..
— | —=—==— || h"K’.
T2 H 971020 ‘
i+j=p
Hence, by Lemma 5, we obtain
n—1m-—1
llen,ml < Z hzlleemll + Z kAs|lenoll + Z Z hkAalec||
=0 p=0 (27)
a(p)
Using Lemma 4, we obtain
a(p
lenmll < ](9| ) exp(v3(T' + Z))(h + k)P, (28)
C3
where 3 = % ()\2 + A3 + \/()\2 + /\3)2 + 4)\3) .
Thus, the proof is completed by taking C' = max{C1, Cs,C5}. O

5 Numerical examples

The method presented in this paper is used to find numerical solutions to
some illustrative examples. Our results are compared with the exact solu-
tions by calculating the absolute error function |e, | = |w — vpm| for all
n=20,1,....N—1land m =0,1,...,M — 1, where w and v are the exact
and approximate solution, respectively. The values of errors are computed
for different values of p, N, M and collected in Tables 1, 3, and 4, which are
displayed in Figure 1 for Example 1. In Table 5, the presented method is
compared with the numerical results obtained by using the Chelyshkov poly-
nomials method (2D-CPs) [20] and the two-dimensional block-pulse functions
method (2D-BPFs) [22]. Moreover, the exact and approximate solution over

the region ([0,1] x [0,1]) are displayed in Figure 2 for Example 2. The re-
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sults in these examples confirm the theoretical estimates and suggest that

the experimental order of convergence (EOC) is p (see Table 2).

Example 1. Considering the Goursat problem, which is linear and homoge-
neous in hyperbolic PDE [9],

2
36 w(t,s)  Owl(t,s) n ow(t, s)

0s0t - ot Os + W(t, 8)’ (t7 S) € [07 1] X [Oa 1]a

with initial conditions w(t,0) = e’ and w(0, s) = e*. This equation is equiv-

alent to the linear two-dimensional VIE defined as follows:

2 1
w(T, z) 25(67 +e’) - 3

+% </0Tw(t7z)dt + /Ozw(T, s)ds + /OT /OZ w(t, S)det) - (29)

The exact solution is w(r,2) = €717,
The numerical results for p = 3,4 and h = k = 0.05,0.025 of the Taylor

collocation method are presented in Table 1 and Figure 1.

Table 1: Comparison between the approximate and the exact solution for Example 1

(1,2) N=M=20p=3 N=M=20p=4 N=M=40,p=3
(0.1,0.1) 1.62¢ — 05 1.57¢ — 05 4.05¢ — 06
(0.2,0.2) 3.82e — 05 3.65e — 05 9.47e — 06
(0.3,0.3) 6.67e — 05 6.37e — 05 1.66e — 05
(0.4,0.4) 1.05e — 04 9.89¢ — 05 2.59e — 05
(0.5,0.5) 1.56e — 04 1.44e — 04 3.80e — 05
(0.6,0.6) 2.21e — 04 2.0le — 04 5.35¢ — 05
(0.7,0.7) 3.04¢ — 04 2.74e — 04 7.34e — 05
(0.8,0.8) 4.11e — 04 3.66e — 04 9.86e — 05
(0.9,0.9) 5.48e — 04 4.82e — 04 1.30e — 04
(1.0,1.0) 1.99¢ — 03 6.39¢ — 04 3.38¢ — 04

CPU time/sec 30.81 47.25 742.68

Example 2. Consider the linear nonhomogeneous Goursat problem [8]

D2w(t, s)

Z A2 422
pn dts — t7s* +w(t,s), (t,s) €10,1] x [0,1],
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631 Goursat problem in hyperbolic PDEs solved by taylor collocation method

Figure 1: Plot of the absolute error function for Example 1; left: h = k = 0.05, right:h =
k = 0.025.

Table 2: EOC for Example 1

2) (4.4) (8,8) (16,16) (32,32) (64,64)
p=2 / 1.45 1.71 1.85 1.94 1.96
/ 2.40 2.69 2.84 2.92 2.96

with initial conditions w(t,0) = e’ and w(0, s) = e*. This equation is equiv-

alent to the linear two-dimensional VIE defined as follows:
7323 T [F
w(r,z) =€ + e +122% — 5 +/ / w(t, s)dsdt.
0o Jo

The exact solution is w(7,z) = 7222 + ™=,

The numerical results for p = 3 and h = k = 0.05,0.025 of the Taylor

collocation method are presented in Table 3 and Figure 2.

Example 3. Consider the PDE with variable coefficients

20} (09) S W
R
ttswt,s)+ f(ts),  (ts)e[0,1] x [0,1],

with initial conditions w(t,0) = cos(t) +e’ and w(0, s) = cos(s) + 1+ s2. This

equation is equivalent to the linear two-dimensional VIE:
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Table 3: Comparison between the approximate and the exact solution for Example 2

(1,2) N=M=20p=3 N=M=40,p=3
(0.1,0.1) 3.64¢ — 07 4.80¢ — 08
(0.2,0.2) 1.77¢ — 06 2.29¢ — 07
(0.3,0.3) 4.77e — 06 6.13e — 07
(0.4,0.4) 1.00¢ — 05 1.28¢ — 06
(0.5,0.5) 1.83¢ — 05 2.32¢ — 06
(0.6,0.6) 3.07e — 05 3.93e — 06
(0.7,0.7) 4.85¢ — 05 6.21e — 06
(0.8,0.8) 7.32e — 05 9.36e — 06
(0.9,0.9) 1.06e — 04 1.36¢ — 05
(1.0,1.0) 1.76¢ — 03 2.28¢ — 04

CPU time/sec 27.71 701.59

(a) Exact solution (b) Approximate solution

Figure 2: Numerical results of Example 2.

w(r,z) =g(7,2) + /OT(t2 + 2)w(t, z)dt + /OZ(T + s3)w(T, s)ds

+ /OT /;(-2 — ts)w(t, s)dsdt,

where g(7,2z) is chosen so that the exact solution is w(r,z) = cos(T + z) +

e + 2.
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The numerical results for p = 3 and h = k = 0.05,0.025 of the Taylor

collocation method are presented in Table 4.

Table 4: Comparison between the approximate and the exact solution for Example 3

(1,2) N=M=20p=3 N=M=40,p=3
(0.1,0.1) 1.32¢ — 05 1.66¢ — 06
(0.2,0.2) 2.84¢ — 05 3.73¢ — 06
(0.3,0.3) 4.72e — 05 6.54e — 06
(0.4,0.4) 7.13¢ — 05 1.05¢ — 05
(0.5,0.5) 1.03e — 04 1.62e — 05
(0.6,0.6) 1.46¢ — 04 2.44¢ — 05
(0.7,0.7) 2.07e — 04 3.64e — 05
(0.8,0.8) 2.98¢ — 04 5.47e — 05
(0.9,0.9) 4.44e — 04 8.47¢ — 05
(1.0,1.0) 1.04e — 03 1.89¢ — 04

CPU time/sec 62.96 1207.40

Example 4. Consider the linear nonhomogeneous Goursat problem

Q%ult,s)  Oult,s) Oult,s)
dsot Ot  Os —u(t,s)+ f(t,s), (ts)€][0,1] x[0,1],

with initial conditions u(t,0) = e! and u(0, s) = ¢2*. This equation is equiv-

alent to the nonlinear two-dimensional VIE of the first kind [22]:

é(eﬂr'z — T TTE g TR = /T /Z 2e" 23 (t, 5)dsdt.
o Jo

It is also equivalent to the following linear 2D-VIE of the second kind:

u(r, z) = g(1,2) — /OT u(t, z)dt — /OZ u(T, s)ds — /OT /OZ u(t, s)dsdt,

where u = w? and g(7, 2) is chosen such that the exact solution is u(r, z) =
e‘r+2z.

In Table 5, the numerical results for p = 3 and N = M = 64 of the
Taylor collocation method are compared with the numerical results obtained
by using 2D-CPs [20] and 2D-BPFs [22].
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Table 5: Comparison of the absolute errors of Example 4

(27%,27%) | 2D-BPFs [22] | 2D-CPs [20] | Present method
1=1 1.0e -1 3.5e — 5 6.1e — 6
1=2 4.6e — 2 2.0e —6 2.6e — 6
1=3 2.9e -2 1.5e — 5 1.3e — 6
1=4 23e—2 1.2e — 5 72e -7
1=29 2.0e — 2 5.9e — 5 3.7e =7
1=206 3.1e — 2 9.6e — 5 1.9e -7

6 Conclusion

In this paper, a collocation approach was presented that involves utilizing
Taylor polynomials to find the solution to a two-dimensional linear VIE of
the second kind, which is a conversion of a hyperbolic linear PDE Goursat
problem. The method’s convergence and error were investigated, and several
numerical examples were provided to demonstrate its efficiency and accuracy.
The results showed that the method is convergent with a high level of preci-
sion, and the numerical results match the theoretical estimates. It is recog-
nized that this approach can be expanded and used to solve three-dimensional

Goursat problems in linear hyperbolic equations of the third-order

3

837w+ i 1/}..87“+Z¢.67w+¢w_p
87’187’287’3 ”87’,-877 - ZaTi o

i,7=1,1<j

where v¥; ;,94,,1 < j,1,5 = 1,2,3,9 and F are given real functions.
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