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Abstract

In this paper, a new orthogonal system of nonpolynomial basis functions is
introduced and used to solve a class of time-fractional partial differential
equations that have nonsmooth solutions. In fact, unlike polynomial bases,
such basis functions have singularity and are constructed with a fractional
variable change on Hahn polynomials. This feature leads to obtaining more
accurate spectral approximations than polynomial bases. The introduced
method is a spectral method that uses the operational matrix of fractional
order integral of fractional-order shifted Hahn functions and finally converts
the equation into a matrix equation system. In the introduced method, no
collocation method has been used, and initial and boundary conditions
are applied during the execution of the method. Error and convergence
analysis of the numerical method has been investigated in a Sobolev space.
Finally, some numerical experiments are considered in the form of tables
and figures to demonstrate the accuracy and capability of the proposed
method.
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A shifted fractional-order Hahn functions Tau method ...

1 Introduction

In recent works, science and engineering researchers found that the use of
fractional calculus in modeling gives a more realistic description of various
complex phenomena with long-range temporal cumulative memory. Frac-
tional order operators have nonlocal and memory features. Therefore, these
two important properties simulate and describe a variety of engineering and
scientific problems with memory characteristics and inheritance more appro-
priately than integer order differential equations, such as finance [30], physics
[36], and hydrology [3], by using fractional differential equations. Many an-
alytical methods have been used to solve fractional differential equations,
such as the Green function method, Fourier, Laplace, and Mellin transform
methods [24]. The complexity of integral and fractional differential operators
and also the nonobservance of many properties expected in classic calculus
encouraged researchers to study effective and reliable numerical methods for
solving fractional differential equations. These numerical methods mainly
include finite element and finite difference methods, spectral methods, and
so on [31, 9, 8 29, 34, 11, 1, 13, 22, 5, 23, 19]. In solving fractional or-
der differential equations, two basic features that make classical methods
not efficient and accurate are that fractional order operators have nonlocal
properties and the other is the singularity of the solutions of fractional equa-
tions. Therefore, spectral methods based on ordinary polynomials, which
have high accuracy for solving problems with smooth solutions (see, for ex-
ample, [33, 12]), are not suitable for solving fractional differential equations
with nonsmooth solutions since they do not have high expected accuracy.
Concerning the numerical solution of partial differential equations dependent
on time, one of the most common approaches is to use the finite difference
approximation together with the spectral approximation for time and spatial
derivatives, respectively. One of the main drawbacks of this approach is that
the temporal discretization error may overcome the spatial discretization er-
ror, and the unknowns have to be solved simultaneously at all times [20]. As
emphasized above, fractional differential equations mostly have nonsmooth
solutions. It is also possible to encounter coefficients in terms of the given
fractional equation in a nonsmooth case. On the other hand, in most of
the spectral-introduced solving methods, in order to achieve high accuracy,
they raise unrealistic assumptions. For instance, one of the assumptions in
most of them is the smoothness of the unique regular solution of the frac-
tional differential equation at the initial time ¢ = 0 [32, 21, 35, 16]. So far,
very few works have been done to solve fractional differential and integral
equations with nonsmooth solutions, numerically, some of which can be seen
in [15, 25, 26]. Due to their high accuracy, spectral methods have become
one of the first choices researchers study to solve fractional differential equa-
tions with nonsmooth solutions. Among these techniques, we can refer to
the methods available in [37, 38, 7]. Analytical and numerical studies indi-
cate the exponential convergence of these methods for nonsmooth solutions

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023,pp 672-694



Mollahasani 674

in certain situations, and by using specific techniques, though, the exact so-
lution of fractional time differential equations does not generally follow the
mentioned form [27, 14].

This paper is organized as follows: fractional Hahn functions and their
properties are defined in section 2, and also, function approximation and the
operational matrix of fractional integration are introduced. In section 3, our
proposed method is described. An error analysis is presented in section 4,
and finally, some numerical examples are depicted in section 5.

2 Fractional-order shifted Hahn functions approximation

The main goal of this section is to introduce a new class of fractional basis
functions, which are defined using shifted Hahn polynomials (SHPs) and
applied to calculating their operational matrix of fractional integration.

Definition 1. For given constants 01,00 > —1, and M € N, Hahn polyno-
mials on [0, M] are defined as [17]

k=0,1,2,..., M,
(1)

Y (—k)i(k + 01 + 09 + 1)i(—),;
hk(m;Ul,Uz,M):;( )<(01+11)¢(2M)ii>!( )7

3

where (+); is the Pochhammer notation, which is defined as

(o =1, @)
(€)i=¢(¢+1)---(¢C+i—-1), ieN, for¢eR".

Remark 1. The relationship between Stirling numbers and Pochhammer
notation is as follows:

(=k)i = (1) 3 Sk, (3)
1=0
where SZ@ are Stirling numbers of the first kind defined as

i—1 .
0) Aft—1+T 2r —1 )
= E —1 )
Si T:O( ) (i—l—!—r) (i—l—r Siltr

@

in which s;” are Stirling numbers of the second kind in the form

l
1 —r (T i
sgl) =1 Z(—l)l (l)r .
" r=0
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675 A shifted fractional-order Hahn functions Tau method ...
Now, by using (3) in (1) and the changing of variables as z = 2% we can
achieve the following standard polynomial form of SHPs on [0, L] as

— Mt
hk(t;gh(jQ?Ma L) = hk(i;UhUQ;M)

k i
i(k 1 M
ZZ +o1+o02+1); ngl)(f)ltl
i=0 1 01+ )( M)i@! L
k i
Z it
i=0 1=0

for k=0,1,2,..., M, where A; j; = (—1)i{ ((T)lf;)ro(ﬁl\ff):,l)’ X S(l)(%) :

SHPs are orthogonal on [0, L] via the inner product in the following form
[28]:

ML L
(f.9)a = ;f(ﬂr)g(ﬂr)o}(r), (4)
where @(r) is a real nonnegative weight function defined by
L _fort+z\[o2+ M-z
w(m,al,ag,M)—( r >( M- ) (5)
The orthogonal relationship of SHPs is as follows:
M 72 L ~ —
(T} 1= § =0 Gam om0 ML DBE), B =5 )
0, k # j.

To define fractional-order shifted Hahn functions (FOSHFS), ¢ is substituted
by t* in SHPs such that « is a positive real number. Therefore, FOSHFs can
be defined in the following form:

k i
tinot) = SR R s e
i=0 1—=0 7 b
k i
= A gt k=0,1,2,..., M.
=0 [=0

(7)

Proposition 1. FOSHFs are orthogonal on [0, L] via the inner product in
the following form:

(f.9 ~—Zf (57 )£ H)a(r), (®)
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where &(r) is defined in (5).

Proof. Replacing f, g by @, W in (8) and then using the orthogonality prop-
erty (6), the assertion is available. O

Definition 2. Associated with the FOSHFs, the orthonormal FOSHFs can
be defined as

Hy(t; 01,02, M, L)

1 _
= h(t;o1,092,M,L). (9)

\/<@(t§01,02,M, L), h(t; 01,02, M, L))2

2.1 Function approximation

For an integer m > 0, the Sobolev space HZ' [a, b] is
HM[a,b) = {u € L3[a,b]: 0<j<m, u(z) e L[a,b]},

where L2 is the space of all square-integrable functions with respect to the
weight function @. Indeed, HZ'[a, b] is defined as the vector space of functions
u € L2 [a,b] such that all derivatives of u of order up to m can be represented
by functions in L2 [a, b].

Goertz and Offner described the expansion of a function by Hahn polynomi-
als and concluded that the series expansion of a function by Hahn polynomi-
als converges pointwise under some assumptions (for more details, see [10]).
Therefore, any function u(t) € L2[0, L] can be expanded in terms of FOSHFs
basis. In practice, only the first (M + 1) terms of FOSHFs are considered.
Hence

M
u(t) ~ Zuz‘?"Tf‘(t;Cfl,Uz,Mv L) = un(t) = UTH Y (t;01,00, M, L), (10)
i=0

where UT = [ug, uy, ..., up] is the vector of FOSHFs coefficients, which can
be derived as

u; = <u(t),Hf‘(t;01,02,M, L)>g

M
=Y ul(n)

r=0

VHE((157)

Q=
Q=

;0'170'23MaL)a](7‘)7 7’2071’7M7(11)

and H(O‘)(t; 01,092, M, L) is the vector of FOSHFs defined as follows:

H(a)(ta 01,02, M7 L) = [Hig(ta 01,02, M7 L)7H7%(ta 01,02, M7 L)7
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677 A shifted fractional-order Hahn functions Tau method ...
S HS (t 00,09, M, L)]T. (12)

For simplicity, from now on, H®)(t; 01,04, M, L) is presented by ’H,g\?)(t).
Similarly, any two variables function f(z,t) € L2([0, L] x [0,7]) can be
approximated by the FOSHFs as follows:

ZZ]‘” (x;01,09, N, L)H (t;01,09,N,L)

=0 j=0
=t P (,t) = (HY) (@) FH (1), (13)

where F' = [f; ;] is an (M + 1) x (N + 1) matrix that its entries are

1 T 1 L 1
fis= Z_Z ). () V(31 %5 01,02, M. L)
B, T 1 - -
Hj((ﬁTz)B;01,02,N7T)W(7"1)W(7"2)7 (14)

fori=0,1,...,M and 7 =0,1,..., N.

)

Theorem 1. Let M, N € N, A = [0,L] x [0,7] and let f € H2(A). Sup-
pose that farn(z,t) = (’}-{5\7[) (m))TF’Hg\?)(t) is the best approximation of
fin Q= span{Hif“(x;ol,ag,M,L)"Hf(t;al,og,N,Tﬂ 1=0,1,...,M, j =
0,1,...,N}. We will have
LM+2TM+2 B
||f($at) fMN('T t)HLZ(A = 22(]\/[+N+1)(M+1) (N+ ) F7

where F = Max(; e |W6%t)| such that g(z,t) = f(zw,t=).

Proof. Let ¢pr,n(n,€) be the interpolation polynomial of g(n,&) = f(né , 55)
at (M + 1)(N + 1) shifted Chebyshev points in A. Then

)M—i—l(Z)N—i—l max 8M+Ng(777€)|
2 m&er  OnMOEN

1 L

lg(n,§)—dm,n (1, 6)] < m(g

1\/I+N n, 5)

If = max(, ¢)eA |W| and n = 2%, £ =t are sets, then we get

L L

T
7l < 2M+N(M+1)!(2 2

‘g(xavtﬁ)_qu,N(xavt )M+1(2

YWHE (15)

It is obvious that ¢ar v (2%, t%) € Q. So, since fas n(w,t) is the best approx-
imation of f concerning L? — norm, we have

1f(2,t) = fan (@, )]z < 1 (2, 8) — darnv (2, 1) |2
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L T
= x,t) — x,t))%dtdz)? .
—</0/0<f< ) — barw (1)) ?dtdz)

Thus, from (15) the assertion is derived. O

2.2 FOSHFs operational matrix of fractional integration

Here, an operational matrix of fractional integration for FOSHFs is going to
be obtained. Note that the Riemann-Liouville fractional integration of order
S for a function f is defined as

1

I"f(x) = ) /j(x )7 f(tydt,  x>a, 9>0. (16)

For this special type of fractional integration, there are some particular prop-
erties. The most useful of which is

Ly+1)
Py = ——1 1 g9, 1
0+ (17)

Using the above concepts, the following lemma states the FOSHFs oper-
ational matrix of fractional integration.

Lemma 1. The fractional integration of order § of the vector Hg\‘;) (t) can
be expanded by itself as follows:

1) ~ PP @), (18)

where Py = [pr;](vr41)x (M+1), Which is called the FOSHFs operational ma-
trix of fractional integration with

k g

M J i1
EED IS @(T)Ai,k,lﬁm,j,zlmg\zr)wﬂl.

r=0 =0 (=0 ilz() l1:0
Proof. According to (12), we have

_Iﬁﬂig(t;al,og,M7L)_
I"H{(t; 01,09, M, L)

9q () gy _ o :
ITHy (1) = I"H¢ (t; 01,09, M, L)

_IﬂHaM(t7 017027Ma L)_
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By using (7), Proposition 1, the linear property of operator I, and (17) for

each entry in (19), we will have

4 i
Iﬂﬁg(t;Ul,Ug,M, L) = ZZZMJI/B#”
1=0 =0

I+1) o
_ZZ PR loji-ﬁ—&- )tw

=0 [=0

~Zpk] (t;01,00, ML), k=0,1,..., M,

where
koo
N (Oél + ) a /o [e%
pri =)D A klmtﬂﬂ S HS (01,02, M, L))G (20)
=0 [=0
M ki
- —_ (Oél + 1) L 9+ia = L
:Zw(r)z Aikl ( l""l?‘i‘].)(Mr) * H‘]((M )0‘00-170-27ML)
r=0 i=0 1=0
M ki
N L(al+1) L 94ia L
= Aipge— e T2 ()RR () A M,L
;i:o P w('f‘) Z7k7lr(al+'l9+1)(Mr) Hj ((MT) 0-170-27 )7
A — Akl s .
where Aui— N R TN AT substituting (7) in (20)
instead of ’H?‘((ﬁr}é;al, o9, M, L) finishes the proof. O

3 Description of method

The main aim of this section is to approximate the solution of the following
equation:

ou(x,t) n 0%u(x,t)

9 —
Diu(x,t) = —au(z,t) + b g 53

+ f(z,1), (21)
subject to the initial and boundary conditions
u(z,0) = g(z), w(0,t) =A(t), w(L,t)=n(t) for0<z<L 0<t<T.
Let
0%u(x,t)
Ox?

Applying the integration operator I” on both sides of (22) and using the
operational matrix of integration (18), for ¥ = 1 and ¥ = 2, respectively,
yield

~ (H3r () UHY (2). (22)
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QULT) (35 )" (B UHE() + o), (23)

u(z, 1) = (H3; ()" (B) "UHR (1) + xh(t) + A(t), (24)

in which the function h(t) is calculated by putting x = L in (24) and then
applying the final condition u(L,t) = n(t) as follows:

(t) = T (n(t) ~ M) — (M3, (1)) (B2 TUHE())

Therefore (25) and (24) can be rewritten as follows:

Ou(z,t)

oo (M3 (@) T () TUHK (1)

Z00) = A(H) — (M3 (1) (B2 UHR (1), (25)

+
u(z, t) = (He(2)T (B2 TUHR (1)
+ %wt) — A1) — (M (L) T (B TUHR (1) + A1), (26)

By substituting (22), (25) and (26) in (21) we get
Dfu(z, t) ~ —al(H3; ()" (B2)TUHR (1)

+ 2 (1(6) = A(®) = (H (L) (B)TUHZ (1) + A1)

+B[(H ()T (BT UHS (¢)

+%<n<t>—A<t> (M3, (L) (BT UHR (1))

+ e(H () TUHR (b) + f(,1)

= (M () TAHR (1), (27)

where

A= —a(P )TU+a (H5, (L))" (¥)"U

+HOF)TU — b7 (3 (1) (F)TU + U + K,

and K7, X, and 1 are the matrix and vector coefficient of FOSHF-approximation
related to the following relations:

(1) = F(1) — al (0(8) ~ W) +A0) + 2(0ft) — A(D)
=~ (M5 (2)) "KMy (1),
x>~ (HS (2)"X,
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1~ (HS ()71

Again, by applying the integration operator Iy on both sides of (27) and
using the operational matrix of integration 3?, we will have

u(z, 1) = (H3p (@) AP HR (1) + g(2). (28)

Equalizing the right sides of (26) and (28), we get
(H?‘w(l"))T[(‘ﬁQ)TU—%(H%(L))T(‘W)TU—Q“WW%(U = (M3 (2)) "KMy (¢),

where K, is the matrix coefficient of FOSHF-approximation related to the
following relation:

ko (w,t) = g(x) — T (n(t) = A1) — A(t) = (HS () "KoHR (1)

L
Thus X
(B0 - Z(H%(L))T(%Q)TU — AP’ (t) = Ko,

which can be rewritten as
BU + CUD = €, (29)

where B = (I — F(H5,(L))")(B*)",

€ = [al — §X(H(L)" + LLHF (L) 1B — b8P —cl, D = P, and
¢ = K;PBY + Ko. Equation (29) is a matrix equation with the unknown
matrix U. It can be solved by the global GMRES method. After solving the
equation, by placing the obtained matrix U in (24), the approximate solution
of the problem is obtained.

4 Error analysis

In this section, the convergence of the introduced method in a Sobolev space is
considered. An upper bound is derived for the absolute error of the proposed
method. To this end, some bounds are obtained for the approximations of
different parts of the mentioned equation. First, the basic definitions and
concepts related to Sobolev spaces are from the books [4, 18], with a slight
change in symbols.

Let A be an open subset of R and let L2 (A) be the space of all square-
integrable functions concerning the weight function @. For an integer m > 0,
the Sobolev space HZ'(A) is

HI'(A) = {u| u € LZ(A), 0"u € LZ(A) for all [v| < m},

w
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where 0" is called the distributional derivatives and defined as the following
form:

vly

= )
Ozt 0xy? - - - Oz

For all u, v € HZ'(A), the inner product is given as

0 u

V=14 vt

(w, V) a) = (W, V)2 (a) + Z (0"u, 0"v) 12 (a)-

1<[v[<m

The corresponding norm and seminorm are defined as

1
ez ) = (lullZza) + D2 10" ulgza))?

1<\1/|<m

|U|H’"(A Z 10” UHL? (A)

lv|=

It is obvious to see that if m > 0, then [[ufz2x) < [[ul#p (). In a special
case, for m = 0, it yields ||UHHW(A = [Jullgz (a)- Also, for m = 0, we have
[ulmz (a) = llullzz (a)-

Suppose that v € HZ*(A) and 77]?4’6;\, are the orthogonal projection opera-
tor, where A = [0, L] x [0,T] and

Nu —ZZUW (z;01,09, N, L)’}-Tf(t;al,ag,N,L).
1=0 j=0

In other words, PM NU=unmn(z,t) = (Hg\cj)(x))TUHg\é)(t).
In the followmg, for Slmphmty and brevity, M = N, a = 3, and Py :=
P?ﬁv are stated. According to [6], for all u € HZ'(A), we have

o= Pasull gy (n) < CMPD ™ il gy, 0 G <m, (30)

) 9
where C is a constant independent of M and only depends on m,
. 0, .] =0,
p(”_{%—é, i>0,

and
m 2
1
|U|H;"*M(A) = ( Z Z ||Dfu||%g)2
k=min(m,M+1) i=1

Theorem 2. Suppose that u(x,t) € HZ'(A), m > 0 and that un pr(z,t) is
the best approximation of u. Then

Ju(@,t) = unm (2, )Lz 4y < lul@;t) = unar(@,0)] g3 4) (D)
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683 A shifted fractional-order Hahn functions Tau method ...
S OMPD ™M st (), 0 < j < m. (31)

Proof. Considering this fact that || - [|zz (a) < || - | z2(a), inequality (30), and
the uniqueness of the best approximation, the proof of the theorem is easily
done. O

Lemma 2. Suppose that the assumptions of Theorem 2 are true, that
u(z,t) ~ uy n(x,t) = (Hﬁ)(x))TUH%)(t), and that 9By is the FOSHF-
operational matrix of fractional integration. Then

112 u(z,t) — (HSP (@) TBTUHS ()| 1)
L19

< - < j5<m.
=T+ 1) O<sjsm

CMP(J)—m‘u|H:Dn;M(A),

Proof. According to (16), we have

12 u(,t) — (HS (@) TBTUHE (D) 12 )
= [[1Ju(x,t) — IgUM,N(t)HLg(A)

= |17 (ul@, t) — uarn (2, )]z (a)

gy [ (o= 07wl )~ uas v €D 20

1

= w”xﬂ—l * (U(l‘,t) - uMyN(‘r’t))”Lg(A)- (32)

Now, by using this fact that ||f % g||, < [|f|1.]lg]l,, and Theorem 2, respec-
tively, we get

12 u(z,t) — (RSP (@) TBEUHE (D12 )
9

L
< Wllu(m) —upm(z,t)|[ 12 (a)

L19

STw+1)

CMp(j)7m|U‘HgL;M(A), O S ] S m. (33)
O

To get an error bound for derived approximation in the proposed method,
which has been introduced in section 3, without losing the generality, we
suppose that

% ~ (M3} (@) TUHY (1) = darn (1), (34)
% ~ (137 (@) TWHY (1) = o (2, 1), (35)
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u(z,t) ~ (B @) VHP @) = vy (1) (36)

As it can be seen from the process of the presented method in section 3 that
relation (26) has appeared in applying the operator I2 on the sides of (34)
and (36) can be derived by expanding (26) in terms of FOSHFs basis. It is
easy to see that

o 0%u(z,t)

[u(z,t) = ¥arn (@, D) p2 (a) = HQW - I§¢M,N(xat)||Lg(A)~ (37)

So, considering (37) and applying Lemma 2, the following corollary is ob-
tained.

Corollary 1. If relation (34) is true, then

0?u(z,t)
Ox?

L? ;
CMPO=™

||u(xat)_wM,N(-r,t)”Lg(A) < 1_‘(3)

|H;"%M(A)7 0<j<m.
(38)
Consider the main equation (21) and the presented method in section 3,

by substituting (34)—(36) on the right side of (21) and applying the operator
IY on it, we get

u(z,t) ~ —al’P(z,t) + bI p(x,t) + eI ¢(x,t) + I f(z,t) + g(z).  (39)
On the other hand, we have

o Ou(z, t)

2
u(z,t) = —allu(z,t) + bl pe 9 Ou(, 1)

+cl; o2

+ 17 f(x,t) + g(x). (40)

Putting the right side of (39) and (40) as equivalent, we define perturbation
term as follows:
ou(z,t)

oz

—oun(x,t)).  (41)

R v (@, 1) = —aly (u(z,t) — Yarn (2,t)) + DI (
0?u(z,t)

Theorem 3. Suppose that, u(z,t) € HI'(A) for m > 0 is the exact solution
of (21). If ¢ps n(x,t) is the approximate solution, obtained by applying the
presented method, then Ry y(x,t) — 0 as M, N — oo.

Proof. According to (41), we have

9Ra,n (@, )|l L2 (a) < lal|| 1] (u(z,t) — YN (2,8)) |22 (a)
ou(zx,t)

9
+ ][I (T —omn (@, 1)Lz a)
0%u(x,t
el (2D G iz 42
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685 A shifted fractional-order Hahn functions Tau method ...
Now, by applying Lemma 2 in approximations (34)—(36), respectively, we get

1T (u(, t) = arn (2, 8))l] 22 (a)
Tﬂ

SCES) CMPD " ul e ), 0 <G <m, (43)
1772450 e )z
= r(q9T+ 1)CMp(j)_m|?;;|H?;M(A>> 0<j=m, (44)
12D ez
< F(q;‘ril)cMPU)m %'H?Mw 0<j<m. (45)
So, by using (43)—(45) in (42), it yields
[Ra,n (2, )]l 22 (a) (46)
< F(gil)CMP(j)m(|a|u|Hg“M(A) + ‘b|‘%|H;’“M(A) + |C||%\H;W4(A))~
Hence, it is concluded that Ry n(z,t) — 0 as M, N — oc. O

5 Numerical results

In this section, the introduced method in section 3 is utilized to approximate
the solutions to problems. It should be mentioned that the maximum of
absolute error is the infinity norm of the error function and

Lo = 1r§r;a§xN le(z;, ).

All numerical experiments have been performed using MATLAB R2017a on
a Core(TM)2 laptop with 4GB RAM and a speed of 2.00 GHz.

Example 1. Consider the following time-fractional diffusion differential
equation:

82u(z, t)

Dlu(z,t) = —u(z,t) + 92

+ f(z,t), 0<¥<1, (x,t) €[0,1] x[0,1],

(47)
where f(z,t) = sin(rz)(1 + 1‘(511)) + F?;fl)), subject to the initial and
boundary conditions:

u(z,0) =0, wu(0,t)=0, wu(l,t)=0.
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The exact solution is u(x,t) = F(éij_l)sin(ﬂx). Table 1 shows the L.,-norm
of absolute error for fixed N = 1 and some M and $ in comparison to [2]. In
Figure 1, the Loo-norm of absolute error for fixed N =1, 9 = 0.9, and some
M =4,5,...,10 is shown, which demonstrates that the approximate solution
converges to the exact solution as M increases. Finally, Figure 2 shows the
absolute error functions for fixed N =1, 9 = 0.9, and some M = 6, 8, 10.

L_-Norm of Absolute Error

108

1010

Figure 1: Loo-norm of the absolute error function for fixed N = 1, 9 = 0.9, and some
M =4,5,...,10 (Example 1)

Absolute Error
Absolute Error
Absolute Error

Figure 2: Absolute error functions for fixed N =1, 9 = 0.9, and M = 6, 8, 10 (Example

D

Example 2. Consider the following inhomogeneous fractional-order Burger’s
equation:
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Table 1: Loo-norm of absolute error for fixed N = 1 and some M and f in comparison
to [2] (Example 1)

M 9 =0.25 [2] 9 = 0.5 [2] 9 =0.75 [2]
4 2.301e-3  1.690e-3  2.389e-4 4.979¢-3 2.287e-4 2.918e-3
6 3.638¢-5  5.764e-4  3.721e-6 3.331e-5 3.589¢-6 2.752e-5
8 4.517¢-7  1.761e-6  4.621e-8 1.754e-7 4.4556-8 1798e-7
10 7.101e-10  3.127e-9  7.263e-10  8.428e-10  7.003e-10  8.116e-10
O%u(zx,t ou(x,t
Dlu(z,t) = (z,8) _ du(z, )—l—f(x,t), 0<¥<1, (z,t) €]0,1] x [0, 1],

02 Oz
(48)

where f(z,t) = 13(%27:11;)+2x—2, subject to the initial and boundary conditions:
u(z,0) =22, w(0,t) =t%, wu(l,t)=1+t%

The exact solution is u(z,t) = x? + t2. Figures 3 and 4 show the absolute
error functions after solving the problem by using the presented method with
M =2 N=4, a=1, 8= 0.5 for the fractional-order derivative ¢ = 0.5
and M =2, N=2, a=1, =1, and ¥ = 1, respectively.

8
fir
@
=]
El
2
3
<

Figure 3: Absolute error function for M = 2, N =4, a =1, 8 = 0.5, and ¥ = 0.5
(Example 2)
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Figure 4: Absolute error function for M =2, N =2, a =1, 8 =1, and 9 = 1 (Example
2)

Example 3. Consider the following transformed time-fractional Black—
Scholes model with homogeneous boundary conditions:

o2 O%u(x o2 Oulx
Dfu(z,t) - ?% —(r— ?) (E)x’ 2 + ru(z, t) = f(x,t),
0<9<1, (z,t) € (0,1) x (0,1], (49)
where
665 5 4 3 o’ 3 2
f(z,t) = m(m —z") — (7 + 1)[7(2030 —122°)

+ (r = 5)(5a —4a®) — r(a® — ),

subject to the initial and boundary conditions:
u(z,0) = 2° —2*, w(0,t) =0, wu(l,t)=0.

The exact solution is u(z,t) = (3 +1)(z® —2). Let r = 0.02 and let 0 = 0.8.
Figure 5 shows the absolute error function obtained by applying the presented
method for 9 =05a =1, 8=0.5, M =5, and N = 6. Also, Figure 6 shows
the absolute error after solving the problem by using the presented method
with M =5, N=3, a=1,and =1 for J = 1.
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1555
IR
/////I;II"I/"I:‘:'O.o“‘
TSN
A
:":‘:‘:::3“‘\\

)
il
DO

Absolute Error

Figure 5: Absolute error function for 9 = 05 « =1, 8 =05, M =5, and N = 6
(Example 3)

Absolute Error

Figure 6: Absolute error function for 9 =05a =1, =1, M =5, and N = 3 (Example
3).

Example 4. Consider the following time-fractional equation:

ou(z,t) = Oulx,t)
ax + c 617}2 - f(l‘,t),

0<9<1, (x,t) € (0,L) x (0,77, (50)

DYu(z,t) = —au(z,t) +b

subject to the initial and boundary conditions:

u(z,0) = x3, u(0,t) =0, wu(L,t)= Lie™t,
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where in the case of ¥ = 1 and the function f is chosen as f(z,t) =
—e'3(2% + 2/7), the exact solution is u(z,t) = e"*x3. It is notable that

in other cases of 0 < ¥ < 1, the exact solution is unknown. Figure 7 shows
the absolute error functions obtained by applying the presented method for
9 =05 a=05 =1, M =5 and N =4, 6, 8 Also, Figure 8 shows
the L,,-norm of the absolute error function for fixed M = 5, ¢ = 0.5, and
some N =2 3,...,8, which demonstrates that the L.,-norm of the absolute
error function converges to zero as N increases. Finally, Figure 9 depicts
approximate solutions for different 0 < ¢ <1, M =5, N =7, which shows
that as ¢ — 1, the approximate solution converges to the exact solution when
9 =1.

Absolute Error
Absolute Error

Figure 7: Absolute error functions for ¥ = 0.5, « = 0.5, =1, M =5,and N =4, 6, 8.
(Example 4)

L_, Norm of Absolute Error

Figure 8: Loo-norm of absolute error function for fixed M = 5, ¥ = 0.5, and N =
2,3,...,8. (Example 4)
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0.018 =

0.016

5,020 for #=0.3
5,020 for #=0.5

Approximate Solution u ,(0.2.) for #=0.7
Approximate Solution u (0.2.) for #=0.8

0.014 - Approximate Solution u, or #=0.9

Approximate Solution u ,(0.2.) for

0012 -

Approximate Solutions: u ¢ /(02,1

0.008 -

0,006 I I I I I I I I I ]
o

Figure 9: Approximate solutions for different 0 <9 <1, M =5, N = 7. (Example 4)

6 Conclusion

In this paper, a new orthogonal system of nonpolynomial basis functions,
named FOSHFs, has been introduced and used to solve a class of fractional-
time partial differential equations with nonsmooth solutions. For introducing
the method, an operational matrix of fractional order integral of Hahn func-
tions has been used for the first time as basis functions here. Furthermore,
the convergence of FOSHFs approximation has been proved. In numerical
examples, the obtained results have demonstrated the efficiency and conver-
gence of the proposed method for the cases of nonsmooth solutions.
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